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Chapter 1.

Problem 1.1 Show the distributive laws

AN(BUC)=(ANB)U(ANC), AU(BNC)=(AUB)N(AUQ).

Solution: Let z € AN(BUC). Thenz € A and (z € Bor z € C). Hence (z € A
and z € B) or (z € A and z € C). Equivalently, (z € ANB) or (x € ANC), ie.
z € (AN B)U(ANC). Therefore,

AN(BUC)C(ANB)U((ANCQO). (1)
Conversely
z€(ANB)U(ANC) = (re€AnB)or(xecANC),
— (z€AandzeB)or (ze€ Aand z € )
— =z€Aand (r€Borzxzel)
= ze€AN(BUQO).
Hence
(ANB)U(ANC)CAN((BUC). (2)

Combining (1) and (2) and using the Axiom of extensionality or the equivalent
criterion given in Section 1.2, we have (AN B)U(ANC)=AN(BUCQC).

The second part is proved in a similar way

r€ AU(BNC) = z€Aor (zr€ Bandzxe€lC)
= (r€AUB)and (zx € AUC)
= z€(AUB)N(AUC) etc.

Problem 1.2 If B={B;|i € I} is any family of sets, show that

AnlJB=J{anBilie I}, Au(\B=({AUB;lieI}.

Solution: To extend the identities in the previous problem to arbitrary unions
and intersections, note the following logical identities: If P is any proposition and
Qi(i € I) any family of propositions then

Pand3i€ I(Q;) = 3JieI(Pand Q),
PorVielI(Q;)) = VielI(PorQ).



Set P to be the propostition z € A and @); the proposition z € B;, and these logical
identities immediately result in the two set theoretical statements of the problem.

Problem 1.3 Let B be any set. Show that (ANB)UC =AN(BUC) if
and only if C' C A.

Solution: If C C A then AU C = A and by the second identity of Problem 1.1,
(ANB)UC=CU(ANB)=(CUA)N(CUB)=ANn(CUB).

Conversely, if C' is not a subset of A then there exists y € C such that y ¢ A. Then,
obviously, y € (ANB)UC but y ¢ AN (BUC) since y ¢ A, hence (ANB)UC #
AN (BUCQC). This proves the only if part of the problem.

Problem 1.4 Show that

A—(BUC)=(A-B)N(A-C), A—(BNC)=(A-B)U(A-C).

Solution:

zr€eA—-(BUC) z€Aand z ¢ (BUC)
z€Aand (r ¢ Band z ¢ C)

(x € Aand z ¢ B) and (z € A and z ¢ C)
z€(A—B)and z € (A—C)

ze(A-B)n(A-0).

[

The proof of the second identity is totally similar.

Problem 1.5 If B={B;|i € I} is any family of sets, show that

A-JB=|J{A-Bilie1}.

Solution: We use the fact that if Q;(i € I) is any family of propositions then
not (Vi € I(Q;)) <= Ji € I(not Q;).
Hence, if P is any other logical proposition then

P and not (Vi € I(Q;)) <= P and Ji € I(not Q;)
<= Ji € I(P and (not Q;)).



Setting P to be z € A and @Q; to be the proposition z € B;, we have
z€Aandnot (Vi€ I(x € B;)) <= Jicl(ze Aand (z¢ By)),
which can be written
:EE(A—ﬂBi) = xEU(A—Bi).
el iel

This implies the required result by the axiom of extensionality.

Problem 1.6 If £ and F are any sets, prove the identities

2Er~|2F:2EﬁF’ 2EU2Fg2EUF

Solution: 1. Let A € 26'N2F. Then A C F and A C F, so that AC ENF, or
equivalently A € 297 Hence

28 N oF C oFNF,

Conversely, let A € 2P0, Then A C ENF, so that A C E and A C F. Hence
A € 2F and A € 2F, or equivalently A C 2 N 2F. Thus

2BNE C 9F noF
and by the criterion of Section 1.2, 2F N 2F = 2F0F,

2. Let A € 2 U2, Then A C F or A C F, implying that A C EUF, or equivalently
A € 2EYF  Thus
2F yol’ C 2FVF,

Equality does not hold in this case, as the converse is not true. For example, if £
and F are disjoint non-empy sets (E N F # (). Then the set A = E U F obviously
belongs to 2PYF = 24, but it is not true that A € 2F or A € 2F.

Problem 1.7 Show that if C is any family of sets then

) 2¥ =2M¢, |J 2¥ c2ve.
XeC XeC

Solution: 1. Instead of the Axiom of Extensionality we can use a sequence of logical
equivalences:

Aeﬂ2X «— Ae2¥ vXxecC
Xec
«— ACX VXelC

«— Ae2’



This shows the first identity.

2. IfA e U 2% then there exists X € C such that A € 2%, or equivalently A C X.
XecC
Hence A C UC, so that A € 2UC. This implies the set-theoretical inclusion,

U 2X c 2UC,
XecC

Problem 1.8 Show the following identities:
(AUB)x P=(AXx P)U(B x P),
(ANB)x(PNQ)=(AxP)N (B x P),
(A—B)xP=(AxP)—(BxP).

Solution: The first identity is proved by

(x,p) e (AUB)x P <= (zorze€B)andpeP
< (z,p)e AxPor(z,p)e BxP
< (z,p) € (Ax P)U(B x P).
The second identity is similar, with U replaced by N, and “or” by “and”.
For the third identity,
(¢,p) € (A—B)xP <= (randz¢ B)andpe P
<~ (z,p) € AX Pand (z,p) ¢ Bx P
< (z,p) € (AxP)—(BxP).

Problem 1.9 If A={A;|i €I} and B={B;|j € J} are any two families

of sets then
U.AXUB: U AZ’XBJ',

icl,jeJ

ﬂAXﬂB: m AZ'XBJ'.
icljeJ
Solution: For the first identity,
(z,9) EUAXUB < el FeJ st. x€A;andy € By
— el FeJ st (z,y) € A x Bj

— (:L‘,y) S U AiXBj.
el,jed



The second identity follows on changing “cups” to “caps” and replacing 4 by V.

Problem 1.10 Show that both the following two relations

(a,b) < (z,y) ff a<zor (a=2xandb<y)
(a,b) 2 (z,y) ff a<zand b<y
are partial orders on R xR. For any pair of partial orders < and < defined

on an arbitrary set A, let us say that < is stronger than <ifa <b — a <b.
Is < stronger than, weaker than or incomparable with < ?

Solution: The relation < is a kind of “lexicographic” order on ordered pairs of real
numbers. It is a partial order since

1. It is reflexive: for all (a,b), we have (a,b) < (a,b) on setting x = a and y = b, as
it is always true the b < b.

2. Transitive: If (a,b) < (¢,d) and (¢,d) < (e, f) then there are four possibilities:
i) a<candc<e.
ii) a<cand (c=eand d < f).

iii) (e =cand b <d) and c<e.

(
(
(
(iv) (a =cand b < d) and (c=e and d < f).

By the transitivity of < on R, we see in the first three cases (i)-(iii) that ¢ < e, while
in case (iv) a = e and b < f. In either eventuality (a,b) < (e, f).

3. For antisymmetry, if (a,b) < (z,y) and (z,y) < (a,b) then ¢ < x and z < a,
whence ¢ = . We must then have b < y and y < b, so that b = y. hence
(a,b) = (z,y).

The proof that < is a partial order is similar, but rather easier since it need not be

broken down into different cases. For example, to show transitivity: If (a,b) < (c,d)
and (c,d) < (e, f) thena < c<eand b <d < f, whence a < e and b < f so that

(a,b) =2 (e, f).
If (a,b) < (z,y) then a <z and b <y, so that a < z or (e =z and b < y). Hence

(a,0) 2 (z,y) = (a,b) < (2,y),

or the partial order < is stronger that <. Alternatively, we say that < is weaker
than <. Tt is definitely not stronger, for even if b > y we have (a,b) < (a,y), but it
is not true that (a,b) < (a,y).

Problem 1.11 There is a technical flaw in the proof of Theorem 1.5,
since a decimal number ending in an endless sequence of 1’s is identified



with a decimal number ending with a sequence of 0’s, for example,
.011011111... =.0111000000...

Remove this hitch in the proof.

Solution: Decimal numbers in the interval [0,1] having two representations have
the form
.a1as . ..a,10000...

They may be set in a sequence

z1=".1
Ty = .01
r3 = .11
x4 = .001
zs = .011
zg = .101
7 =.111
zg = .0001

Thus these numbers which are ”double-counted” form a countable set. The Cantor
proof shows that all decimal sequences are uncountable. These consist of all real
numbers (doubly-counted numbers given a decimal expansion ending in a sequence of
1’s) and the above countable set of decimal expansions ending in 0’s. Since the union
of two countable sets is always countable the real numbers must be uncountable.

Problem 1.12 Prove the assertion that the Cantor set is nowhere
dense.

Solution: It is required to show that the Cantor set C is not dense in any open
interval (z,y) such that 0 < z <y < 1. At the n-th stage of creation of the Cantor
set, the total length of the closed intervals in which C' eventually lies is (2/3)",
while the complement consists of a family of disjoint open intervals of the form (a, b)
having total length 1—(2/3)". Chose n such that (2/3)" < |z —y|. The complement
of C' must then have non-empty intersection with (z,y), and contains an interval
(z',y') such that z < 2’ < ¢y < y. There is thus no point of a € C such that
' < a <1y, and C is not dense in (z,y). Since (z,y) is an arbitrary open interval,
the Cantor set is nowhere dense.

Problem 1.13 Prove that the set of all real functions f : R — R
has a higher cardinality than that of the real numbers by using a Cantor



diagonal argument to show it cannot be put in one-to-one correspondence
with R.

Solution: Suppose the real functions could be put in one-to-one correspondence
with the real nubers. Then they could be labelled by real numbers, f, : R — R,
one and exactly one function for each real number z. Let F' : R — R be the real
function defined by F(z) = fz(z) + 1. This function clearly cannot be labelled by
any real number, for if F' = f, for some y € R, then

fy(y) = F(y) = fy(y) + 1,

an obvious contradiction.

Problem 1.14 If f:[0,1] = R is a non-decreasing function such that
f(0) =0, f(1) =1, show that the places at which f is not continuous form
a countable subset of [0,1].

Solution: Let f_ and f; be the functions defined by

f-(z)=supf(y) and  fi(z) = inf f(y).

y<z Y>x

Since the function is non-decreasing it is clear that f_(z) < f(z) and fi(z) > f(z)
for all z € [0,1]. The function f is continuous at z iff the limit both from left and
right is f(y) — f(z) as y — «, from which it follows that f is continuous at z if and
only if f_(z) = f(z) = fi(x). If we set Af(x) = fi(x) — f—(x) then Af(z) >0
for all x € [0,1]. At the points where f is continuous Af(z) = 0, while at points of
discontinuity Af(z) > 0.

For any finite sequence of points 1, %2, ..., T, it is evident that Y ;" | Af(z;) <
1. Hence, there can be at most one point such that % < Af(z) <1, at most 2
points such that iAf(m) < %, and in general at most 2" points such that 2=+ <
Af(z) < 27" Since the points at which f(z) is discontinuous must be such that
Af(z) falls in one of these half-open intervals, we can arrange them in a sequence
such that the Af(z) lie in intervals of succesively decreasing upper bound 27",
while arranging points of discontinuity for which A f lies in the same interval in, say,
increasing order. All points of discontinuity of f are thus set out in a sequence and
must form a countable set.

Problem 1.15 Show that in the category of sets a morphism is an
epimorphism if and only if it is onto (surjective).

Solution: 1. Suppose ¢ : A — B is a surjective (onto) map. We want to show that
for any maps 3,5’ : B =Y,

Bop=pFop = p=p.



If Bop = "o then for all a € A, B(p(a)) = '(¢(a)). Since ¢ is surjective every
b € B can be written in form b = ¢(a) for some a € A. Hence 3(b) = p'(b) for all
b € B; that is, 8 = ' as required for an epimorphism.

2. If ¢ is an epimorphism, we require to show that it is a surjection. If not, then
there exists by € B such that by # p(a) for any a € A. Let Y be any doubleton set
Y ={z,y} and set f: B — Y to be the map

Blbo) =a,  BB) =y forall b+ by

while 8/ : B — Y is defined by §'(b) = y for all b € B. Clearly po 8 = po f§
since p(f(a)) = ¢(f'(a)) = (b) =y for all a € A. Yet f # [/, contradicting the
epimorphism property of ¢. Hence ¢ is a surjection.

Problem 1.16 Show that every isomorphism is both a monomorphism
and an epimorphism.

Solution: Let ¢ : B — A be an isomorphism, and ¢’ : B — A the map such that
pop=1, and poy =u1p.
1. To show ¢ is a monomorphism, let o, ' : A — X be maps, then

poa=pod = ¢opoa=¢ opod
= yoa=1400
=  1a(a(z)) =ta(d(x)) VzeX
= az)=d(z) VzeX
= a=d.

2. Similarly, ¢ is an epimorphism since

Bopoyp =popoy
Bowp=poup

Bp(b)) = B'(t(b)) VbeE B
B(b) = B'(b)

p=p.

Bop=pFoyp

FEedl



Chapter 2.

Problem 2.1 Show that the only finite subgroup of the additive reals
is the singleton {0}, while the only finite subgroups of the multiplicative
reals are the sets {1} and {1,—1}.

Find all finite subgroups of the multiplicative complex numbers C.

Solution: 1If a # 0 belongs to a subgroup G of the additive group R, then so do all
real numbers
na=a+a+...a .
———

n

Hence G contains an infinite number of elements unless G = {0}. Similarly if a # £1
belongs to a multiplicative subgroup G of R, then so do the infinite sequence of real
numbers

Hence, if G is a finite group it can at most contain the numbers {1, —1}. This is
obviously a subgroup of R, and its only proper subgroup is the trivial singleton
group {1}.

For the multiplicative complex numbers C, if A € G and |A| # 1 then the numbers
A" form a sequence of increasing magnitude if |A| > 1, or decreasing magnitude if
|A| < 1. In either case they form an infinite set. Hence a finite group G can only
consist of complex numbers of unit magnitude, |A\| = 1. Writing A = €%, if G is a
finite group then for some integer n we must have A" = e¢"® = 1. Thus a = 27/n,
and the group G is a cyclic group of the form

G = {6271'1/77,, e4m/n’ o e?km/n’ o ,6271'1 — 1}.

Problem 2.2 Write out the complete 8 x 8 multiplication table for
the group of symmetries of the square D, described in Example 2.7.
Show that Rs; and S; generate an abelian subgroup and write out its
multiplication table.

Solution: Expressed as permutations in cyclic notation of the corners of the square
the elements of D, are

Ro = (1)(2)(3)(4) S1 = (14)(23)
Ry = (1234) Sy = (12)(34)
Ry = (13)(24) Sz = (13)
Ry = (1432) Sy = (24)

10



SQ SS

Si

Sy

Using the multiplication rules for permutations we find the multiplication table (of
course this can also be done by following through the geometrical consequences of
performing the operations)

Ry|Ri Ry R3 S1 So S3 S
Ry | Ry R3 Ry Sy S3 S1 S
Ry |R3 Ry Ry S2 S1 Si S3
R3| Ry Ri Ry S3 S¢ S S
S1 18 S» S4 Ry Ry Ry Rs
Sy | Sy S1 S3 Ry Ry Ry Ry
S3 | S S¢ S1 Ry R Ry Ry
Sy | S1 S3 S R Ry Ry Ry

From this table we see that RS = S1Re = S5, and
SoRy = RySy = 51, 5251 = 5152 = Rs.

Hence the elements the elements Ry, Ro,S1,Ss are closed with respect to group
product. To see they form a subgroup we write the multiplication table,

Ry | Ry S1 S
Ry | Ry S 5
S1 1S Ry R
S2 | S1 Ry Ry

These elements form a group since every element is its own inverse, (Rz)"! = Ry,
(S1)~t = Sy, (S2)7! = Sy, and it is abelian since the multiplication table is sym-
metric with respect to the main diagonal.

11



Problem 2.3 (a) Find the symmetries of the cube, Fig. 2.2(a), which
keep the vertex 1 fixed. Write these symmetries as permutations of the
vertices in cycle notation.

(b) Find the group of rotational symmetries of the regular tetrahedron
depicted in Fig. 2.2(b).

(c) Do the same for the regular octahedron, Fig. 2.2(c).

8 7

Figure 1: Text Figure 2.2

Solution: (a) There are 3 rotations about the 17 axis: id, (245)(368), (254)(386),
and 3 reflections

with respect to the 1476 — plane : (25)(38)
1278 — plane : (36)(45)
1375 — plane :  (24)(68).

(b) There are 8 rotations about axes from a vertex to the the centre of the opposite
face:

axis 1 to centre of triangle 234 : (234), (243)
2 to centre of triangle 134 : (134), (143)
3 to centre of triangle 124 : (124), (142)
4 to centre of triangle 123 : (123), (132)

There are 3 further rotations by 180° about axes connecting midpoints of edges:

axis: midpoint of 14 to midpoint of 23 :  (14)(23)
midpoint of 13 to midpoint of 24 :  (13)(24)
midpoint of 12 to midpoint of 34 :  (12)(34)

12



These 11 rotations and the identity transformation form the 12 element group of ro-
tational symmetries of the tetrahedron. It is straightforward to check group closure:
e.g. (234)(134) = (14)(23) etc.

(c) For the octahedron the rotations have axes given on the left:

Axis : Rotations
56 (1234),  (13)(24),  (1432)
13 (2546),  (24)(56),  (2645)
24 (1635),  (13)(56),  (1536)
centre of 145 to centre of 236 (154)(236), (145)(236)
centre of 125 to centre of 346 (125)(346), (152)(364)
centre of 162 to centre of 354 : (162)(354), (126)(345)
centre of 146 to centre of 253 :  (146)(253), (164)(235)
Midpoint of 12 to midpoint of 34 (12)(34)(56)
Midpoint of 14 to midpoint of 23 (14)(23)(56)
Midpoint of 15 to midpoint of 36 (15)(24)(36)
Midpoint of 16 to midpoint of 35 (16)(24)(35)
Midpoint of 25 to midpoint of 46 (13)(25)(46)
Midpoint of 26 to midpoint of 45 (13)(26)(45)

These 23 rotations and the identity transformation form the 24 element rotational
group of symmetries of the octahedron. Closure is straightforward, if tedious, to
check: e.g.

(2346)(1234) = (154)(236),  (13)(56)(1234) = (12)(34)(56)etc.

Problem 2.4 Show that the multiplicative groups modulo a prime G7,
G11, G17, and Ga3 are cyclic. In each case finding a generator of the group.

Solution: The powers of 2 do not run through Gy, for 2! = 2,22 =4,23 =8 =1
mod 7. However the powers of 3 do run through all non-zero classes modulo 7

31=3,32=23=2.3=6,3"=6-3=4,3"=5,3=1.
Hence G7 is cyclic with generator 3.
The element 2 is a generator of (G1; for its successive powers are
2,4,8,5,10,9,7 3,6, 1.

G117 is not generated by 2 (successive powers 2,4,8,16,15,13,9,1) but it is generated
by 3, whose successive powers are

3,9, 10, 13, 5, 15, 11, 16, 14, 87, 4, 12, 2, 6, 1.

13



Go3 is not generated by either 2 or 3, as is easily verified, but it is cyclic since it is
generated by the element 5 whose successive powers modulo 23 are

5,2, 10, 4, 20, 8, 17, 16, 11, 9, 22 = —1,
18, 21, 13, 19, 3, 15, 6, 7, 12, 14, 1.

Problem 2.5 Show that the order of any cyclic subgroup of S, is a
divisor of n!.

Solution: Let m = (a1az...ag)(b1by...b;) ... be any permutation of 12...n. Ev-
ery cycle of k elements has order & (see Example 2.9), so that = has order m =
le.d.(k,l,...). It must therefore be shown that

m=led (k,l,...) <n!=123....(k+1+...)

where lcd is short for “lowest common denominator”. For two primes p, ¢ it is
obviously true that led (p,q) = pg < (p+4q)! since both p < p+q and q¢ < p+q appear
separately in the factorial product (if p = ¢ it is even easier, since led (p,p) = p). A
similar argument applies to prime powers,

led (p,¢") = p*¢" < (p" + ¢")!
and extends in a straighforward way to any collection of prime powers

a1, a2

led (pf*,p5%, ..., p0) = pPpS? ... pf < (pf* + 95 + -+ + pir)!

The general result follows from the fundamental theorem of arithmetic that ev-
ery natural number k has a unique expansion as a product of prime powers, k =

pitpy? ... ple.
Problem 2.6 Show that the following sets of matrices form groups with

respect to addition of matrices, but that none of them is a group with
respect to matrix multiplication: (i) real antisymmetric n x n matrices
(AT = —A), (ii) real n x n matrices having vanishing trace (trA = > a;
= 0), (iii) complex Hermitian n x n matrices (Hf = H).

Solution: (i) If AT = —A and BT = —B, then we show the closure property by
(A+BT =AT +BT = -A-B=—-(A+B).

The additive identity O is obviously antisymmetric, 07 = O = —0O, and the additive
inverse —A of an antisymmetric matrix is antisymmetric

Al=-A = (AT =-A"T=A=—(-A).

14



Antisymmetric matrices do not form a multiplicative group as, for example, the
multiplicative identity | is clearly not antisymmetric.

(ii) The additive closure property is trivial for trace-free matrices,
trA=trB=0 = tr(A+B)=trA+trB=0+0=0.

The zero matrix clearly has zero trace, while the negative —A of a trace-free matrix
is also trace-free,
trA=0 = tr(-A)=—-trA=0.

These matrices do not form a multiplicative group since trl = n # 0.

(iii) Additive closure follows from
H+ KT =H + K =H+ K.
Additive identity and inverse hold trivially,
0f=0, Hi=H= (-H)!=-H=-H.

The multiplicative identity | is Hermitian, there need not be inverses. For example
the multiplicative inverse of O does not exist. Furthermore, Hermitian matrices are
not closed with respect multiplication as the product of two Hermitian matrices need
not be Hermitian, since (HK)! = KTHf = KH # HK in general. For example,

L) (o)

Problem 2.7 Find a diagonal complex matrix S such that
| = STG,S

where G, is defined in Example 2.12. Show

(a) Every complex matrix A satisfying Eq. (2.10) can be written in the
form
A =SBS™!

where B is a complex orthogonal matrix (i.e. a member of O(n,C)).

(b) The complex versions of the pseudo-orthogonal groups, O(p, ¢, C), are
all isomorphic to each other if they have the same dimension,

O(p,q,C) =2 O(n,C) where n=p+gq.

15



Solution: The diagonal matrix

— IP O
>= (o z'Iq)

where |, and |, are the p x p and ¢ x ¢ unit matrices respectively, and O refers
to rectangular zero matrices of appropriate dimensions, is easily seen to satisfy the
equation | = STG,S. Note that, by multiplying from the left by (S71)7 and on the
right by S~! we have

(575 =6, (+)

(a) Let A be any matrix satisfying Eq. (2.10), ATG,A = G,, Set B = S7!AS. By
multiplying from the left by S and the right by S~ we find A = SBS™!, and

BTB = sTAT(S HTs1AS
=STATG,AA by Eq. (%)
=STG,S=1.

That is, B belongs to O(n,C)).

(b) Let ¢ : O(p,q,C) — O(n,C) be the map ¢(A) = B = S~!AS. This map is one-
to-one, for its inverse is ¢~ '(B) = A = SBS~! and is always an element of O(p, q,C),
since

ATGpA = (Sfl)TBTsTGpSBSfl — (Sfl)TBTIBSfl — (Sfl)Tls—l — Gp.
The homomorphism property follows from
(A1) p(Az) = STIAISSTIALS = STIA|ALS = (A Ay).

Hence ¢ is an isomorphism.

Problem 2.8 Show that every element of SU(2) has the form

U:(a b> where a=dand b= —=¢.
c d

Solution: U is a 2 X 2 unitary matrix if

|— UUT — aa +bb ac+ bd
- “\ca+db ce+dd

which gives four equations

aa + bb = 1 (1)
ce+dd=1 (2)
ac +bd =0 (3)
ca+db =0 (4)

16



and if U € SU(2), we also have unimodularity
detU=ad—bc=1 (5)

Eq. (4) is the complex conjugate of (3), and therefore adds nothing new. If we
multiply Eq. (3) by @ and use Egs. (1) and (5) we obtain

0 = (1 — bb)e +abd = ¢+ b(ad — be) = ¢ + b.

Hence b = —¢. Similarly, multiplying (3) by c gives

0=a+d(bc— ad) = a — d.

Thus a = d. The only remaining relation, Eq. (1) is equivalent to the unimodularity
condition (5).

Problem 2.9 Show that Theorem 2.2 may be extended to infinite
groups as well. That is, any group G is isomorphic to a subgroup of
Transf(G), the transformation group of the set G.

Solution: The proof of the Cayley’s theorem applies essentially unchanged for infi-
nite groups. Let ¢ : G — Transf(G) be defined by ¢g = Ly where Ly(h) = gh. The
map Ly : G — G is a transformation of G for it is one-to-one and onto:

Ly(h) = Ly(h') =>gh=gh' = h=1h', heG=h=Ly(g'h).

The proof that ¢ is a homomorphism follows as in the proof of Theorem 2.2. The
map ¢ : G — p(G) C Transf(G) is one-to-one and onto.

Problem 2.10 Find the group multiplication tables for all possible
groups on four symbols e, a, b and ¢, and show that any group of order 4
is either isomorphic to the cyclic group Z4 or the product group Z, x Zo.

Solution: We have a® = e, b or ¢ since a?

= a = a = e. Firstly consider the case
a’? = e. Then ab = ¢, for ab = a would imply that b = e; ab = b is only possible if
a = e; and if ab = e then b = . Similarly ba = ¢ and ac = ca = b. Furthermore
b? = caac = cec = ¢®. But b> # b and ¢ # c since neither b nor ¢ is equal to the
identity e. Hence b? = e or b? = a.
Case (i) b*> = ¢? = e. The only remaining possibility for bc is bc = cb = a and the

multiplication table is

Q O O
QL o0

o St Q 0
S0 e

17



This is isomorphic with the product group Zs X Zy, on making the association
e +— (0,0), a +— (0,1), b +— (1,0), c +— (1,1).

Case(ii) b*> = ¢? = a. Since be = b and ba = c the only remaining possibility for the
product of b and ¢ is bc = ¢b = e. The multiplication table is

QO QD
S0 |
O Q OIS
L 0O OO

This is the cyclic group of order 4, with b or ¢ as generator.

2 = ¢ is similar). We cannot have ab = e

There remains the case a® = b (the case a

for then b = ¢~ ! and therefore ba = e. In this case ac = b and we have bc = a’c =
ab = e, so that ¢ = a which is a contradiction to the elements e, a,b, ¢ being all
distinct. Hence ab = a® = c. The group is therefore cyclic with generator a and has

multiplication table

L 0O OIS

O O e

QO Q|0
S Q OO0

Problem 2.11 Show that every cyclic permutation (a1 as...a,) has the
property that for any permutation =

m(ayagy. .. an)7f1

is also a cycle of length n. [Hint: It is only necessary to show this
for transpositions © = (b1 bs) as every permutation is a product of such
transpositions.]

(a) Show that the conjugacy classes of S, consist of those permutations
having the same cycle structure, e.g. (123)(45) and (146)(23) belong to
the same conjugacy class.

(b) Write out all conjugacy classes of S; and calculate the number of
elements in each class.

Solution: For an interchange m = (b1 by) = 7 ! such that b1,b2 ¢ {aj as...ay}, it
is obvious that m(ajaz...a,)7"! = (ayas...ay,). if by = a, for some r = 1,...n,
but by ¢ {a1as...a,}, then w(ajas...az)m ' = (a1az...ar_1b2ar11 ... ay); ie. a,
is replaced by by in the cycle. If by = a, and by = a,s with r < s then the result
interchanges a, and ag:

(aras)(a1 a2...ap)(aras) = (a1 ... Ar_1G5Qpi1 .. Gs_1QrGsi] - - Q).
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In all cases the result is a cyclic of the same length. For an arbitrary permutation
m, write it as a sequence of interchanges, m = w7y ... 7, and

-1

w(ay...ap)m " =mme. .. TE(A1 ... ) TRTE 1 - T

is a cycle of length n.

(a) For any permutation o = (a1 ...ap)(b1...by) ... (c1 ...c,) the permutation ror—*

has the same cycle structure, since

ror P =mw(ar...ap)m tw(by .. b)) tw.m tn(er .. e
Furthermore, by selected choices of interchanges it is possible to convert any cycle
to any other cycle of the same length,

(albl)(azbz) ce (anbn)(a1 az ... an)(albl)(agbg) ce (anbn) = (ble ce bn)

Hence the conjugacy class (S,), of the permutation o consists of precisely all per-
mutations having the same cycle structure (a1 ...ap)(bi...bg)...(c1...¢p).

(b) There are 5 possible cycle structures for the elements of Sy, and the number of
elements in each is the following:

Representative No. of elements
(1234) 6
(123)(4)
(12)(34)

(12)(3)(4)
(1)(2)(3)(4)

Note the number of elements adds up to 24, which is the order of S4, as required.

= O W o

Problem 2.12 Show that the class of groups as objects with homomor-
phisms between groups as morphisms forms a category—the category of
groups (see Section 1.7). What are the monomorphisms, epimorphisms
and isomorphisms of this category?

Solution: To show that this class of objects and morphisms forms a category we
must show:

1. The composition of two homomorphisms ¢ : H — K and v : G — H is a
homomorphism. This follows from

poth(gig2) = p(¥(g192)) = w(P(91)%(92)) = @(¥(91))(P(g2)) = @ ob(g1)p o1 (g2)

2. The identity map idg : G — G is a homomorphism and for any homomorphisms
w:G— H,9Y: K— G we have poidg = ¢ and idg o) = 1. These statements are
essentially trivial.
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Monomomorphisms in the category of groups are homomorphism which are one-to-
one (injective), epimorphism are homomorphisms which are onto (surjective) on the
target group, and isomorphisms are group isomorphisms.

Problem 2.13 (a) Show that if H and K are subgroups of G then their
intersection H N K is always a subgroup of G.

(b) Show that the product HK = {hk|h € H, k € K} is a subgroup if and
only if HK = KH.

Solution: (a) If a,b € HN K then a,b € H = ab € H and a,b € K = ab € K.
Hence ab € HNK. The identity e € H and e € K, thereforee € HNK. Ifa € HNK
thena € H=a '€ Handa € K = a~' € K,so that a=' € HNK. Hence HNK
is a subgroup.

(b) If HK is a subgroup then for all hy,ho € H, ki,ks € K then by the closure
property there exist h' € H, k' € K such that hikihoko = h'K’. Hence for arbitrary
ki€ K, hs € H

krhy = (hy) ‘WK (ky) ' € HK.

so that HK = KH.
Conversely, if HK = K H then for arbitrary elements h1k1, hoko € HK the product
hikihoks = hihok1ks € HK.

Thus HK is closed with respect taking products of elements. The identity e = ee
always belongs to the product set HK of two subgroups and if HK = K H the set
closed with respect to taking inverses, for
hke HK = (hk) 'k 'n' e KH =HK
— (k) ! = W'k € HK for some b' € H,k' € K.

Problem 2.14 Find all the normal subgroups of the group of symme-
tries of the square D, described in Example 2.7.

Solution: A normal subgroup N must contain the entire conjugate class C, =
{hgh~'|h € G} of every elemenent g € N. For the group Dy the conjugacy classes
are easily read off from the multiplication table (Problem 2.2),

{RO}v {R17R3}7 {RZ}v {Slv‘g?}v {53754}'

Apart from the trivial normal subgroups {Ry} and the whole group D itself, the
only subgroups which contain the entire conjugacy class {R;, R3} is

{ROaRla R23R3}
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for if we try to add any of the elements S; and the subgroup would include every
element of D4. By similar arguments, the only other normal subgroups are

{ROaRQ}a ’{ROaRQaSIaSQa}a and {R03R2383354}-

Problem 2.15 The quaternion group G consists of eight elements
denoted

{1, -1, i, —i, j, —j, k, —k},
subject to the following law of composition

1g =gl =g, for all g € Q,

—1g = —g, for g =1, 7, k,

2= 2= k2= 1,
1=k, jk=1, ki =j.

(a) Write down the full multiplication table for @, justifying all products
not included in the above list.
(b) Find all subgroups of Q and show that all subgroups of () are normal.
(c) Show that the subgroup consisting of {1, —1, i, —i} is the kernel of a
homomorphism @ — {1, —1}.

(d) Find a subgroup H of S;, the symmetric group of order 4, such that
there is a homomorphism Q — H whose kernel is the subgroup {1, —1}.

2 2

Solution: (a) By the associative law, i(—1) = 41* = i“i = —17 = —i. Similarly

j(=1) =, k(-1) — k.
Now
ji = jjk = j°k = —1k = —k

and similarly ik = —j, kj = —i. Other products can be evaluated in the following
way:

|
—_

)(=i) = (=1)kj = (=k)j = k(=1)j = kiij = jk =i,
—D(=4) =4, (=D(=k) = k.
Since —i = (—1)i = (—1)(—=1)(—%) we must have (—1)? = (—1)(—1) = 1. Hence
(=) (=) =u=D)(-1) =il=1 (=)= =4 (=k)(=1) =k,
and
(=i)i = (=1)ii = (=1)(=1) =1, (=) =ii(=1) = (=1)(=1) = 1,
(=9)7 = i(=J) = (=k)k = k(=k) = 1.

This essentially completes the multiplication table:
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(b) Every subgroup H contains 1. For example, {1,—1} is a subgroup. If i € H
then —1 =4 € H and also —i = (—1)i € H. If H contains j as well then it also
contains —j = (—1)j, k = ij and —k = (—1)k—that is, H is the entire quaternion
group (. Thus the only proper subgroups are

{1}’ {13_1}’ {lv_laia _i}a {la_laja _j}a {la_laka_k}'

The subgroup H = {1, —1} is normal since iHi ' = {ii !, (=1)ii '} ={1,-1} = H
etc.
H ={1,-1,i,—i} is normal since

iHi™' = iH(—i) = {1,-1,i,—i} = H,
GHj™ = jH(=j) = {1, -1, —jij, jij} = {1, -1, —i,q}

as jij = jk =i, and similarly kHk~' = H. In the same way, the other 2 subgroups
may be shown to be normal, so all subgroups of () are normal.

(c) Let ¢ : @ — {1, —1} be the map defined by
(1) =¢(=1) =¢(i) =d(—i) =1,  ¢(j) = ¢(—J) = ¢(k) = #(—k) = —1.

This is a homomorphism since ¢(jk) = ¢(i) = 1 = ¢(j)p(k) = (—1)(—1) etc. The
kernel of ¢ is clearly {1, —1,4, —i}.

(d) Set 1) to be the map defined by ¢ (£1) = (1)(2)(3)(4) = id and

(i) = (12)(34),  o(x)) = (13)(24),  ¢(+k) = (14)(23).

This is a homomorphism since 9(%i)(£5) = 1 (Fxij) = (k) = (14)(23) etc. The
kernel of the homomorphism is clearly H; = {1, —1}.

Problem 2.16 A Moébius transformation is a complex map,

, _az+b

Z 2 =
cz+d

where a,bc,d e C, ad—bc=1.

(a) Show that these are one-to-one and onto transformations of the ex-
tended complex plane which includes the point z = 0o, and write out the
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composition of an arbitrary pair of transformations given by constants
(a,b,c,d) and (a',V',c,d").

(b) Show that they form a group, called the Mébius group.
(c) Show that the map p from SL(2,C) to the Moébius group, which takes

the unimodular matrix (Z b) to the above Mo6bius transformation, is a

d
homomorphism, and that the kernel of this homomorphism is {I, —1}; i.e.
the Mobius group is isomorphic to SL(2,C)/Zs.

Solution: (a) Since
dz' —b
z2=— 1
—cz'+a (1)
the map is invertible and therefore one-to-one. The point z = —d/c is sent to 2z’ = co
and 2’ = a/c corresponds to z = co. The composition of

o'z + b
c/z/ + d/

b
Zj——:—_d and 2 =d () =

2 = a(z)
is
(d'a +bc)z+ (a'b+b'd) @)
(da+dc)z+ (db+dd)
(b) The Mé&bius transformations form a group since they are closed under functional

composition by (2), the identity transformation correspondstob=c=0,a =d =1,
and the inverse of a Mobius transformation is given by (1).

(c) Let p: SL(2,C) — M, where M is the set of Mébius transformations, be the
map

' =d oa(z) =

b
I (Z Z)Ha(z)zjjid where ad —bec=1

This map is a homomorphism since, by Eq. (2)

( a b\ (a b )_ ( da+bec db+bd )—a'oa
F\e a)\c a)) " *\ca+dc db+dd)) ™ '
Two unimodular matrices are mapped to the same Mobius transformation « if and
only if they are proportional. Since det A = 1 the factor of proportionality must

be %1, so the kernel of the homomorphism is {l, —I}. Thus the Mébius group is
isomorphic to the factor group SL(2,C)/{l, -1} = SL(2,C)/Z,.

Problem 2.17 Assuming the identification of G with (G,ey) and H
with (e, H), show that G = (G x H)/H and H = (G x H)/G.

Solution: The elements h € H are identified with elements of G x H by setting
h = (eg,h). Elements of (G x H)/H are then cosets (g,h)H = H(g,h). Two cosets
are identical, (g, h)H = (¢', h')H if and only if g = ¢’ and h' = hh; for some hy € H.
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Every element of the group (G x H)/H can thus be written uniquely in the form

(ga eH)H
Let ¢ : G — (G x H)/H be defined by ¢(g9) = (g,em)H. This map is one-to-one
and onto, and is a homomorphism since

d(99') = (99, en)H = (g,em)H (g, en) H = $(g9)9(g').

¢ is therefore an isomorphism.
The isomorphism between H and (G x H)/G is completely analogous.

Problem 2.18 Show that the conjugacy classes of the direct product
G x H of two groups G and H consist precisely of products of conjugacy
classes from the groups

(Ci, Dj) = {(gi, hj) | 9: € Ci, hyj € Dy}

where C; is a conjugacy class of G and D; a conjugacy class of H.

Solution: Every conjugacy class of G may be written
Ci ={99i9 "1 9: € G}
and the conjugacy classes of H are
Dj = {hh;h~"|hj € H}.
Similarly, the conjugacy classes of G x H are of the form

Cij = {(g,h)(9i,h;)(9,h) " |g9i € G, hj € H g€ G,h € H}
= {(g,h)(9i,hj)(g ,h ) |9 € G, h; € Hyg € G,h € H}
= {(ggig~ ", hhjh™")|g; € G, h; € Hyg€ G,h € H}
= (C; x Dj.

Problem 2.19 If H is any subgroup of a group G define the action of
G on the set of left cosets G/H by ¢g:¢'H — gg'H.

(a) Show that this is always a transitive action of H on G.

(b) Let G have a transitive left action on a set X, and set H = G, to
be the isotropy group of any point z. Show that the map i : G/H — X
defined by i(gH) = gz is well-defined, one-to-one and onto.

(c) Show that the left action of G on X can be identified with the action
of G on G/H defined in (a).
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(d) Show that the group of proper orthogonal transformations SO(3) acts
transitively on the 2-sphere S2,

S ={(z,y,2) | =2® +y" + 22 = 1} = {r|r’ =r"r = 1}

where r is a column vector having real components z, y, z. Show that the
isotropy group of any point r is isomorphic to SO(2), and find a bijective
correspondence between the factor space SO(3)/SO(2) and the 2-sphere
S? such that SO(3) has identical left action on these two spaces.

Solution: (a) For any ¢’ the orbit of ¢'H is G¢'H = {g9¢'H | g € G} = G/H. Hence
the action of G on G/H is transitive.

(b) The action i is well-defined for if gH = ¢'H then ¢’ = gh for some h € H = G,
so that ¢’z = ghxz = gx. Thus i(gH) = i(¢’H). The map i is one-to-one, for if
gz = ¢'z then ¢~ '¢' € G, = H, or equivalently ¢’ € gH, i.e. ¢ H = gH. Finally,
it is onto since G’s action on X is transitive; thus, for all y € X there exists g € G
such that gz =y, so that i(¢H) = y.

(c)The action of G on X can be identified with the left action of G on G/H since
g(¢'H) = (99')H. Hence, if y = g’z then y = i(¢'H) and

gi(g'H) = gy = gg'x = i(gg'H).

Another way of expressing this equivalence of actions is g o 4 = i o g, expressed by
the commutative diagram.

(d) The action of SO(3) is transitive on S? since every unit vector x can be rotated to
any other unit vector y: for example, if e and f are any two unit vectors orthogonal
to x and orthogonal to each other then the matrix A; whose columns are (efx) is
an orthogonal matrix and has the property

e

f 0
1

N <R
N <R

If we choose As to be an orthogonal matrix such that Ak =y then the orthogonal
matrix A = As(A;) ! has the required property Ax =y.

The isotropy group of any point n € S? is the set of orthogonal transformations
leaving the direction n invariant. It is the set of rotations having n as axis. For
example, if n = k = (0,0,1)” then the isotropy group of r consists of orthogonal
transformations of the form

a1 aig O cos@ +sinf 0
A= ag) a9 0) = F sinf cos 0
0 0 1 0 0 1

for some 6. These are rotations about the axis k by an angle 8, forming the group

SO(2).
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Every rotation can be represented by an axis of rotation n and an angle of rotation 6
about this axis. The possible axes or rotation are in one-to-one correspondence with
points on the unit sphere, while the angular freedom characetrizes an element of
SO(2). Thus cosets SO(3)/SO(2) are essentially the possible axes of rotation—i.e.,
points of S2.

A more algebraic way of establishing this correspondence is the use of Euler angles
(see, for example Goldstein Classical Mechanics). With a slight variant on Gold-
stein’s notation, every rotation can be shown to be a product of three successive
rotations about the axes z,  and z again, A = DCB where

costy siny 0 1 0 0 cos¢ sing 0
B=|—-siny cosyp 0],C=|0 cosf sinf|,D=|-—sing cos¢p 0
0 0 1 0 —sinf cosf 0 0 1

The rotation B belongs to SO(2), while the product DB is determined by two angles
0 and ¢ which can be set in one-to-one correspondence with points of the sphere
expressed in polar coordinates (0 < 0 < 7, 0 < ¢ < 2, with all points having § = 0
identified as are points having 6 = 7).

Problem 2.20 The projective transformations of the line are defined
by
x,:aac——l—b’ where ad — bc = 1.
cr+d

Show that projective transformations preserve the cross-ratio

(21 — z2) (23 — 74)
(z3 — z2) (21 — 74)

between any four points z1, z9, 3 and z4. Is every analytic transformation
that preserves the cross-ratio between any four points on the line nec-
essarily a projective transformation? Do the projective transformations
form a group?

Solution: For any two points 1 and z9

, , _ (az1 +b)(cxe + d) — (azg + b)(cx1 + d) Tl — axo

fim® = (cx1 + d)(cza + d) - (cxy +d)(czy +d)’

whence, by simple cancellations

(70 —my) (x5 — 7)) (71 — 72) (73 — 74)

(e — zh) (@) — 7)) (23 — 22)(21 — )

If a transformation x — x’ preserves all cross-ratios, then fixing xs, z3 and x4, gives

x| — const. x1 — const.
—————— = const.————
T] — const. x1 — const.
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from which there exist constants a’, b, c¢’,d" such that

,  dzy+b
€T =
! dry+d

We may assume a'd' — b'd’ # 0 else ¢/ /d' = a’ /b’ and the transformation degenerates
to ' = const. By rescaling to a’ = \a, b/ = \b, ¢ = \e, d' = A\d we still have

axr1+b
cx1+d

T =

and we may choose A such that ad — bc = 1.
The projective transformationsform a group in the same way as the Mobius trans-
formations (Problem 2.16).

Problem 2.21 Show that a matrix U is unitary, satisfying Eq. (2.12),
if and only if it preserves the ‘norm’

n

|z = Z ZiZi

=1

defined on column vectors (z,z,...,2,)" in C". Verify that the set of
n X n complex unitary matrices U(n) forms a group.

Solution: We may write

I?=2"2=12"z

|z

where z is the column vector having components

Setting z’' = Uz,
||z'||2 =77 = z'utUz = 2z = ||z||2

for arbitrary z if and only if UTU = I, i.e. Ut = U~!. Thus this norm preserving
condition holds iff U is a unitary matrix, UUT = I.

The set of unitary matrices is a group as it satisfies:

Closure If U;Ul = I, UyUJ = I, then U, U, is unitary, for
U1Us(U1Ug)t = U U,USUT = Ugiul = 1.

Identity The identity matrix is unitary, It =12 = I.
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Inverse If UUT = | then p ! is unitary, for

u—tuht=u-tuufuh)t=n=1.

Problem 2.22 Show that two rotations belong to the same conjugacy
classes of the rotation group SO(3) if and only if they have the same
magnitude; that is, they have the same angle of rotation but possibly a
different axis of rotation.

Solution: A and A’ belong to the same conjugacy class iff there exists a rotation
C € SO(3) such that A’ = CAC~!. The axis of rotation defined by A € SO(3) is the
unit vector n left invariant by the action of A, i.e. An = n (see Problem 2.19 (d)).
Then n’ = Cn is the axis of rotation of A’, since

A'n’ =A'Cn=CAC 'Cn=CAn=Cn=rn'

If e is any vector orthogonal to n then the angle of rotation € defined by A is
determined by the equation

e- (Ae) = el'Ae = cos¥.
Now €' = Ce is orthogonal to n’, for
e -n=Ce-Cn=elC'Cn=elln=e-n=0
and the angle of rotation is unchanged under the action of conjugation, for
e -Ae =elCTA'Ce
=el'C7IA'Ce
=e’'Ae = cosb.

Hence all rotations belonging to the same conjugacy class have the the same angle
of rotation.

Conversely, let A and A’ be rotations having the same angle of rotation; i.e. if n and
n’ are respective axes of rotation, An = n and A'n’ = n’, then for all vectors e L n
and €' L n’ we have

e'Ae =eTAe = cosh.

There always exists a rotation C such that n’ = Cn (see Problem 2.19 (d)). Then
An'=n = ACn=Cn = C'!'ACn=n=An.
Now, as shown above, if e L n and then ¢ = Ce L. n’ and

Ae = cos ) = A’e’ = cosbe'.
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Hence
A'Ce =cosfCe

from which we have

C'A'Ce = cosfe = Ae.
As any vector r can be decomposed into components parallel and orthogonal to n,
r=(r-n)n+rt

it follows that
C 'A'Cr =Ar,

so that
C A C=A,

i.e. A and A’ belong to the same conjugacy class, as A’ = CAC™ 1.

Problem 2.23 The general Galilean transformation
' =t+a, r =Ar—vt+b where ATA = |

may be denoted by the abstract symbol (a,v,b,A). Show that the result
of performing two Galilean transformations

Gl — (a'la Vi, bla Al) and G2 = (GQ, Vo, b23 A2)

in succession is
G = G2G1 = (a, v, b, A)

where
a=a1+a, V=Awvi+vy, b=Dby—ava+Asb; and A= A5A;.

Show from this rule of composition that the Galilean transformations
form a group. In particular verify explicitly that the associative law
holds.

Solution: The transformation G is
t':t—{—a, r':Alr—ver—bl
whence GoG is

"=t +ay=t+ (a1 + a2)
" = Aor’ — vot' + by
= A(Air —vit +by) — vao(t+a1) + bo
= AoAir — (Agvy + va) + Agby — vaa; + by
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Thus
G = G2G1 = (a, v, b, A)

where
a=a1+a, Vv=Ayw;+vVvy b=Dby—avo+Asb; and A= AjA;.
This is a Galilean transformation since A2A; is orthogonal (see Example 2.11). Hence
Galilean transformations are closed with respect to this product law.
The associative law follows from

G3(G2G1) = (a1 + as+as, A3(A2V1 + V2) + v3,
A3(A2b1 — Vvoaql + b2) — V3(a1 + ag) + b3, A3A2A1)

which agrees with

(G3G2)G1 = (a1 + (12+a3, A3A2V1 + A3V2 + V3,
A3A2b1 — (A3V2 + V3)a1 + Agbg — V3a2 + b3, A3A2A1).

The reason for requiring a proof of the associative law is that we are proving the
group property from the law of composition of 4-tuples (a, v, b, A), not from the
composition of Galilean transformations as maps.

The identity transform ¢ = ¢, v’ = r corresponds to the Galilean transformation
witha=0,b=v=0,A=11ie. G=(0,0,0,]I).

If G = (a, v, b, A) is a Galilean transformation we may find its inverse by solving
G'G=(0,0,0,]1), ie.

ad+a=0
Av+v =0
Ab—-via+b =0
A'A =1
Hence
a = —a, A=A v =—-A"ly, b’ = —-A"Yb +av)
so that
(a, v, b, A)7!) = (—a, A v, A" (b +av),A*1).

Problem 2.24 (a) From the matrix relation defining a Lorentz trans-

formation L,
G=L"GL,
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where G is the 4 x 4 diagonal matrix whose diagonal components are
(1,1,1,—1); show that Lorentz transformations form a group.

(b) Denote the Poincaré transformation
x' =Llx+a

by (L, a), and show that two Poincaré transformations (L, a) and (Lg, b)
performed in succession is equivalent to the Poincaré transformation

(L2L1,b + Lga).

(c) From this law of composition show that the Poincaré transformations
form a group. As in the previous problem the associative law should be
shown explicitly.

Solution: (a) Closure follows from
(LiL)TGLiLy = LILTGL Ly = LI GLy = G.

The identity transformation L = | is trivially a Lorentz tranformation, since I1”'Gl =
G.

The inverse of any Lorentz transformation is a Lorentz transformation, for on mul-
tiplying the defining equation from the left by (L”)~! and the right by L=! we have

G=L"6L = LN 'eL'=1GI=6G.
(b) If X' = Lx 4+ a and x"” = Lyx’ + b then
x"=Ly(Lix+a) +b=LsLix+La+b
so that the law of composition of Poincaré transformations is
(L2, b)(L1, a) = (L2Lyi, b+ Lea).
(c) This product law shows closure. The associative law follows from

(L3, C)((LQ, b)(Ll, a)) Ls, )(L2L1, b+ Lga)

(

(L3|_2|_1 c+ Lsb + L3L2a)
(L3|_2, Cc+ Lgb)(Ll, )
((Ls, €)((L2, b)) (L1, )

The identity Poincaré transformation is (I,0), and the inverse of (L, a) is

(L,a)~! = (L7, —Lta).
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Problem 2.25 Let V be an abelian group with law of composition +,
and G any group with a left action on V, denoted as usual by ¢ : v — gv.
Assume further that this action is a homomorphism of V,

g(v +w) = gv + gw.
(a) Show that G x V is a group with respect to the law of composition

(9:0)(d',v") = (99", v + gv').
This group is known as the semi-direct product of G and V, and is denoted
G®OV.

(b) Show that the elements of type (g,0) form a subgroup of GOV that
is isomorphic with G and that V is isomorphic with the subgroup (e, V).
Show that the latter is a normal subgroup.

(c) Show that every element of GGV has a unique decomposition of the
form vg, where g = (¢,0) € G and v = (e,v) € V.

Solution: (a) To show the group properties:
Closure: This is obvious from the law of composition.
Associative law:
(91,01)((92,02)(93,03)) (91,v1)(9293,v2 + g2v3)
= (91(g293),v1 + g1(v2 + g2v3))
= ((9192)93, (v1 + g1v2) + gov3)
= ((g1,v1)(g2,v2)) (g3, v3).-

Identity: The identity element is (e, 0), where e is the identity of the group G, since
(e,0)(g,v) = (eg,0 + ev) = (g,v) forall g € G,v e V.

[Note: ev = v for all v € V since a left action ¢ of a group G on a space X
is a homomomorphism into the group of transformations of the space X, so that

¢(e) = idx ]
Inverse: The inverse of an element (g, v) is an element (¢’, v") such that (g,v)(¢',v") =
(e,0). That is, g¢' =eand v+ gv' = 0= v = —g 'v, so that
(9.0)"" = (9" ~g ).
(b) The map G — GOV defined by g — (g, 0) is obviously one-to-one and is a
homomorphism, since gh — (gh, 0) = (g, 0)(h, 0).
The map V — GOV defined by v — (e, v) is also an isomorphism since v + w —
(e, v +w) = (e, v)(e, w) and it is clearly one-to-one. The subgroup V = {(e,v)} is
a normal subgroup since for all g € G, w € V
G0V (5 =g 0) = {(gw)(e0) — g ')}
={(g,w +gv)(¢7", g~ w)}
={(e,w +gv — g9~ w)} = {(e,gv)} C V.
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(c) For all g € G, v € V we have

vg = (e,v)(g,0) = (eg,v + €0) = (g,v).

The decomposition is unique for if vg = v'¢g’ then (g,v) = (¢',v') so that g = ¢,
!
v="1'.

Problem 2.26 The following provide examples of the concept of semi-
direct product defined in Problem 2.25:

(a) Show that the Euclidean group is the semi-direct product of the ro-
tation group SO(3,R) and R3, the space of column 3-vectors.

(b) Show that the Poincaré group is the semi-direct product of the
Lorentz group O(3,1) and the abelian group of four-dimensional vectors
R? under vector addition (see Problem 2.24).

(c) Display the Galilean group as the semi-direct product of two groups.

Solution: (a) The Euclidean group consists of transformations (A, a) : R*R? of the
form

r=Ar+a ATA=IdetA=1.
Since
(A,a)(B,b)r = (A,a)(Br + b) = A(Br + b) + a = (AB,a + Ab)r

the law of composition is (A, a)(B,b) = (AB,a+Ab). Hence, setting G = SO(3) and
V = R3? in Problem 2.24, the Euclidean group is the semidirect product SO(3)@R?.

(b) From Problem 2.24 the composition of two Poincaré transformations is
(Lz,b)(L1,a) = (LeLy, b+ Lea) Lyl €0(3,1), abeR!

Thus the Poincaré group is the semi-direct product O(3,1)@R™.

(c) Galilean transformations t' = t + a, ¥’ = Ar — vt + b where ATA = | may be
written as transformations on R%:

()= (o ) () C)

The composition of 4 X 4 matrices of the type

(o 1)

form a group G since they are closed with respect to matrix products,

A —v B -w\ [(AB -Aw-v
o 1 of 1 ) \o” 1 '
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The 4 x 4 identity matrix obiously belongs to this class of matrices, and the inverse
of (A,v) is found by setting B = AT, w = —ATv. If we set V = R*, then the
Galilean group can be written G@®R? for if we write a Galilean transformation as

()= ) () ()

the composition law given in Problem 2.23 reduces to the semidirect product law

(o ) @) (@ 1) ()

. A2A1 —A2V1 — Vg bg —ai1vy + A2b1
o of 1 ’ a1 + ao )

Problem 2.27 The group A of affine transformations of the line consists
of transformations of the form

' =az +b, a # 0.

Show that these form a semi-direct product on R x R. Although the
multiplicative group of reals R and the additive group R are both abelian,
demonstrate that their semi-direct product is not.

Solution: Ify = az'+band z' = a'z’ +b') then y = aa’z + ab’ +b. Thus writing
affine transformations as elements (a,b) of R x R, where a # 0, the composition law
is

(a,b)(a'b) = (ad',b+ ab)

which is precisely the law of composition of a semidirect product (see Problem 2.25).
The multiplicative group of reals IR is here assumed to act on the additive group of
reals R by taking a product ab.

The semidirect product is not abelian since

(a',b")(a,b) = (d'a,b + a'b) # (aad’,b+ ab') in general.
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Chapter 3

Problem 3.1 Show that the integers modulo a prime number p form
a finite field.

Solution: Since the rules for adding and multiplying modulo p imply [a]+[b] = [a+b]
and [a][b] = [ab], the conditions for a ring, axioms (R1)-(R7) follow immediately. To
show that they form a field it is only necessary to show that the non-zero elements
all have inverses. The element [1] is clearly an identity, [1][a] = [a] for all integers a.
Let [a] # [0], i.e. a # np for any integer n. Since a and p are relatively prime there
exist integers k and [ such that ka +Ip = 1, i.e. ka =1 mod p. Hence [k][a] = [1]
and k = [a]~!. Thus the ring of integers modulo p forms a field.

Problem 3.2 Show that the set of all real numbers of the form a+b\/§,
where ¢ and b are rational numbers, is a field. If ¢ and b are restricted to
the integers show that this set is a ring, but is not a field.

Solution: The set of numbers of the form a + bv/2 where a and b are rational, is
closed with respect to addition and multiplication, for

(a+0v2) + (a' +V'V2) = (a +d) + (b +V)V?2,

(a + bV2)(a' +V'V2) = ad’ + 200" + (ab' + ba')V/2.

Axioms (R1), (R2), (R5), R(6), R(7) all follow from addition and multiplication
of real numbers. The number 0 is clearly of this form, as are additive inverses
(negatives)

0=04+0v2,  —(a+bV2)=—a—bv2

The identity 1 = 1 4 0v/2 is of this type, and the inverse of any non-zero number of
this form is also of this form for

1 a—bv2 a—bv2

a+bv2  (a+bv/2)(a—bv2) aF —20%

The right hand side numerator a® — 2b? # 0, since a # bv/2 for any rational numbers
a and b since v/2 is an irrational number.

If @ and b are restricted to be integers, all the above arguments hold for the ring
axioms (R1)-(R7), but inverses are clearly not in this class (e.g. (2+0v2)"! = 1).

Problem 3.3 Show that the infinite dimensional vector space R is
isomorphic with a proper subspace of itself.

Solution: Let V be the subspace consisting of all sequences having first element 0,
V= {(0,1)2,1)3,1)4, PN )}
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This subspace is isomorphic to R*, by setting T' : R*® — V to be the linear map
T(ul,uQ,U3, ce ) = (O,U1,u2,U3, ce )
This map is linear

T((u1,ug,...)+ a(vy,va,...)) = T(u1 + avy,us + ave, ... ) = (0,u; + avy,uz + avg, . ..)
(0,u1,ug,...)+a(0,v1,v9,...) =T(u,ug,...)+ al(vy,vg,...).

It is clearly one-to-one, Tu = Tw' = u = v/ and onto as every point of V is the
image of a point of R*. The map T is therefore an isomorphism.

Problem 3.4 On the vector space P(z) of polynomials with real co-
efficients over a variable z, let = be the operation of multiplying by the
polynomial z, and let D be the operation of differentiation,

x: f(z)— zf(x) D:f(x)H%E:).

Show that both of these are linear operators over P(z) and that Dx—zD =
I, where [ is the identity operator.

Solution: The operators z and D are

2 2 1
z(ag + a1 + aox® + - - - 4+ apz™) = aoz + a1z + agz® + - + apaz™t,

D(ap + a1z + asz? 4+ + apz") =ay +agx + - + napz™ .
Both these operators are clearly linear,
z(f(z) +ag(x)) = «f (z) + azg(z),

D7) +ag()) = < (1) +ag(e)) = LD 10 _ by 1 apg(a)

If f(z) = ag + a1z + agx® + - - + a,z" then

Dz f(z) = D(aoz + a12? + aga® + -+ + apz™

= ap 4 2012 + 3az® 4+ - + (n + 1)apa”
and
D f(z) = z(a1 + 2asx + - - - + na,z" )
= a1 + 2a00% + -+ + na,T",

so that
(Dz — zD)f(z) = ap + a1z + asz® + -+ + anz” = f(z).

Hence Dz — D = I, the identity map on P(z).
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Problem 3.5 If L, M and N are vector subspaces of VV show that
LN(M+(LNN)=LNM+LNN
but it is not true in general that

LN(M+N)=LNnM+LNN.

Solution: Let uw € LN (M + (LN N)). Then u € L and there exist vectors m € M
and n € L N N such that v = m + n. Since m = u —n and both « and n belong to
L, we must have m € L. Hence m € LN M and thusu € LN M + LN N. Hence
LN(M+(LNN))CLNM+LnNN. For the converse, let u € LNM +LNN C
M + (LN N). Then u =m +n where m € LN M and m € LN N, and since both
m and n belong to L, we must have v € L. Hence u € LN (M + (LN N)), and
therefore LN M +LNN C LN (M + (LN N)). The set theoretical equality follows
from the standard criterion in Chapter 1 (the Axiom of Extensionality).

Let M = {(z,0) |z € R} C R* and N = {(0,y) |y € R} C R%. If L = {(a,a) |a € R}
then LN M = LNN = {0}, but since M + N = R? it follows that LN (M + N) = L.
Thus (LN M) + (LN N) = {0} # LN (M + N).

Problem 3.6 Let V=U®W, and let v = u+w be the unique decompo-
sition of a vector v into a sum of vectors from v € U and w € W. Define
the projection operators Py :V — U and Py : V — W by

Py(v) = u, Py (v) = w.
Show that
(a) P = Py and P3 = Py.

(b) Show that if P: V — V is an operator satisfying P? = P, said to be an
tdempotent operator, then there exists a subspace U such that P = Py.
[Hint: Set U = {u|Pu=u} and W = {w| Pw = 0} and show that these are
complementary subspaces such that P = Py and Py =idy — P.]

Solution: (a) For any vector v € V, P2v = Py(Pyv) = Pyu = u since u = u + 0
is the unique decomposition of the vector v € U. Hence ng = Pyv forallv € V.
Similarly P3, = Py .

(b) If P? = P we set U = {u|Pu = u} and W = {w]| Pw = 0}. These are vector
subspaces of V, for if u,u’ € U then so is any linear combination u + au', then by
linearity of the operator P

Pu=u, Pu' =4 = P(u+av)=Pu+aPu =u+ad
and

w,w' €W = Pw=0, Pu'=0 = P(w+aw') = Pw+aPw =0+a0=0.
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The intersection of these subspaces is UNW = {0}, for ifx € UNW then Pz = z = 0.
For any vector v € V, set u = Pvand w = v—u. Then u € U, for Pu = P>v = Pv =
u, and w € W for Pw = Pv— Pu = u—u = 0, and the decomposition of any vector
v = u + w is as required for a direct sum. The uniqueness of the decomposition
follows from UNW = {0}, for if v = u+w = v+ w' then u —u' = w—w' is a vector
belonging both to U and W, so that u — v’ = w — w’ = 0. It is immediate from the
construction that P = Py and Py = idy — P, for Pv = v and (idy —P)v = v—u = w.

Problem 3.7 Show that the vectors (1,z) and (1,y) in R? are linearly
dependent iff z = y. In R?, show that the vectors (1,z,z?), (1,y,y?) and

(1,z,22%) are linearly dependent iff z =y or y = z or = = 2.

Generalize these statements to (n + 1) dimensions.

Solution: If there exists a non-trivial linear relation a(1,z) + b(1,y) = 0 then

a+b=ax+by=0

which holds iff a = —b # 0, and z — y = 0. Hence z = y.

In R? the vectors (1,z,2%), (1,y,y%) and (1,z,2?) are linearly dependent iff there

exist three scalars a,b, ¢, not all zero, such that the matrix equation

2

=0 0 0)

1
(abc)l
1 2

[SENSIE
SRS
N

has a non-trivial solution for a, b, c¢. This is so iff
1 z 2

det|l y 9% =0,

1 z 22

which on expanding by the first row becomes the polynomial equation

det = yz2 — y2z - 113(22 - y2) + 5132(2 —y)
=—(@—-y)lz-2)(y—2)

This determinant only vanishes if z =y or y = z or z = 2.

n+1 2 2 2
In R"™ the vectors (1, z1,z7,...,27), (L, z2,25,...,25), ..., (L, Zpy1,Tppqs - - -

are linearly dependent iff

Y x? !
1 z9 A
det) R T = e [ (i - ag) = 0.
1<j
L pyr 2py Ln+1

7x2+1)7



The evaluation of the determinant is from the fact that it is a polynomial of degree
n(n + 1)/2 which vanishes whenever z; = z; for any pair of indices 7 # j, and the
coefficient is found by evaluating contribution from the diagonal term. Thus the
vectors are linearly dependent if and only if some pair of vectors are equal, z; = x;.

Problem 3.8 Let V and W be any vector spaces, which are possibly
infinite dimensional, and T : V — W a linear map. Show that if M is a
1.i. subset of W, then T"}(M) = {v € V|Tv € M} is a linearly independent
subset of V.

Solution: Assume that M is an li. subset of W. If vy, v9,..., v, are any vectors
belonging to T~!(M) such that
alvl + a21)2 + -4 akvk =0,
then
T(a‘vy 4 -+ a*vp) = a'T(v)) + - + a*T(v},) = 0.

Since T'(vy) € M and M is Li. all coefficients a', ..., a* must vanish. Hence T—1(M)
is a linearly independent subset of V.

Problem 3.9 Let V and W be finite dimensional vector spaces of
dimensions n and m respectively, and T : V — W a linear map. Given a
basis {e1, e2,..., e,} of V and a basis {f1, f2,..., fm} of W, show that the
equations

m
Tep=>» T% fa (k=1,2,...,n)
a=1

serve to uniquely define the m x n matrix of components T = [T'] of the
linear map T with respect to these bases.

Ifo=>}_, v¥ e, is an arbitrary vector of V show that the components
of its image vector w = Tv are given by

w = (Tw)* = Y p_ Tk .

Write this as a matrix equation.

Solution: For each k = 1,...,n the vector T'e;, € W and therefore has a unique
expansion in the basis of f, of W, with coefficients 7% (a = 1,...,m). Hence the
matrix of coefficients T = [T'}] is uniquely defined by the given bases e; and f,.
For any vector v =Y }_, vke, € V

n n m
w=Tv= kaTek = ZZT‘fckaa.

k=1 k=1a=1
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Expanding w in the basis f,, namely w =Y ""  w®f, we see that

n

w’ = ZT‘}Cvk .

k=1

Writing w as the m x 1 column matrix having components w® and v as the n x 1
column vector with components v*, this equation may be written

w=Tv.
Problem 3.10 Let V be a four-dimensional vector spaceand T': V — V
a linear operator whose effect on a basis e1,...,¢e4 is

Tep =2e1 — ey
Tey = —2e1 + ey4
Tez = —2e1 + ey4

Tey = e;.

Find a basis for ker T and im7T and calculate the rank and nullity of T'.
Solution: kerT = {u € V |Tu = 0}, hence u = aey + bey + ces + dey € ker T' iff

(2a —2b—2c+d)e; + (—a+b+cles = 0.
Setting the coefficients of e; and e4 to zero, we have a = b+ ¢ and d = 0. Thus
u="b(e1 + e2) + c(e1 + e3)

where b and ¢ are arbitrary scalars. The vectors fi = e; + es and fo = e + e3
therefore form a basis of ker T'.

Since Tu = (a — b — ¢)(2e1 — e4) + deq, and a, b, ¢, d are arbitrary scalars, the space
imT is spanned by g1 = 2e; — e4 and g = ey.

The rank of T is dim(im7T") = 2, and its nullity is dim(ker T") = 2.

Problem 3.11 Let {e1, e2, e3} be a basis of a three-dimensional vector
space V. Show that the vectors {e|, ¢, ¢;} defined by

!
e; =e1tes
6'2:261+62

eg = 3ey + e3

also form a basis of V.
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What are the elements of the matrix A = [Ajz-] in Eq. (3.16) ? Calculate
the components of the vector

v=-e1 —ey+es
with respect to the basis {¢|, ¢}, e}}, and verify the column vector trans-

formation v/ = Av.

Solution: The vectors e, must be shown to be linearly independent. One method
is to express the original basis e; explicitly in terms of the e;, by solving the three
linear equations:

e1 = #(e} + 3eh — €})
ey = %(—26'1 + €h + 2¢})
e3 = %(66'1 — 3¢l + €})

The matrix A in the equation e; = Ajie;- has components

N

>
|
—
R
.S
P
Il
\IL Nl =

I Il x1|‘
|
I "|w o

Expanding the vector v = e; — es + e3 in the new basis by substituting for ey, es, e3
from the above, gives

1
v= ?(6,14-36,2 — ey + 2€] — €}, — 2ey + 6e] — 3el, + €})
1
= (96, e~ 2¢})
In matrices,
1 -2 6
7T T 7 1
_ (9 -1 =2\ _ _| 3 1 =3
V=03 F F)=Av=| 3 1 F|[-!
-1 2 1 1
77 7
Problem 3.12 Let T : V — W be a linear map between vector spaces

Vand W. If {e;|i =1,...,n} is a basis of V and {f,|a =1,...,m} a basis
of W, how does the matrix T, defined in Problem 3.9, transform under a
transformation of bases

] b
ei:AJieg'a fa:Bafl;?

Express your answer both in component and in matrix notation.
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Solution:
OO e, =Tef, — T¢,=T(A%e,) by Eq. (3.20)

= A'ijek
= AT fa
= ANTLBf;
= lejfl;
where
1" = ARTLBY = B T (A7,
In matrices this equation reads

T =BTA™L

Problem 3.13 Let ey, e9, e3 be a basis for a three-dimensional vector
space and ¢}, €}, ¢} a second basis given by

6’1 = €3,

ey = eg + 2es,

eg =e1 + 2e9 + 3es.
(a) Express the e; in terms of the e;-, and write out the transformation
matrices A = [A"]] and A" = A~1 = [A"].
(b) If u = e + ez + €3, compute its components in the e; basis.

(c) Let T be the linear transformation defined by
Teir=ex+e3, Tex=e3+e;, Tes3=e;+es.
What is the matrix of components of T' with respect to the basis ¢;?

(d) By evaluating Te}, etc. in terms of the e}, write out the matrix of
components of T' with respect to the e"i basis and verify the similarity
transformation T’ = ATA™L.

Solution: (a) Solving for ey, ey, e3 we find

e = e} — 2¢,, + ¢

ey = —2¢e} + ¢
e3 = ¢}
and from the equations e; = Ajie;-, ey =A' ijei we read off the matrix coefficients
| 1 -2 1 /001
A=[A"1=[1-2 1 0], A=[A"]=(0 1 2
1 0 1 2 3
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(b) Substtuting for the e; we have u = e; + ez + e3 = —e€| + €, whence
u'l =0, u'? = -1, u =1.

(c) Reading off the coefficents of the matrix T from Te; = T‘Ze]’,

_ 01 1
T=[T=|[101
110

(d)
Te) =Tes =e; + ey = —¢| — €}, + ¢}
Te'2 =T(es +2e3) = 3e1 + 2e9 + €3 = —46'2 + 363
Tely = T(ey + 2es + 3e3) = Hey + deg + 3e3 = —be)) + ey
so that
-1 0 O 1 -2 1 1 3 5
T=(-1 -4 6| =ATAYHY=|-2 1 0|1 2 4
1 3 b 1 0 0 01 3

Problem 3.14 Find the dual basis to the basis of R® having column
vector representation

1 1 0
e] = 1 , €y — 0 , €3 — -1
1 -1 1

Solution: Let ' = (a1, b1, ¢1), €% = (ag, by, c2), €* = (a3, b3, c3). Then the
linear equations

61(61) =a1+b +c1 =1, 61(62) =a1 —c1 =0, 61(63) =-b+c =0

are readily solved to give a1 = b1 = ¢; = % Similarly, equations e?(e;) = 0% and
e3(e;) = 02 result in

1

ar+by+co =0, as—co=1, —bo+co=0 _— aQZ%, b2202:_§’
and
a3+bs3+c3=0, a3—c3 =0, —-bs+cz=1 - a3203:%, b3:—§.
Hence

Fehb b e=Gh-b P=Gi-bd



Problem 3.15 Let P(z) be the vector space of real polynomials f(z) =
ap+ a1z +---+a,z™. If (B°,b',b%,...) is any sequence of real numbers, show
that the map (: P(z) — R given by

Bf(x)) = Va;
i=0
is a linear functional on P(z).

Show that every linear functional § on P(z) can be obtained in this way
from such a sequence and hence that (R*)* = R,

Solution: If f(z) = Y.1 a;z’ and f'(z) = Y. ala’ we may write

where we set a; = 0 for all + > n and a} =0 for all j > m. Then

f(z) +af'(z) = Z(ai + aa})z’, where a; + aa; = 0 for all i > max(n,m),
i=0
and
B(F(@) +af'(2) =D _0'(a; +aa) =) Va;+a)  bay=B(f(x)) +ap(f(z)).
=0 =0 =0

Hence f is a linear functional on P(x).

Conversely if 3 is a linear functional on P(z), set b° = B(1), b' = B(z), b*> =
B(z?),...,b" = B(z"),..., and it follows from linearity that B(f(z)) = D52, b'a;.
Since all such sequences (5°,b%,b2,...) form the vector space R®, and P(z) = R
(see Example 3.10), it follows that (R®)* = R®.

Problem 3.16 Define the annihilator S' of a subset S C V as the set
of all linear functionals which vanish on S,

St ={weV*|wu)=0Vuc S}

(a) Show that for any subset S, S+ is a vector subspace of V*.
(b) If T C S, show that S+ C T+.
(¢) If U is a vector subspace of V show that (V/U)* = U+ [Hint: For each
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w € U+ define the element @ € (V/U)* by @(v+U) = w(v).]
(d) Show that U* = V*/U*.
(e) If V is finite dimensional with dimV =n and W is any subspace of V

with dim W = m, show that dimW+ = n — m. [Hint: Use a basis adapted
to the subspace W by Theorem 3.7 and consider its dual basis in V*.]

(f) Adopting the natural identification of V and V**, show that (W1)+ =
w.

Solution: (a) If w and p are any pair of linear functionals belonging to S+. Then,
for any a € R,

(w+ap)(u) = w(u) +ap(u) =0 forallu € S.

Hence w + ap € S+, showing that S is a vector subspace of V*.

(b) If w € S* then w(u) = 0 for all u € S. In particular, since T C S, w(u) = 0 for
all u € T; in other words, w € T. Hence S+ C T+,

(c) For any w € U™ define w € (V/U)* by @(v + U) = w(v). This definition is
independent of the coset representative v, for if v/ = v + u where v € U then
w(v') = w(v). The correspendence w — @ is one-to-one for if w(v + U) = p(v + U)
for all cosets v+ U then w(v) = p(v) for all v € V. Furthermore the correspondence
is a vector space homomorphism, i.e. linear, since

GFap(v +U) = (w+ ap) (v) = w(v) + ap(v) = (v + U) + ap(v + U).

(d) Every element of V*/U+ can be written as a coset [w] = w + U+ where w € V*.
This defines a unique element of U* by setting [w](u) = w(w), which definition is
independent of the choice of coset representative w, for if [w] = [w'] then ' = w +p
for some p € U+ so that

[w(w) = (w + p)(u) = w(v) + p(u) = w(u) = [w](w).
The correspondence V*/U+ — U* is one-to-one, for

Wl =[] = [Ww(u)=[Wwu) VuelU
= (w—uW)(u)=0 Yu e U
= w-uweUt
= w4+Ut=u +U-
Finally, the correspondence is onto. For, let W be any complementary subspace to
U (see Theorem 3.2), such that V = U & W. Given any a € U* we can extend it
to a unique linear functional on V' by setting a(W) = {0}, and using the fact that

every v € V has a unique decomposition v = u + w where v € U, w € W. Then
a = [a], since a(v) = a(u) = [a](u). We thus have a vector space isomorphism
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U*=V* /UL,

(e) Let {e1,..., ey} beabasis of V such that {e1,...,en} is a basis of the subspace W
(see Theorem 3.7). If {e!,... e"} is the dual basis then a linear functional w = w;e’
belongs to W+ if and only if w; = 0 for all i = 1,...m. Since wy11,...,w, may
be arbitrary, the annihilator subspace W= is the subspace of V* spanned by the
linearly independent covectors ™ t1,... " Hence dim W+ =n — m.

(f) Since Wt = {w € V*|w(u) =0 Yu € W}, we have

WhHt ={veV* =V |(v,w) =0VYw e Wt}
={weV|ww)=0Ywe W} D W
If W+ # W then there exists a vector in W', linearly indepdendent of any

basis of W, so dim W++ > m. However, by part (e), dimW™ = n — m, so that
dim W+t =n — (n —m) = m = dimW. Hence we must have W++ = W.

Problem 3.17 Let u be a vector in the vector space V' of dimension n.

(a) If w is a linear functional on V such that ¢ = w(u) # 0, show that a
basis e;,...,e, can be chosen such that

u=e and w=as"

where {e!,...,¢"} is the dual basis. [Hint: Apply Theorem 3.7 to the
vector v and try a further basis transformation of the form ¢ = e, €}, =
es + asey, ..., €, =ep +aner. |

(b) If a = 0, show that the basis may be chosen such that

u=e and w = e“.

Solution: (a) Let
!/ ! !/
e =er = u, ey =€z +agey, ... , €, =ey+aye.

If {e},...,e"} and {'},...,&'"} are dual bases to the bases {e;} and {e} resp.,

write w = w;e’ = wie" where w; = w(e;) and

wi = w(e)) = w(e; + ae;) = w; + aja (i=2,...n)
Pick a; = —w;/a and we have w} =0 for ¢ = 2,...,n. Thus
w=we"t = w(e))e' =wu)e' = ae',

as required.
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(b) If @ = 0, then in any basis such that © = e; we have w; = a = 0. We may
assume without loss of generality that wq # 0, for if w; = 0 for all 7 # 1 then w =0
(since wq = 0). Set €] = e; = u and

I -
62 — w2 62
e; = e1 + aje; (1=3,...,n)
We then have 1
wg
wy = wley) = —w(eg) = — =1,

while for 7 > 2
wi = w(e)) = w; + ajwy =0

if we set a; = —w;/ws. The primed basis then has the required properties, u = €/,
w=c¢e"?.
Problem 3.18 For the three-dimensional basis transformation of Prob-

lem 3.13 evaluate the ¢ dual to ¢ in terms of the dual basis /. What
are the components of the linear functional w = &' + £ 4+ £3 with respect
to the new dual basis?

Solution: Using ' = A’ijej gives

gl =¢l — 224 ¢°
e'? = —2¢t 4 ¢2
g3l

Either by solving for the ' or by invoking £’ = Aije’ J, we find

62 — 6’2 + 26,3

63 — 6’1 + 26,2 + 36,3
Substituting these in w we find
w=c¢l +e? 4+ =437 6.

Thus the components of w with respect to the new basis are (1, 3,6).

Problem 3.19 If A:V — V is a linear operator, define its transpose to
be the linear map A’ : V* — V* such that

A'w(u) = w(Au) VueV, weV*.
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Show that this relation uniquely defines the linear operator A’ and that
O'=0, (idy) =idy-, (aA+bB) =aA" +bB Va,beK.

(a) Show that (BA) = A'B'.
(b) If A is an invertible operator then show that (4’) ! = (4°!)

(c) If V is finite dimensional show that A” = A, if we make the natural
identification of V** and V.

(d) Show that the matrix of components of the transpose map A’ with
respect to the dual basis is the transpose of the matrix of 4, A’ = A",

(e) Using Problem 3.16 show that ker A’ = (im A)*.
(f) Use (3.10) to show that the rank of A’ equals the rank of A.

Solution: The function A'w : V' — V is clearly well defined since A'w(u) = w(Au)
is unique for each u € V. It is a linear functional on V since

Aw(autbv) = w(A(au+bv)) = w(aAu+bAv) = aw(Au)+bw(Av) = aA'w(u)+bA w(v).
Furthermore the operator A’ : V* — V* is linear, since
Al(aw + bp)(u) = (aw + bp)(Au) = (aA’w + bA p)(u)

for all u € V, so that A'(aw + bp) = aA'w + bA'p. The relations O' = O, (idy) =
idy« and (aA+bB)" = aA' +bB' are true of any linear map ' : L(V, V) — L(V*,V*).

(a) For allu € V
A'B'w(u) = B'w(Au) = w(BAu) = (BA)'w(u).

Hence A'B" = (BA)".
(b) If A is invertible then

(A A = (AAY = (idy) = idy-,

whence (A)~! = (A7)
(c) Forallu € V and all w € V*

w(A"u) = (w, A"u) = (A'w, u) = (w, Au) = w(Au)

whence A" = A.
(d) For any u € V

Ak (u) = eF(Au) = 6k(Ajlulej) = 6’;-Ajl = Akul = ARel(u).

Hence
Aled = Akl
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and the matrix components of A’ with respect to the dual basis are given by (A’) lk =
Ak, Thus A’ = AT, Equivalently, if w = wie® the components of A'w are wyA¥,
since
A,wk{-jk = Aklwk{-jl.
(e)
ker A' = {w| A'w = 0}

={w|Awu)=0 YueV}

={w|w(Au) =0 YueV}

= (im A)*
since im A = {Au|u € V}.
(f) Using Eq. (3.10)

p(A') = 1 — (A
=n — dimker A’
=n — dim(im 4)*
=n—(n—dimimA) by Problem 3.16 (e)
=dimim A = p(A).

Problem 3.20 The row rank of a matrix is defined as the maximum
number of linearly independent rows, while its column rank is the maxi-
mum number of linearly independent columns.

(a) Show that the rank of a linear operator A on a finite dimensional
vector space V is equal to the column rank of its matrix A with respect
to any basis of V.

(b) Use parts (d) and (e) of Problem 3.19 to show that the row rank of
a square matrix is equal to its column rank.

Solution: (a) Let {ey,...,e,} be any basis of V and set uy, ..., u, to be the columns
of the matrix A = [Aij] of A with respect to this basis. That is, u; is the column
vector having components Aij (¢ =1,...,n). Let u; be the vector whose components
with respect to the basis {eq,...,e,} are the components of the column vector u;,
ie. uj= Ale; = Ae;. Since the vectors Ae; span im A, it follows that the rank of A,
p(A) = dimim A, is the maximum number of vectors uq, ..., u, which are linearly
independent. Hence this is the maximum number of Li. columns of the matrix A,
and is equal to the column rank of A.

(b) Since A’ = AT (see Problem 3.19 (d)) the columns of A’ are precisely the rows
of A. Hence, since p(A’) = p(A) (see Problem 3.19 (f))

row rank of A = col. rank of A" = p(A") = p(A) = col. rank of A.
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Problem 3.21 Let S be a linear operator on a vector space V.

(a) Show that the rank of S is one, p(S) = 1, if and only if there exists a
non-zero vector v and a non-zero linear functional o such that

S(v) = ua(v).
(b) With respect to any basis {¢;} of V and its dual basis {¢/}, show that

S =u'aj where u=u'e, «=aj.

(c) Show that every linear operator A of rank r can be written as a sum
of r linear operators of rank one.

(d) Show that the last statement is equivalent to the assertion that for
every matrix A of rank r there exist column vectors u; and a; (1 =1,...,7)

such that .
A= Z wal.
i=1

Solution: (a) p(S) = 1 if and only if dimim S = 1, which is true iff im S is spanned
by a single vector u. Thus a necessary and sufficient condition for the operator S to
be of rank 1 is that there exists a real-valued function a : V' — R such that

S(v) = a(v)u.

The function « is linear, for S(av 4+ bw) = a(av + bw)u, and by the linearity of the
operator S

S(av + bw) = aS(v) + bS(w) = aa(v)u + ba(w)u = (aa(v) + ba(w))u

so that
alav + bw) = aa(v) + ba(w).

The linear functional o cannot vanish everywhere on V', else § would have rank 0.

(b) Setting v = e; in Sv = a(v)u we have
Se; = oz(ej)uiei = ajuiez- = Sijei.

Hence S’j = u'aj, as required.

(c) The vector subspace im A is spanned by r = p(4) = dimim A Li. vectors
ui,...,up. Hence every vector Av € im A can be uniquely written in the form

Av = a1 (v)uy + ag(v)uz + -+ + ar (v)u,

50



where the real numbers «;(v) are uniquely determined by v, since the u; are linearly
independent. By an identical argument to that given in (a) it follows that the
functions «; : V' — R are linear functionals, and we can write

A=A+ A +---+ A, where A;(v) = a;(v)u;.

That is, A is a sum of r linear operators of rank one.

(d) In R" every linear functional & can be written in matrix form a(v) = o’'v. Thus
every linear operator represented by a matrix A of rank r can be expressed in the

form
r
Av = E wal v.
1=1

That is,

r
A= E uiaz-T.
=1
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Chapter 4

Problem 4.1 The trace of an n X n matrix T = [le] is defined as the
sum of its diagonal elements,

trT=T. =T +T%+--- 41"

Show that
(a) tr(ST) = tr(TS).
(b) tr(ATA™!) = tr T

(c) IfT : V — V is any operator define its trace to be the trace of its matrix
with respect to a basis {e¢;}. Show that this definition is independent of
the choice of basis, so that there is no ambiguity in writing tr7.

(d) If f(z) = ap + a1z + azz® + --- + (—1)"2" is the characteristic polynomial
of the operator 7', show that tr7 = (—1)" la,_i.

(e) If T has eigenvalues \q,..., A, with multiplicities pi,...,p,, show that
m
tr’T = Zpi)\i .
i=1

Solution: (a) tr(ST) = (ST)}, = i, Th = TkS" = (TS)k = tr(TS).
(b) tr(ATA™Y) = tr(A~'AT) = tr(IT) = tr T..
(c) The matrix T = [T’]] of the operator T with respect to a basis {e;} is defined
by Tej = T%e;, and the trace of T is set to be tr T =T7. If {e;-} is a second basis,
where e; = A’;e’;, the matrix of T is (see Eq. (4.5))

T = ATA,

whence tr T/ =T.

(d) The characteristic polynomial f(2) = ag+ a1z +agz? -+ +-- -+ (—=1)"2" is given
by
TV -2 1Y ... T}
T2 — 2
f(z) = det
" — 2

n

Hence the coefficient of 2" ! is a,—1 = (=1)"" YT} +T% + -+ T7); ice. trT =
(—1)"_1an,1 .

(e) By the fundamental theorem of algebra we have n complex roots of f(z),
f(z)=(z21—2)(22 — 2)... (20 — 2).
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The coefficient of 2" ! is a,_1 = (—1)" (21 + 22 + --- + 2,. If the eigenvalues
of T are Aq,... A, with multiplicities p1,...pk, these values run through the roots
21,%2,- .-, %n, where the eigenvlaue J); is repeated p; times. Hence

m n
Zpi)\i = ZZ]' = (—l)n_lan_l =trT
i—1 =1

by part (d).

Problem 4.2 On a complex vector space V let S and T be two com-
muting operators, ST =T'S.

(a) Show that if v is an eigenvector of T then so is Sv.

(b) Show that a basis for V' can be found such that the matrices of both
S and T with respect to this basis are in upper triangular form.
[NOTE: vector space must be complex]

Solution: (a) If Tv = Av and ST =T'S then
T(Sv) =TSv = STv=S(\v) = ASv.

(b) Let A1 be an eigenvalue of T' and V; the corresponding eigenspace consisting of
all vectors v such that
Tv = \jv.

The subspace V7 is invariant subspace of T' and also invariant under the action of S
by part (a), i.e. SV3 C Vi. If py is an eigenvalue of S ‘Vl’ there exists a corresponding
eigenvector u; € Vi of S,

Su1 = H1U1, Tu1 == )\111,1.

The operators T" and S both have a natural action on the quotient space V/L(u)
(where L(u;) = {au; |a € C}), defined by

T(U + L(Ul)) =Tv+ L(ul)
S(v+ L(u1)) = Sv+ L(uy)

since T(L(u1)) € L(u1) and S(L(u1)) € L(ui). Thus, there exists a common
eigenvector

T (u2 + L(u1)) = X2 (u2 + L(u1))
S(u2 + L(u1)) = po(uz + L(u1))

1.e.

Tus = Agug + T%ul
S’U,Q = H2U2 + 812’[1,1
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It follows that L(u1,us2) is a subspace which is invariant under both operators T'
and S: TL(uy,u2) C L(uj,uz) and SL(uj,uz) C L(uy,us). Continue inductively.
At the kth step we consider the action of 7' and S on V/L(uy,...,ux_1). There is
a common eigenvector

T(U,k + L(ul, R ,U,kfl)) = A (Uk + L(U,l, R ,uk,l))
S(U,k + L(Ul, R ,U,k,l)) = U (Uk + L(U,l, . ,uk,l))

so that
k k
Tuy, = ZT’,;ui, Suy, = Z Sikui.
i=1 i=1
This says that Tﬁc = S’}C = 0 for all k¥ < ¢ < n; i.e. in the basis uq,...,u, the
matrices T and S are both upper triangular.

Problem 4.3 For the operator 7': V — V on a four-dimensional vector
space given in Problem 3.10, show that no basis exists such that the
matrix of T is diagonal. Find a basis in which the matrix of 7" has the
Jordan form

00 0 0
00 0O
00 X1
00 0 X

for some )\, and calculate the value of A.

Solution: The operator T in Problem 3.10 is given by

Tep =2e1 — ey
T62 = —261 +eyq
T63 = —261 +eyq

Tes=e€
and has matrix
2 -2 =21
0 0 0 O
T= 0 0 0 O
-1 1 1 0

u = aej + beg + ceg + dey is an eignevector , Tu = Au, if

26 —2b—2c+d = da

0=MXb
0= X
—a+b+c=Md
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IfA\=0thend =0 and a = b+ ¢. As shown in Problem 3.10 there are are two
independent eigenvectors (spanning ker T'),

fi=e+e, fa=e1+es.
For A # 0 we must have b = ¢ = 0 and

2a +d = \a
—a =M

giving rise to the eigenvalue euqation
dX? =20 +1)=0

so that A\ = 1 with unique independent eigenvector f3 = e; — eq. All eigenvectors
of T are therefore of the form af; + bf2 or ¢fs, which span at most a 3-dimensional
subspace of T'. Hence the four-dimensional space V' cannot be spanned by eigenvec-
tors T', which cannot therefore be diagonalized (since all basis vectors in a diagonal
representation are eigenvectors). Since A = 1 has multiplicity 2, we seek a vector f4
such that

Tfo=Ma+ f3=[fa+[3.
Setting f4 = ae; + bes + ces + dey we have

2a —2b—2c+d=a+1
0=5
0=c
—a+b+c=d—-1,

giving b = ¢ =0, a = 1 —d. We may therefore set f; = e4 (taking, for example,
a = 0) and in the basis f1, fo, f3, f4 the matrix of T has the Jordan form

o O o O
o O o O
O = O O
—_—_ O O

Problem 4.4 Let S be the matrix

1—1 1 0 0
-1 1+ 0 0
-1-2; 27 -3 1
2e -1 1 0 —1

S —
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Find the minimal annihilating polynomial and the characteristic polyno-
mial of this matrix, its eigenvalues and eigenvectors, and find a basis that
reduces it to its Jordan canonical form.

Solution: The characteristic polynomial is

—1+i—-2z 1 0 0
. -1 14+¢—2 0 0 4 2
f(z) = det 1 _ 9 0; i L |=7 + 2274+ 1.
—1+24 1 0 ——z

Factorization gives f(z) = (z—i)%(z+1i)?, and the eigenvalues are z = +1, both with
multiplicity 2. To find the minimal annihilating polynomial we compute powers of

S,

-1+ 1 0 —1-—-2¢ 24 0 0

0

s_| -t t+i 0 0 @_| —2 —l+2 0 0
—1-2i 2 —i 1 2i 0 -1 -2
~14+2 1 0 —i —2i 2i 0 -1
3—i -3 0 0 1+4i —4i 0 0

$_| 3 “3-i0 0 gi_| 4 1-4i 0 0
342 -2 i -3 —4j 0 1 4
3-2i -3 0 i 4i —4i 0 1

Component by component, a polynomial equation of the form
A(A) = al +bS + ¢S? +dS> +eS* =0
gives, after some manipulation, the equations
c=a+e, b=d, b=i(c—2e), b= —i(c— 2e)

whence b = d = c—2e = 0 and ¢ = a+e. Setting a = 1 gives the minimal annihilating
polynomial A(z) =14 222 + z* = f(z). Since the minimal annihilating polynomial
and characteristic polynomial are identical the multiple eigenvalues A = 44 can only
have one independent eigenvector each. Solving for eigenvectors gives

Sf; = if;,  Sfy = —ifs.

where

fi=(1 10 1), f=(0 01 0)
and solving for Sfy = ify 4+ f; and Sfy = ify 4 f5 gives
fb=(0 110, £=(0 00 1).

In the basis fi, f5, f3, f; we have the Jordan form

i1 1 0 0
r -1 0 2 O 0
S =ASAT = 00 —7 1
00 0 —2
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Problem 4.5 Verify that (4.30), (4.31) is a solution of x, = Ax,(t)

provided

Ah; = \;hy
Ahy = A\;hy + hy

Ah, = \;h, + h,_4
where )\; is an eigenvalue of A.

Solution: Let
x, () = w(t)el?

where
= 1 t -2

(r—2)

'hg—{—'-'—{—th,u_l—{—h,u.

Then
X, (t) = et (\w, (1) + W, (1))

and the equation x, = Ax,(t) reads

tr—l tr—?a
A((r Tt oy T et h,)

t?’—l t?’—?
(g 1)

tr72 tr73

h hys +---+h,_
) T s T
The coefficients of #"=1, #"=2, ..., "=k ... 10 give respectively
Ah; = \;hy

Ahy = A\;ho + hy
Ahy = A\hy + hy_q

Ah, = \h, +h,_; .

Problem 4.6 Discuss the remaining cases for two-dimensional au-
tonomous systems: (a) Ay = Ay = A # 0 and (i) two distinct eigenvectors
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h; and hy, (ii) only one eigenvector h;; (b) A a singular matrix. Sketch
the solutions in all instances.

Solution: (a) A1 = Ay = X. Case (i): There are two distinct eigenvectors h; and
hy. The general solution is

X = cle/\thl + Cge/\thg,
representing straight lines through the origin. If A < 0 the solution approaches the
critical point at the origin, while if A > 0 the solution expands away from the origin.

Case (ii): A1 = A2 = A # 0, but there exists only one eigenvector hy. There then
exists a vector hy such that
Ahs = Ahy + hy

and the general solution is (see Egs. (4.30), (4.31) and the previous problem)

x = creMhy + CQG/\t(thl + hy).
= (Cl + Cgt)e)\thl + 02e/\th2.

If A < 0 the solutions approach the origin tangentially to the hi-direction, while if
A > 0 they depart from the origin asymptotically to this direction.

(b) If A is a singular matrix then one eigenvalue vanishes, say Ay = 0.
Case(i): Ay # 0. The solution has the form

X = Cle)\lthl + cohs.

If Ay < 0 the line x = chy is a line of stable critical points (solutions approach this
line as t — o00), while if A\; > 0 it is a line of unstable critical points (solutions
diverge from this line).

Case(ii): A1 = A2 = 0. If there are two independent eignvectors then the matrix
A = O and the equation is trivial (all solutions are constant and all points are critical
points). Assume therefore that there is a single eigenvector hy. There then exists a
vector hs such that

Ah; =0, Ahs = h;

and the solution of the differential equation is
X = Clhl + CQ(thl + hg)

All points along the hi-axis are critical points, and the general solution is a straight
line parallel to this axis.
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Case (a)(i)

hy hy

/

hy

\

SN

A>0 A<0

Case (a)(ii) .

h,
;i h, ?; h,;

A>0 A<0

Case (b) (i)

h, hy

hy hy

A<0 A>0

Case (b) (ii) / Iy

h;
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Problem 4.7 Classify all three-dimensional autonomous systems of
linear differential equations having constant coefficients.

Solution: Case (A): The matrix A is non-singular. In this instance the only critical
point is xg = 0 and all eigenvalues are # 0.

(1) Suppose all eigenvalues are real and unequal, A\; < A9 < A3: The eigenvectors
h;, hy and hs form a basis of R? and the general solution is

X = Cle)‘lthl + CQG)\zthQ + 636/\3th3.

We may assume all ¢; # 0 else it reduces to the two-dimensional case in the text.
Case (1la) Ay < A2 < A3 < 0: The critical point x = 0 is a stable node. All solutions
approach it as ¢ — oo asymptotically to the hj-axis.

Case (1b) Ay < 0, A3 > 0: x = 0 is a saddle point, with solutions asymptoting to
the hi-axis as t —+ —oo and to the hj-axis as t — oo.

Case (1c) 0 < A\; < A2 < Ag: The critical point x = 0 is an unstable node asymp-
toting to the hi-axis as t - —o0.

(2) A3 real and A\; = A, A = X where X is complex: As in the text the arbitrary real
solution is can be written in the form

x = Ret (cos(vt + a)h; + sin(vt + a)hy) + c3e*3hy.

If A3 < 0 the solutions spiral towards the 2-dimensional cases in the plane 23 = 0.
If A3 > 0 the same solutions are stretched in spirals around the hs-axis towards
z® — Fo0.

(3) A1 = A2 = X # A3: If the eigenvalue A has two distinct eigenvectors the solutions
can be written in the form

X = e)‘t(clhl + CQhQ) + 036)‘3th3.

and are essentially two-dimensional in character, lying in the plane spanned by
vectors ¢1hy + cohsy and hg.
If the eigenvalue A has only one eigenvector the solutions can be written in the form

X = e/\t((cl + Cgt)hl + CQhQ) + 036/\3th3.

Stability and instabilty is determined by the relative signs and magnitudes of A and
A3.

(4) A1 = X2 = A3 = X # 0: The case of 3, 2 and 1 independent eigenvectors are
given repsectively by

eM(c1hy 4 cohy + c3h3)

X =
x = e)‘t((cl + cot)hy + cohy + 03h3)
t2
x = eM((c1 + et + 035)1’11 + (c2c3t)hg + c3hs)
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The first solution is a straight line in the direction ¢1h; 4+ coho + c3hg.

Case (B): If A is singular then at least one eigenvalue is zero, say A3 = 0.

(1) If Ay # X2 # 0 or Ay = A\, Ay = X, the treatment is almost identical with
cases A(1) and A(2) above, with A3 set to zero. The only adjustment is that any
asymptotic behaviour in the hg direction is replaced by the fact that all solutions
lie in a plane 23
(2) A2 =0, A\; # 0: there are two cases, depending on whether there are two or one
eigenvector having eigenvalue A = 0. The case Ay = 0, Ay # 0 is similar.

(3) A1 = A2 = A3 = 0: The case of 3 eigenvectors is trivial, while 2 and 1 eigenvector
is essentially given in A(4) with A = 0.

= c3 = const.
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Chapter 5

Problem 5.1 Let (V,-) be a real Euclidean inner product space and
denote the length of a vector z € V by |z| = \/z - z. Show that two vectors
u and v are orthogonal iff |u + v|? = |u|? + |v]?.

Solution: 5 5 5
lut+v*=w+v) (ut+v)=u-utv-v+2u-v=|ul*+ v

if and only if u-v = 0.

Problem 5.2 Let

0 1 0
G=[gi]=[ui-u]=|1 0 —1
0o -1 1

be the components of a real inner product with respect to a basis u;, us,
uz. Use Gram-Schmidt orthogonalization to find an orthonormal basis
e1, €2, €3, expressed in terms of the vectors u;, and find the index of this
inner product.

Solution: Both u; and ug are null vectors, therefore the process must be started
off with a non-null combination such as fi = u; + us. Then fi - f1 = 2uy - uo = 2,
and normalizing gives

1 1

zﬁﬁzﬁ(mJﬂm), er-er =L

A vector which is easily seen to be orthogonal to fi is fo = u1; —ue, having magnitude
f2 - fo = —2. Again, normalizing gives

€1

— 62-62:—1, e1-eo =0.

1
€2 = —=J2
V2 !
A third vector orthogonal to e; and ey must have a component in the ug direction,
so try a vector of the form f3 = ug + auq + bug. Then

f3-u1 =0, f3ruz=a-1
and
fsrer=fz-ea=0 = fy3-uy=fz-uo=0 = b=0, a=1.
Hence f3 = uq +wus, and f3- f3 = 1. Thus we may take eg3 = f3 and an orthonormal
basis is

e = (U1 + u2)

1
V2
1

€2 = —(U1 - u2)

N

es = uy + us,
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giving

1 0 0
G'=lei-e]=10 -1 0
0 0 1
The index is 2 —1 = 1.
Problem 5.3 Let G be the symmetric matrix of components of a real

inner product with respect to a basis uy, us, us

1 0 1
G =lgij] = lui-uj] = | 0 =2 1
1 1 0

Using Gram—-Schmidt orthogonalization, find an orthonormal bases ¢, e,
e3 expressed in terms of the vectors u;.

Solution: We may set e; = uy since
ep-er =uy-up =g = L

Since ug - ug = —2 and ug - up = 0, we may set

1
€9 = —UQ — 62-62:—1, es-ep =0.

V2

For the third vector, try v = u3 + ae; + bes, so that

v-ep=a-+uz-e =a+1

1
v-eg=—b+uz-ea=—-b+—

V2

Hence, set a = —1, b= 1/\/5, so that v = ug —uy + %UQ. Then

U‘U:U3'U3+U1"U/1+%’U/2‘U2—2U3'U1+U3"U/2—UI'UIQ
=04+1-2-2+1-0

Hence, on normalizing,

1
63:\/51):\/5(113—1“4-5“2), e3-e3 = —Ll.

and e - e; = e3 - eg = 0. With respect to the {e;} basis

1 0 0
G =lei-e]=|0 -1 0
0 0 -1



The indexis 1 — 2 = —1.

Problem 5.4 Define the concept of a ‘symmetric operator’ S:V — V
as one that satisfies

(Su)-v=u-(Sv) for all u,v € V.
Show that this results in the component equation
Skak; = ginS",
equivalent to the matrix equation
STG =GS.

Show that for an orthonormal basis in a Euclidean space this results in
the usual notion of symmetry, but fails for pseudo-Euclidean spaces.

Solution: Setting u = e;, v = e; in the definition of a symmetric operator gives
(Se;) -ej =e; - (Sej).
The definition of operator components Se; = S’gek gives
S’jek cej =¢;- S’;-ek
and substituting gx; = ey - e; results in the required
S%gk; = g S

In terms of the matrices S = [S¥] and G = [g;;] the standard rule for matrix multi-
plication gives
S"G =Gs.

In an orthonormal basis for a Euclidean inner product we have g;; = e; - e; = 0;j,
or equivalently G = |. The matrix equation then reads ST = S, which is the usual
concept of a symmetric matrix.

For a pseudo-Euclidean space g;; = 1;0;; where n; = £1, and g’ i

il = Sj77i (sum-

mation convention temporarily suspended here). Hence in this case, SJ; = :I:S"j,
depending on the sign of 7;7;.

Problem 5.5 Let V be a Minkowskian vector space of dimension n
with index n — 2 and let k£ # 0 be a null vector (k-k =0) in V.

(a) Show that there is an orthonormal basis e, ..., e, such that

k=e —e,.
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(b) Show that if u is a ‘time-like’ vector, defined as a vector with negative
magnitude v - u < 0, then v is not orthogonal to k.

(c) Show that if v is a null vector such that v -k =0, then v x k.

(d) If n > 4 which of these statements generalize to a space of index n—47
Solution: (a) If f1,... fy is any o.n. basis, such that f;-f; = 6;; fori,j =1,...,n—1
and fy, - fn = —1 then let £ = k’f;. The null vector requirement is

n—1

kk=0=>Y (k) - (k")

=1

By Gram-Schmidt orthonormalization in a Euclidean space, a rotation e; = Ajz- fi
(i,7,= 1,...,n — 1) of the first n — 1 vectors can always be performed such that
er oc Y7 ki f;. Then there exists a real number « such that k = a(e; — e,). To
set @ = 1 we try a further transformation of the form

e1 = ae) + be,
es = ce' + del,
so that
k=ca((a—cel + (b—d)e,).

Since it is required that e; -e1 =1, ¢, - ¢, = —1, and e; - ¢,, = 0, we have
a?—bv? =1, ¢ —d? =1, ac —bd = 0.
Further since we want k = e} — e/, we must have

1 1 1
a—c=d—-b=—, = c=a——, d=b+—
o o o

and combining these equations gives, after a little algebra,

1 1 1
= - b= (v — =
a 2(a+a)’ 2(a a)’
We now have the desired result £ = e; — e),.
(b) In a basis derived in (a) where k = e; —e,,, a vector u is orthogonal to k, u-k = 0,
if and only if u' + u™ = 0. Hence, as u' = —u"

n—1 n—1
wou=>Y (u)? — (u")? =Y (u")’>0.
=1 =2

Thus » cannot be timelike—it cannot hold that u -« < 0.

(c) Similarly in a basis if v is a null vector orthogonal to &, then in the special basis

of part (a), v! = —v", and the magnitude of v is
n—1
v-oo=Y (v)2=0
=2



iff v2 = v3 = ... = 9" ! = 0. Thus v is a null vector orthogonal to k iff v =
vli(e; —en) x k.

(d) If the metric has index n — 4 then there exists an orthonormal basis such that

ei-ej =20 fori,j=1,....n—2,and e,—1-ep_1 =€p -y = —1, ep_1 - €, = 0
1 0 0
0 1 0
G=lej-e]=|............
0 -1 0
0 0 -1

Part (a) still holds, but we may need an extra rotation in the e, 1 — e, plane.
Part(b) is no longer true. For example, in n = 4, the null vector k = e; — ey is
orthogonal to the time-like vector u = es.

Part (c) also does not hold as k = e; — e4 and v = eg — ez are both null vectors and
orthogonal to each other, v -k = 0.

Problem 5.6 Show that the norm defined by an inner product satisfies
the parallelogram law.

lu +ol? + lu = wl|* = 2[|ul® + 2]}v]|*.

Solution:
lu+v||? + |lu—v||* = (u+v|u+v) + (u—v|u—20)
= (u]u) + (v]u) + (u]v) + (v|v)
+ (ulu) = (v|u) = (u]v) + (v]v)
= 2||ul|® + 2[|v]|*.
Problem 5.7 On an inner product space show that
Aulv) = [lu+ol” = flu = ol = illu + ]| + illu — iv[|*

Hence show that a linear transformation U : V — V is unitary iff it is
norm preserving,

(Uu|Uv) = (u|v), Yu,weV <= |Uv|=]wv|, VYveV.
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Solution: Using a calculation similar to that in Problem 5.6 we have

lu + ol = [lull® + lJo]]* + (u]v) + (v]u)
lu = ol* = Jlull® + o]|* = (u]v) — (v]|u)
lu + wl* = Jlull® + ol|* + (u] iv) + (iv|u)

= [lull® + [Jo]® + i

lu = il* = Jlull® + lo]|* -

Hence

lu+v)* = [lu—o)|* = illu+ iv||* + iflu — iv|?
=(1—=1—i+i)(Jul>+|vP) +AQ+1+1+D)(ulv)+1+1—-1—-1){v|u)
= 4(ulv).

From Eq. (5.19) a linear transformation U is unitary if (Uu |Uv) = (u|v) for all
u,v € V. Setting w = v this implies it is norm preserving,

[Uv]l = v/ (Uv|Uv) = v/ {v]v) = |lv]].

Conversely, if it is norm preserving, then using the above identity and linearity of U

HUulUv) = U(u+0)|* = U (u = )| = il|lU(u+ iv)|* + iU (u — )|
= llu+ol* = [lu = v]|* = ilu + wl* + iflu — iv]|?
= 4(u|v).

Problem 5.8 Show that a pair of vectors v and v in a complex inner
product space are orthogonal iff

law + Bol|? = [laul® + || Bv], Va,peC.
Find a non-orthogonal pair of vectors u and v in a complex inner product
space such that |ju+ v|? = ||ul|? + |lv||%.
Solution:

|ow + Bv|)? = (au + pv|au + Bo)
= (au|au) + (Bv|Bv) + (au|Bv) + (Bv|au)
= e/ + [|Bv]1* + @B(u|v) + Ba(v|u).

Hence, if (u|v) = 0 then (v|u) =0 and for all , 5 € C
lovw + ol = [leul” + [|Bo]*.
Conversely, set @« = 8 =1 in the identity gives

lu+ol* = [lull® + oll* + (u]v) + (v ]u) = [lu]l® + [|v]?
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while setting o = 1, § = ¢ gives
lu+ il = [Jul]? +[v]|* + iu|v) —i{v]u) = ul]? + o]

Hence
(ufv) + (v|u) = (u]v) = (v]u) =0
from which it follows at once that (u|v) = 0.

In C? with the standard inner product, let v = (1,0) and v = (i,0). Then
s olf? = ol + o2 = 141 =2

but (u|v) =1 # 0.

Problem 5.9 Show that the formula
(A|B) = tr(BAT)
defines an inner product on the vector space of m x n complex matrices
M (m,n).
(a) Calculate ||I,,|| where I, is the n x n identity matrix.
(b) What characterizes matrices orthogonal to |,,?

(c) Show that all unitary n x n matrices U have the same norm with
respect to this inner product.

(A|B) = tr(BAT) = Zwaa”

i=1 j=1

Solution:

We must verify the three criteria (IP1)-(IP3) of an inner product:

(IP1) mon__ m n
:ZZaijbij:ZZbijﬂ'j:<A|B>‘

i=1 j=1 i=1 j=1
(IP2)

(AlaB + BC) = tr((aB + BC)AT) = atr(BAY) + B tr(CAT) = a(A|B) + B(A|C).

(A|A) = ZZGUQU_ZZ|GU|QZO'

i=1 j=1 i=1 j=1

(a) ol = V{ln [1a) = Vtr(1,)2 = Virl, = v

(b) The matrix A is orthogonal to I, i.e. (A| In) = 0 if and only if

=330 w—Zaw

i=1 j=1

(IP3)
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That is, iff tr A = 0.

(¢) For an n x n unitary matrix UUt =1,,,

U]l = V{U[U) = {/tr(UUT) = VVirl, = v/

Problem 5.10 Let S and T be complex inner product spaces and let
U :S — T be a linear map such that ||[Uz|| = ||z||. Prove that

(Uz|Uy) = (z|y) for all z,y € S.

Solution: The identity ||U(z + y)||? = ||z + y||? can be written
Uz +y)|U(z +y)) = Uz +Uy)|Uz + Uy)) == (z +y|z +y).
Expanding gives
(Uz|Uz) + (Uy|Uy) + (Uz|Uy) + (Uy|Ux)
= (z]x) + (yly) + (z|y) + (y|z)
and using ||[Uz|* = [|z]|?, [Uyl]?> = [ly||*, we find

(Uz|Uy) + (Uy|Uz) = (z]y) + {y|z).

12 = llz + iyl]* gives

A similar treatment of the equation ||U(z + iy)
WUz |Uy) — iUy |Uz) = iz|y) —iy|z).

Removing the factor ¢ and adding the last two displayed equations gives

({Uz|Uy) = (z|y)

as required.

Problem 5.11 Let V be a complex vector space with an ‘indefinite
inner product’, defined as an inner product which satisfies (IP1), (IP2)
but with (IP3) replaced by the non-singularity condition

(IP3")  (u|v) =0 for all v € V implies that u = 0.

(a) Show that similar results to Theorems 5.2 and 5.3 can be proved for
such an indefinite inner product.

(b) If there are p +1’s along the diagonal and ¢ —1’s, find the defining
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relations for the group of transformations U(p,q) between orthonormal
basis.

Solution: (a) The proofs of these theorems follow on lines very similar to those
given in the text. To start of the orthonormalization procedure, note that there can
exist “null vectors” u # 0 such that (u|wu) = 0, but not every vector can be null
else. For, if (u|u) = OVu € V then for all u,v € V

0=(u+v|u+v)—i(u+iv|u+iv) =2(u|v)

contradicting condition (IP3’). Pick a vector u € V such that (u|u) # 0, and set

e1 = u/+/|{(u|u)|, so that (e |e1) = £1.

Set Vi = {w € V|(w|e1) = 0} to be the vector subspace orthogonal to e;. The
demonstration that every v € V has a unique deomposition v = ae; + v’ where
v € V; follows exactly as in the proof of Theorem 5.2, and the rest of the proof is
essentially identical.

The analogue of Sylvester’s theorem 5.3 follows on similar lines to that given in the
text. Assume there are two orthonormal bases {e;} and {f;} such that

Lif i <r 1ifj <s
e;le;) = , ity =
teile) {—1Hi>r il fs) {—1ﬁj>s

where s > r. Then there exists a non-zero vector

S

n—r
S SR I
i=1

j=1
which has the contradictory properties (u|u) > 0 and (u|u) < 0.
(b) If {e;} and {e}} are orthonormal bases, related by e; = UJZ:e;- then
9ij = (eile;) = (Ulek | UGel) = Ulgul'

where G = [g;;] is the (p+¢) x (p+¢) diagonal matrix whose first p diagonal elements
are +1 and the last ¢ are —1. In matrices, this equation reads

G = UtGu.

Problem 5.12 If V is an inner product space, an operator K : V — V
is called self-adjoint if
(u] Kv) = (Kulv)

for any pair of vectors u,v € V. Let {¢;} be an arbitrary basis, having
(ei|€e;) = hij, and set Ke, = K’.e;. Show that if H = [h;;] and K = [K’;] then

HK = KTH = (HK)'.
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If {¢;} is an orthonormal basis, show that K is a hermitian matrix.
Solution: Setting u = e;, v = e; we have
(ei| Kej) = (Kei|e;)
ie.
(ei| Kher) = (KFex|e))

whence L

hie K" = Kkhy,
which are the components of the matrix equation

HK = KTH.

Since hi; = (e;|e;) = (ej|e;) = hyi it follows that the matrix H is Hermitian, H = H,
so that
KTH = KTHt = (HK)'.

For an o.n. basis H = | and the above equation reduces to K = K, the matrix K is
Hermitian.

Problem 5.13 For a function ¢ : G — C, if we set g¢ to be the function

(94)(a) = ¢(g 'a) show that (g9')¢ = g(g'¢).
Show that the inner product (5.28) is G-invariant, (g¢,gv) = (¢,%) for all
gE€QG.

Solution: . L .
(99')(a) = ¢((99') 'a) = ¢((¢') "9 'a) = g'¢(g "a) = gg'¢(a).
For the second part of the question, by Eq. (5.28)

&1 3 adlaaie)

acG

- ﬁ S 3l (g a).

acG

(9¢,9¢) =

1

As a ranges over G, the elements b = g~ "a alos range over all elements of G, whence

(. ) = g 3 FOHO) = (.9,

beG

Problem 5.14 Let the character of a representation 7' of a group G on
a vector space V be the function x : G — C defined by

x(g) = trT(g) = T'(g).
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(a) Show that the character is independent of the choice of basis and is
a member of F(G), and that characters of equivalent representations are
identical. Show that x(e) =dimV.

(b) Any complex-valued function on G that is constant on conjugacy
classes (see Section 2.4) is called a central function. Show that charac-
ters are central functions.

(c) Show that with respect to the inner product (5.28), characters of any
pair of inequivalent irreducible representations 7} ~ 15, are orthogonal to
each other, (x1, x2) = 0, while the character of any irreducible represen-
tation 7" has unit norm (y, x) = 1.

(d) From Theorem 5.8 and Theorem 5.7 every unitary representation 7'
can be decomposed into a direct sum of inequivalent irreducible unitary
representations 7), : G — GL(V),)

T~mTi®mTo® - BmyTy (m#ZO).

Show that the multiplicities m, of the representations 7, are given by

my, = (x Xu) = L Z@Xu(g)
Gl &2

and T is irreducible if and only if its character has unit magnitude, (x, x) =
1. Show that 7" and 7’ have no irreducible representations in common in
their decompositions if and only if their characters are orthogonal.

Solution: (a) Let T be a representation of a finite group G on a vector space V' of
dimension n. As in problem 4.1(b), the trace of an operator is basis-independent
since its matrix is unchanged by similarity transformations, using tr(AB) = tr(BA):

tr(STS™!) = tr(S™!ST) = tr T.

The character x is therefore a member of F(G) which is entirely determined by the
representation. Characters of equivalent representations are identical, for if 77 ~ T5
there exists a vector space isomorphism A : V; — V5 such that

Ty(g) = ATy (g)A™ ",

and
x2(9) = trTu(g) = tr(AT1(g)A™") = tr T1(g) = x1(9)-

(b) From Section 2.4 two elements g and ¢’ are said to belong to the same conjugacy
class C if and only if there exists h € G such that ¢’ = hgh~!. Then if x is the
character of a representation T' then

x(g") =t T(¢') = trT(hgh™') = tr T(h)T(9)T(h) " = trT(g) = x(9)-

Hence x is a central function.
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(c) From Eq. (5.29) it follows that for any pair of inequivalent irreducible represen-
tation 17 » T5, their characters are orthogonal to each other,

niy no
(X1 x2) = D > (Ttwyiis Ti2yaa) =0,
=1 a=1
while from (5.30) the character any irreducible representation 7' has unit norm

06 X) =D > (Tii, Tra)

1=1 k=1

= % DO Sk

i=1 k=1
1 < n
1=

(d) Setting
T~miTi&meTo @ - ®myTN (mMZO)

where T, : G — GL(V,) are the inequivalent irreducible unitary representations of
G. The character of T is clearly an additive function,

N
X(9) =D muxul9)
p=1

where X, is the character of the uth irreducible representation T),. Using the or-
thonormality of characters of inequivalent reps shown in (c),

(Xua XV) = 5uua
we have )
mu = 06 x) = 17 > x(@)xul9)-
geqG

T is irreducible iff it is equivalent to T}, for some p, i.e. m, = 0,,. Hence a necessary
and sufficient condition for T' to irreducible is that

(6 X) = (Xu»> xu) = L.
From

N
06 X) = mum), >0
p=1

it follows that the character x and ' are orthogonal, (x, x') = 0, iff every product
mym), = 0, i.e. iff T and T" have no irreducible representations in common in their
decompositions.
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Chapter 6

Problem 6.1 The following is an alternative method of defining the
algebra of complex numbers. Let P be the associative algebra consisting
of real polynomials on the variable z, defined in Example 6.3. Set C to be
the ideal of P generated by 22 + 1; i.e., the set of all polynomials of the
form f(z)(z% + 1)g(x). Show that the linear map ¢ : C — P/C defined by

¢(i) = [z] =z + C, ¢(1)

[1]=1+C,

is an algebra isomorphism.

Which complex number is identified with the polynomial class [1 + z +
322 + 523 € P/C?

Solution: Firstly, since ¢ is a linear map ¢(a + bi) = [a + bz]. Hence

¢((a +ib)(c +1id)) = ¢(ac — bd + i(bc + ad)) = [ac — bd + (bc + ad)z].

Using the rule for multiplying elements of the factor algebra, [u][v] = [uv], (see proof
of Theorem 6.1), we have

d(a +ib)p(c+id) = [a + bz] [c + dz]
= ac + bex + abx + bdz?]
= [ac — bd + (bc + ad)z]

since [#?] = —[1] as follows from the fact that [z? +1] = 0 (equivalently, 22 +1 € C).
Hence ¢ is an algebra homomorphism,

¢((a+ib)(c+id)) = p(a + ib)d(c + id).

All higher powers [2"] can be equated with £[1] or £[z], e.g. [2?] = -1, [23] = —[z],
[*] = [1] etc. it follows that every polynomial [p(z)] can be reduced to the form
[a + bx]. Hence ¢ is an isomorphism as it is one-to-one and onto.

1+xz+32° +52%) = [l + 2 — 3 — 5z] = [-2 — 4x]

which corresponds to the complex number —2 — 43.

Problem 6.2 Let J be a complex structure on a real vector space V,
and set
VJ)={v=u—iJulucV}CVY, V(J)={v=u+iJu|lu€eV}.

(a) Show that V(J) and V(J) are complex vector subspaces of V.
(b) Show that v € V(J) = Jv =iv and v € V(J) = Jv = —iv.
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(c) Prove that the complexification of V' is the direct sum of V(J) and
V(J),
Ve =V(I)aV(J).

Solution: (a) f v =u — iJu, v' =u' — iJu' € V(J), where u, v’ € V, then
v+v = @u+u)—iJ(u+d) eV(J)
and
(a + ib)(u — iJu) = au — iaJu + ibu + bJu = (au + bJu) — iJ(au + bJu) € V(J).

Hence V' (J) is closed with respect to vector addition and complex scalar multipli-
cation, and is therefore a vector subspace of VC. Similarly, (a + ib)(u + iJu) =
(auw + bJu) + iJ(au + bJu) shows that V'(J) is a vector subspace of V°.

(b) If v =u — iJu € V(J) then
Jv = Ju —iJ*u = Ju+ iu = i(u — iJu) = iv.
Similarly, if v = u + iJu € V(J) then Jv = i(u + iJu) = —iu.
(c) If u + 4v is any vector in V¢ where u,v € V, try for a decomposition
u+iv=u —iJu +o +iJv'.
The real and and imaginary parts of this equation give
u 4+ =u, —Ju + Jv' =w.

Multiplying the second equation of this pair by J on the left and right gives

u =o' = Jv

and solving for v’ and v’ we find

1 1
u'za(u—l—Jv), U’ZE(’U,—JU).
This provides a unique decomposition of u + iv into a sum of two vectors, one from
V(J), athe other from V(J). The uniqueness guarantees that V¢ is a direct sum,
V¢ =V (J)®V(J), for it implies that V(J) NV (J) = {0} since the zero vector has
the unique decomposition 0 = 0 + 0.

Problem 6.3 If V is a real vector space and U and U are complex
conjugate subspaces of V¢ such that V¢ = U@ U, show that there exists a
complex structure J for V such that U =V (J) and U = V(J), where V(J)
and V(J) are defined in the previous problem.
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Solution: Every u € V¢ has a unique decomposition v = z + 2/ where 2,2’ € U.
In particular the vectors u € V' are characterized by v = @, so that

z+2 =z+72
and, since U N U = {0},
z—2 =z—-2"=0.

Hence z = 2’ and every v € V has a unique decomposition
u=z+2 (z€U).

Conversely, of course, every vector of this form belongs to V since z +z = z + Z.
Now set
v=Ju)=i(z—2)=iz+izeV.

The operator is obviously real linear on V and is a complex structure, J2 = —idy,
since
JPu=Jv=1i(iz —iz) =i(iz + iz) = —(2 + 2) = —u.

Furthermore every element u — iJu € V(J) belongs to U, since
u—iJu=(2+4+2)—ii(z—2)=2z€U,

while conversely every z € U can be written z = v — ¢Jv where v = %z + %Z eV.
Hence U = V(J), and similarly U = V (J).

Problem 6.4 Let J be a complex structure on a real vector space V
of dimension n = 2m. Let uy, ug,..., u, be a basis of the subspace V (J)
defined in Problem 6.2, and set

Ug = €q — 1€miq where €as Cmta €V (a=1,...,m).

Show that the matrix J, = [J]Z] of the complex structure, defined by
Je; = J%e; where i =1,2,...,n = 2m, has the form

= (9 0)

Show that the matrix of any complex structure with respect to an arbi-
trary basis has the form
J=AJA "

Solution: The e; are linearly independent for if there exist scalars A%, B® such that

m

Z A%g + By =0

a=1
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then, using
1 . 1
€q = _(ua +Ua)a €m+a = _(ua - Ua)a
2 2
we have

1 m
52 (A® + iB%)u, + (A% — iB%) g = 0.

Since the u,, U, are Li. it follows that A% 4+iB% = A*—iB*=0foralla=1,...m
whence all A% and B® vanish , proving that the e; are Li. and form a basis of V'
since they are n in number.

Since Ju, = iu, (see Problem 6.2 (b)), we have

Jeqg — tJemia = t€q + €mtq
and equating real and imaginary parts,
Jeq = emia, Jemia = —€q

so that J§ ., =d%,J mta, — §% while all other components vanish. Every other basis
e} is related to such a spec1al basis by e; = A’] e;, where A = [A"] is a non-singular
matrix, so that as in Chapter 3

Jeh = J'%el. where JE = Aij]l‘(A*I)l

I

ie.
J=[J%] = AJA~L.
Problem 6.5 Show the ‘anticommutation law’ of conjugation,
PQ=QP.
Hence prove
|PQ[ = |P[]Q.

Solution: Set P =py+ p, @ = qo + q and we have, from Eq. (6.6)

PQ =pogo —P-q+poq+qP+pXq,

and taking the conjugate quaternion

PQ =pogo—P-d4—Ppod— QP — P X Q.
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On the other hand,

QP =(g0—a)(po - p)
= gopo — qoP — poq +qp
=pogo —Pod— P —q-P+qxp by Eq. (6.5)
=podo — 4P —pod — P — P X q = PQ.
Hence
IPQI* = PQPQ = PQQ P = PIQI"P = |Q"PP = |QI*|P|*,
and taking the positive square root gives |PQ| = |P||Q)|.

Problem 6.6 Show that the set of 2 x 2 matrices of the form

z  w
—w zZ)’
where z and w are complex numbers, forms an algebra of dimension 4

over the real numbers.

(a) Show that this algebra is isomorphic to the algebra of quaternions by
using the bijection
_ , . a+1ib c+id
Q=a+bi+cj+dk +— <—c—|—z’d a—z’b)'
(b) Using this matrix representation prove the identities given in Problem
6.5.

Solution: Matrices of the form

o (5 1) (5 )

are closed with respect to formation of real linear combinations

aQ + bP = ( zZ+u w+v>

—w+v z4u

and matrix products

QP_(zu—wT) zv—l—wﬁ)_(zu—wﬁ zv—i—wﬁ)

—wu — zZU0 —wv + zZu —ZU — WU 22U — WU

Hence they form an algebra over the real numbers.

(a) Setting



it is straightforward to verify that
P=1 (X)?=(Xe)? = (Xs)” = -
X1Xg = =XoX1 = X3

XoXz = —X3Xs = X4
X3X; = —X;X3 = Xy

Hence the algebra generated by these matrices,

([ a+ib cH+id
a|+bX1+CX2+dX3_(—C+id a—ib)
is isomorphic to the algebra of quaternions, by the correspondence

1=, i—=Xy, 7—=Xo, k—Xs.

zZ w — z —w
Q<—><_w Z), then Q<—><w Z),
i.e. the action of conjugation in quaternions is equivalent to the replacements
Z—Z, w — —wW

in the above matrices. Hence if P is as above then

== uzZ —vw —uw — vz —
= = QP.
PQ <W +uw —vw+ uz) Q

The identity |PQ| = |P||Q| follows by the same reasoning as in Problem 6.5.

Problem 6.7 Find a quaternion () such that
Q iQ = j, Q 'jQ =k
[Hint: Write the first equation as iQ = Qj.] For this Q calculate Q 'kQ.
Solution: Set Q = ag + a1% + aoj + ask. Then Q) = Q)7 implies
apt — a1 + agk — azj = agj + a1k — as — asi.

Equating coefficents of 1,1, j, k separately we have

—a] = —ag, ap = —as, —as = aop, a2 = ai,
i.e. a1 = ao and a9 = —ag. Similarly 7Q = Qk leads to agp = —a1, as = a3. Hence
ag = —a1 = —ag = —ag, and @ is the quaternion

Q=uao(l1—i—j—k).
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The inverse quaternion is

Q_IZ%:%%(l+i+j+k)

1
Q*le:Z(1+i+j+k)k(1—i—j—k)
1
:Z(1+i+j+k)(k—j+i:1)

:Z(k—j-i-l-l—l—j—k—l+l+1+1—k+]—1+l+]+k)

=1.

Problem 6.8 Let e4 and ep where A, B C {1,2,...,n} be two basis ele-
ments of the Clifford algebra associated with the Euclidean inner product
space having g;; = J;j. Show that ejep = *ec where C = AUB — AN B.
Show that a plus sign appears in this rule if the number of pairs

{(ir,Js) lir € A, js € B, iy > js}
is even, while a minus sign occurs if this number of pairs is odd.

Solution: Let

€A = €;,€jy ... € where 1 <ig < -+ < iy €A,

a

€B = €j,€j, ... €Cj, where J1<jge<---<ygp €B.

Then

€ACB = €j) ... €, €} €, ...Ej,.
If ej, < e;, move it to the left in this product by a succession of interchanges
until 71 > 4. In each such interchanges the sign of the product is changed since
eje; = —eje; fori # j. If iy, = j; we simply eliminate the pair e;, e, , since e;e; = 1 for
¢ = j. Repeat the process successively for ej, ... e;, until an element ec = ey, ... ey,
with k1 < ko < -+ < k. is arrived at. The indices k; all belong to the set A or B,
but indices which belong to both A and B areexcluded, i.e. C = AUB — AN B.
In the above process a sign change arises in any interchange of elements e;,e;, when-
ever i, > js. Hence the sign of ec in the product egep is equal to the number of
pairs (i, js) such that i, € A, js € B and 7, > j,.

Problem 6.9 Let {ei, e2,..., €5} be a basis of a vector space V of
dimension n > 5. By calculating their wedge product, decide whether the
following vectors are linearly dependent or independent:

el +ex+e3, e+es3te, e3+estes, e +es+es.
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Can you find a linear relation among them?

Solution:
(e1+e2+e3) A(e2+es3+eq) Ales +es+es)A(er +e3+es)

=(egANeg+erNes+erNeg+eaNeg+esAey)
A(esNer+esNer+esNes+esNes+esAep)
=e NeaNegNes+e NeaNeg Nes+e1 ANes ANeg N\es
+esNegNesNer+easNegNesANep+e3ANegAes Aep)
=0
since the first and fourth, second and fifth, third and sixth terms concel in the

penultimate expression (check that the vectors in the wedge products are odd per-
mutations of each other). Hence these vecotrs are linearly dependent.

To find a linear relation among them try
e1 +e3+es =aler + ez +e3) +blea + ez +eq) + cles + es +e5).

Then, equating coefficients of the different e; gives

a=1, 0=a+b, l=a4+0b+c, b+c=0, 1=c
sothat a=1,b= -1, c=1.
Problem 6.10 Let W be a vector space of dimension 4 and {ey, ey, e3, e4}

a basis. Let A be the 2-vector on W,
A=egNe; +ae; ANes+ex Aesg +cep Aeg + bes A ey.

Write out explicitly the equations AAu = 0 where u = ule; +u’es+ues+utey
and show that they have a non-trivial solution if and only if ¢ = ab. In
this case find two vectors © and v such that A =u Av.

Solution:
ANu = (u! —au® —ud)e; Aey Aes + (but — cu? —U4)61 ANeg A ey

+ (—cu + aut)e; Nes Aey + (ut —bud)ea Aeg Aey

so that AAuw =0 if
u' —au® —ud =0
' —cu? —ut=0
—eud+aut =0

ut —bud =0
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. This set of linear equations has a non-trivial solution iff

1 —a -1 0
b —c 0 -1

det 0 0 —c 4 =0.
0O 0 -b 1

The determinant evaluates to (ab — ¢)?, so that A Au = 0 iff ¢ = ab.
The general solution of the linear set of equations is easily found to be

u' = az +v, uw? =z, ud =y, ut = by

where x nd y are arbitrary real numbers. Hence, setting z =1,y =0and x =0,y =
1 gives the two independent solutions

’u,:a61+62, U:61+63+b64.

A straightforward computation gives A = u A v.

Problem 6.11 Let U be a subspace of V spanned by linearly indepen-
dent vectors {ui, u,..., up}.

(a) Show that the p-vector Eyy = u; Aug A--- Auy, is defined uniquely up to
a factor by the subspace U in the sense that if {u), u),..., u,} is any other
linearly independent set spanning U then the p-vector E;, = uj A--- /\u;, is
proportional to Ey; i.e., E}; = cEy for some scalar c.

(b) Let W be a g-dimensional subspace of V', with corresponding ¢-vector
Ew. Show that U C W if and only if there exists a simple (¢ — p)-vector F
such that Eyw = Ey A F.

(c) Show that if p > 0 and ¢ > 0 then UNW = {0} if and only if EyAEw # 0.
Solution: (a) Let u) = Z?Zl B];uj- be a second basis of U, then

P P

! r J1 J2 Jp, . . . ,

up Ao ANy, = g g BBy ...Bpuj, ANuj, N+ ANuj,.
Ji=1 Jp=1

Since every summand on the RHS is either 0 if any pair of vectors is equal, or
fu1 Aug A -+ Aup whenever all u; are unequal, we have

E{]:ull/\---/\u;:cul/\u2/\---/\up:cEU.

(b) If U C W, we may use the basis extension theorem, Theorem 3.7, to extend any
basis u1,...,up, of U to a basis u1,...,up, Upy1,...uqs of W. Then

EW:ulA---AupAup+1A---Auq:EU/\F
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where F' = upy1 A --- Aug. Conversely, if there exists a simple vector F' = v; Avy A
-+ Avg—p # 0 such that

EW:EU/\F:ul/\---/\up/\’Ul/\UQ/\"'/\Uqu#O

then the vectors wi,...,up,vp,...v4—p are linearly independent and ¢ in number.
They therefor form a basis of W and the subspace U spanned by uy, ..., u, is clearly
a subspace.

(c) Let ui,...,up be a basis of U and wy ...w, a basis of W. Their intersection
UNW = {0} if and only if these vectors are all linearly independent (else there is
a linear combination of u'’s equal to a linear combination of w’s which would be a
non-zero vector in U N W). By Theorem 6.2 linear independence holds iff

EUﬂEW:ulf\---/\up/\wl/\---/\wq;«éo.

Problem 6.12 As in Example 6.12, n xn unitary matrices satisfy UUT = |
and those near the identity have the form

U=1+€A (e<1)
where A is anti-hermitian, A = —A".

(a) Show that the set of anti-hermitian matrices form a Lie algebra with
respect to the commutator [A,B] = AB — BA as bracket product.

(b) The four Pauli matrices o, (n=0,1,2,3) are defined by

(10 (01 (0 —i (10
=0 1) T\t o) TG o) BT N0 —1)
Show that Y, = 3i 0, form a basis of the Lie algebra of U(2) and calculate

the structure constants.

(c) Show that the one-parameter subgroup generated by Y; consists of

matrices of the form
£Y, coS %t 1 sin %t
¢ T \sinlt coslt):
2 2
Calculate the one-parameter subgroups generated by Ys, Y3 and Y.

Solution: (a) We need to show that anti-hermitian matrices are closed with respect
to commutator products,

[A,B]f = (AB — BA)f
=BtAl - ATBf

= (=B)(=A) = (-A)(-B)
= BA—AB = —[A,B]
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(b) A general 2 x 2 anti-hermitian matrix A has the form

—c+id b

. i 0 . 0 ¢

, 0 1 , 0
YQZ%ZO'QZ(I 0), Y3=%ZO’3:<(Z) —Z)

Straightforward matrix calculations result in

A= < v C“d) = (a+b)Yo + (a — b)Ys + 2dY; + 2¢Y,

where

Yo,Yi] =YoYi =YY x Y; = Y; =0,
[Y1,Yo] = —Y3, [Y2,Y3] = =Yy, [Y3,Y1] = —Ya.
and the structure constants are

1 if 45k is an even perm of123
% =0, C'i = €ije = { —1 if ijk is an odd perm of123

0 if any pair of 7jk are equal.

(c) Using (Y1)2 = =3I, (Y1)? = —1Y;..., we have

1 1
Y =14 tY + —2(Y)2+ 3 (V)P + ...

2! 3!
1¢2  1¢ t 1
S TCTE R N Y (A A
5192 T a1 TN Tyl T
= lcos(t/2) + 2Y sin(t/2)

1 |
_ ( 'cos §1t ) sml§t>
7 sIn §t CcoS §t

Similarly

1 il 3it

ty, _ [ coszt  singt tys [ €2
© T \-sinit cosit)’ ¢ = 3it
2 2 0 e2
and .
et Yo = 37,

Problem 6.13 Let u be an n x 1 column vector. A non-singular matrix

A is said to stretch u if it is an eigenvector of A,

Au = \u.
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Show that the set of all non-singular matrices that stretch u forms a
group with respect to matrix multiplication, called the stretch group of
u.

(a) Show that the 2 x 2 matrices of the form

a a—+c
(L2, 7)Ao arbiczo)

form the stretch group of the 2 x 1 column vector u = (_11> .

(b) Show that the Lie algebra of this group is spanned by the matrices

11 0 0 0 1
=(o0) 2= (1) o=()

Calculate the structure constants for this basis.

(c) Write down the matrices that form the one-parameter subgroups e*!

and e'Xs,

Solution: The set of non-singular matrices A which stretch u is a group, for if
Au = )u, Bu = pu

then ABu = pAu; hence this set of matrices is closed with respect to matrix mul-
tiplication. The identity matrix | clearly stretches u, since lu = u = 1.u, and the
inverse of any stretching matrix also stretches u:

Au=X u = Alu=)"'lu

Hence these matrices form a group.

(a) If
Tz Yy 1y 1
G ()=2()
then
T—yY=A, u—v=—N\
Setting © = a, v = b, A = —c gives the desired form

o a a+c
A_(b+c b >
where ¢ # 0 and a + b+ ¢ # 0, else det A = c(a + b+ ¢) = 0 and A is a singular

matrix if either ¢ = 0 or @ + b+ ¢ = 0. Conversely, every matrix of this form is a
stretch matrix of the given vector u = (1, —1)7.

(b) Near the identity, A = | + eX where € < 1, we may define real numbers «, 5 and
v such that
a=1+eaq, b=1+4€p, c=—1+ey.
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Thus

« a—+y
(54-7 ,6 > o 1+B 2 + YX3,

11 0 0 0 1
= (o 0) %=(11) 2= (o)

These matrices span the Lie algebra of the stretch group of u. Their commutators
are calculated by matrix multiplication, [X,Y] = XY — YX,

where

Xi, Xo] = X1 — Xg : ct,=-CL, =1, C?,=-C% =-1
12 21 12 21

X1, X3] = X1 — Xg - Cly=-0L =1, C% =-0% =-1

[Xo, X3] = =X1 + Xy: Cly=-0Ly=-1,0%=-0%=1

(c) Since X? = X, we have (X{)? = X; for all p > 1, whence

t ot
X1 _ t _ (e e =1
et =1+ (e 1)X1—<0 1).

For X3 alternate powers are equal, (X3)2 =1, (X3)3 = X3 etc. so that

ofXs _ cosht sinht
~ \sinht cosht/’

Problem 6.14 Show that 2 x 2 trace-free matrices, having tr A = Ay; +
Age = 0, form a Lie algebra with respect to bracket product [A, B] = AB—BA.

(a) Show that the following matrices form a basis of this Lie algebra

10 0 1 0 0
o= h) emoa) om0

and compute the structure constants for this basis.
(b) Compute the one-parameter subgroups e*!, eX2 and e'*3.

Solution: It is only necessary to show closure with respect bracket product,

2 2
tr[A, B = tr(AB — BA) =Y ° " ajjbji — bijaj; = 0.
i=1 j=1

(a) The general matrix of this Lie algebra has the form

A(“ b):ax1+bx2+cx3
C —a
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where

10 0 1 0 0
(o h) e (0o e=(0)

These three matrices form a basis of the Lie algebra since they are 1.i. Commutators
are

X1, Xo] = 2Xy C%y=—-C% =2
X1, X3] = —2X3: C3,=-0C% =2
[Xo, X3] = X1 Cl,=-0C%, =1.

(b) Since (X1)? =1, (X1)? = X; etc., we have

2 3 et 0
X1 F—
e 1—I+tx1+—2!I+3!X1+ —( )

Higher powers of X3 and X3 all vanish, (X3)? = (X3)2 = O etc., so

1t
tXo __ _
e = + th = <0 1>

1 0
tX3 __ _
e —|+tX3—<_t 1>

Problem 6.15 Let £ be the Lie algebra spanned by the three matrices
010 000 0 01
Xi=(0 0 0]}, Xo=10 0 1], Xs=10 0 0
0 00 000 0 0O

Write out the structure constants for this basis, with respect to the usual
matrix commutator bracket product.

Write out the three one-parameter subgroups e’ generated by these
basis elements, and verify in each case that they do in fact form a one-
parameter group of matrices.

tX

Solution:

(X1, Xz2] = X1 Xg — XoX; = X3, [X1,X3] = 0O, [X2,X3] =0

so that C3, = —C3, = 1 and all other Cijk =0.
Since (X1)% = (X3)% = (X3)? = 0, it follows that

1 ¢t 0 10
eXi=14ex;=(0 1 0], e =14tXo =10 1
001 0 0

S =)
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1 0 ¢
X3 =14+tX3=10 1 0
00 1

The one-parameter group properties follow from
eX1eXt = | 41X 45Xy + ts(X1)2 = 1+ (£ + 5)X = e(tF8)Xa,

and similarly

etheSXQ — e(t+s)X2’ etheSX?) — e(t+s)X3 .
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Chapter 7.

Problem 7.1 Show that the direct sum V & W of two vector spaces
can be defined from the free vector space as F(V x W)/U where U is a
subspace generated by all linear combinations of the form

(av + ', aw + bw') — a(v, w) — b(v',w').

Solution: The direct sum V @& W is the vector space V x W with the operations of
vector addition and scalar multiplication defined by
a(v,w) + b, w'") = (av + W', aw + bw'),
(see Section 3.4). Let U be the subspace of F(V x W),
U = {(av +bv',aw + bw') — a(v,w) — b(v',w') |v,v" € V, w,w' € W}.
For any pair of vectors v € V, w € W let [(v,w)] be the coset of (v,w) in F(V x
W)U,
(v, w)] = (0,) + .
Then
al(v, w)] +b[(v', w')] = a(v,w) + b(v',w') + U

(v, w) + b(v',w') + (av + b’ aw + bw')

—a(v,w) —b(v,w')+U
= (av + b’ aw + bw') + U
= [(av + bv', aw + bw')]

=a
=a

That is, the rule for addition and scalar multiplication of cosets is identical to the
rule for representatives in V @ W.
To show that the correspondence (v, w) — [(v, w]) is one-to-one, note that if

[(v, w)] = [(v/, w")]
ie. (v,w) — (v',w') € U, then
(v—v w—w")=(v,w) - (V,w)+ ((v v w—w") — (v,w) — (v',w')) eU.

Since every non-trivial element of U is a sum of more than one linearly independent
terms from F(V x W) the only term of the form (z,y) (r € V, y € W) which belongs
U is (0,0). Hence v —v' = w — w' = 0, or equivalently v = v', w = w'.

Problem 7.2 Prove the so-called universal property of free vector
spaces. Let ¢ : S — F(S) be the map that assigns to any element s € S its
characteristic function y; € F(S). If V is any vector space and a: S — V
any map from S to V, show that there exists a unique linear map 7T :
F(S) — V such that a =T o ¢, as depicted by the commutative diagram
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Show that this process is reversible and may be used to define the free
vector space on S as being the unique vector space F(S) for which the
bove commutative diagram holds.

Solution: If a(s) =v € V then

T(xs) =T(e(s)) =T o p(s) = a(s) = v.
This defines T': F(S) — V uniquely by the requirement of linearity:

k k k
T(Z a'iXsi) = Za’iT(XSi) = Zaia(si)'
i=1 i=1 i=1
We can define a free vector space over S as a vector space F and map ¢ : S = F

such that for any map « : S — V where V' is a vector space there exists a unique
linear map 7T : F' — V such that a =T o ¢,

Y

F

Let V' be the vector space F'(S) = {xs|s € S} and a: S — F(S) defined by a(s) =
Xs- Then T restricted to domain ¢(S) C F is one-to-one, for if T'(¢(s)) = T'(p(s"))
then x5 = xs. Hence s = ', so that ¢(s) = ¢(s'). Furthermore L(¢(S)) = F since
the map T is unique, for if f ¢ L(p(S)) then we can define T'(f) € V arbitrarily
and still maintain the commutative diagram. Thus T is a vector space isomorphism
and ¢(s) = T !(xs). This could therefore be used as a definition of the free vector
space which provides essentially the same structure as F'(S) and the map a.

Problem 7.3 Let F(V) be the free associative algebra over a vector
space V.
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(a) Show that there exists a linear map [ : V — F(V) such that if A is
any associative algebra over the same field K and S: V — A a linear map,
then there exists a unique algebra homomorphism « : 7(V) — A such that
S=aol.

(b) Depict this property by a commutative diagram.

(c) Show the converse: any algebra F for which there isamap I :V — F
such that the commutative diagram holds for an arbitrary linear map S
is isomorphic with the free associative algebra over V.

Solution: (a) The free associative algebra F (V') is defined as the infinite direct sum
FV)=VvOgevhev@aev®g....
where V) =V @V ®---® V. The product rule on F(V) is defined by

U QU2 X QU VI OUR QU =UL X QU DV Q- B V.

ev(r) cvis) evi(r+s)

and extending to all of F(V) by linearity. Set I(u) =u € V(1. Then we must have
a(u) = a(I(u)) = aoI(u) = S(u). For products,

alu ®v) = a(uv) = a(u)a(v) etc.

Continuing in this way « is uniquely defined on all elements of the form v ®@ v @ w ®
-+ ® z. Since every element of F(V') is a linear sum of elements of this form, « is
uniquely defined on all of V by linearity.

(b)

(c) Let F be an associative and I : V' — F a linear map such that for an arbitrary
linear map S : V — A where A is any associative algebra the commutative diagram
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A

holds a unique algebra homomorphism a. Set A =F(V) =V O gVl av@ g ..
and S(u) = u for all w € V. An essentially identical argument to that in the
second part of Problem 7.2 implies that « is an algebra isomorphism F = F(V') and
I(u) = a=t(u).

Problem 7.4 Give a definition of quaternions as a factor algebra of
the free algebra on a three-dimensional vector space.

Solution: Let V be a vector space generated by three vectors denoted 4, j and k,
and let F (V) be the free associative algebra over V. Set N to be the two-sided ideal
generated by the elements to be thought of as zero under the rules of quaternion
multiplication, namely

i®itl, j@j+l, k®k+1l, i®j—k jOk—i, k®i—j

The quaternion algebra can then be defined as Q = F(V)/N.

Problem 7.5 The Clifford algebra C, associated with an inner product
space V with scalar product g(u,v) = u-v can be defined in the following
way. Let F(V) be the free associative algebra on V and C the two-sided
ideal generated by all elements of the form

A® (u®@v+v®u—2¢9(u,v)l) ® B (A,B € F(V)).

The Clifford algebra in question is now defined as the factor space F(V)/C.
Verify that this algebra is isomorphic with the Clifford algebra as defined
in Section 6.3, and could serve as a basis-independent definition for the
Clifford algebra associated with a real inner product space.

Solution: Let [T] = T + C be the coset in F(V')/C of the tensor T" in F(V). We
then have
[T][S] = (T +C)(S+C)
=TRS+CR®S+T®C+CRC
=T®S+C=[T®SI]
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In particular
[u][v] + [o][u] = [u® v + v ® u] = 2g(u, v)[1],

and for any basis e, ...ey of V

[ea]le;] + [ej][ei] = 2g(ei, e;)[1] = 2gi;[1].
Let ¢ : F(V) — C4 be the map defined by

p(T) =T"""e;, ...e where T =T"""¢; ® - ®e;,

T

and extend by linearity to all direct sums of tensors of different orders in F(V).
This map is an algebra homomorphism,

(TS) = p(T ® S) = p(T)p(5)

and passes to a map ¢ : F(V)/C — C4 by setting ¢([T']) = ¢(T'). This definition is
independent of the choice of representative T in the coset [T] =T +C for if S € C
then S has the foom A® (v ® v +v ® u — 2g(u,v)1) ® B and

0(S)=p(A)p(uRVv+vU—29(u,v)1)p(B) =0

for
eu@v+vu—29(u,v)l) = pu)p(v) + p)e(u) —2g(u,v)1 = 0.

The map ¢ is one-to-one, for if ¢([T]) = 0 the only way in which ¢(7T) can vanish
is if it is a sum of terms of the form P(uv + vu — 2¢(u,v))Q, as uv + vu = 2g(u, v)
is the only identity assumed to hold in Clifford algebras. In other words T must be
a sum of terms of the form A® (u®v +v®u —2¢(u,v)1) ® B for tensors A and B;
ie. T €C.

Problem 7.6 Show that Es is a basis of A%(V). In outline: define the
maps ¢ : V2 5 R by

¥l (u,v) = ¥ (w)el (v) — el (u)ek (v) = uPo! — ulok.

Extend by linearity to the tensor space V(>0 and show there is a nat-
ural passage to the factor space, £¥ : A2(V) = V(20 /82 5 R. If a linear
combination from F> were to vanish,

ZAijei Nej = 0,
1<j

apply the map £¥ to this equation, to show that all coefficients A” must
vanish separately.

Indicate how the argument may be extended to show that if r <n =dimV
then F, is a basis of A"(V).
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Solution: Any bilinar function f : V2 — R passes naturally to a linear function
f: F(V?) - R, which vanishes by linearity on the subspace U of F(V?) generated
by elements of the form (av+bv', w)—a(v,w)—b(v',w) and (v, aw+bw') —a(v,w) —

b(v,w'). Hence we may define a map f: V9 — R by setting
I arur @ v,) = 3 a Fl(ur, ),
r r

which is independent of the representative >_ . a” (u,,v,) € F(V?). The linear func-
tions ¥ : V2 — R defined by

eMl(u @ v) = ¥ (u,v) = ¥ (u)el (v) — el (u)ek (v) = wPo! — uloF

vanish on the subspace S? generated by tensors of the form u ® v + v ® u, since
Mu @) = ¥ (u)e (v) — l(w)ek (v) + ¥ (v)el (u) — e (v)eF (u) = 0.
Hence they pass to linear functions &5 : A2(V) = V(20 /S2 4 R, by setting
eF([A]) = e*(4)  where A € V(39 and [4] = A +C%
In particular
el (e; Nej) = e ([e; @ ej]) = " (e; ® €5) = 6F 65 — 0105

If

ZAijei Ne; =0,
1<g

then applying the map ¥ with k& < [ to this equation gives
0= AU(565 —oi6%) = AYsfs, = AF.
i<j 1<j
Hence the tensors Fy = {ey; = ex A e; |k < [} are linearly independent are form a
basis of A2(V).

The argument that E, = {e; i, 4. |11 < iz < --- < i} is a basis of A"(V) is
essentially identical. In this case we define the alternating maps g¥1F2-kr . AT(V) —
R from

gtk by @ugy @ -+ @ uy,) = Z(—l)ﬂﬁk”“)(uil)&?k”(” (i) - - €570 (uy, )

™

where the sum is over all permutations 7 of 12...r. If we have an equation

Z AiliQ...ireil A ei2 A A eir = 0

11 <olp

then application of the linear function é¥1%2-%» where ky < ko --- < k, results in all
coefficients A"'2-' = ().
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Problem 7.7 Let T be the linear map defined by a covariant tensor
T of degree 2 as in Example 7.6. If {¢;} is a basis of V and {¢/} the dual
basis, define the matrix of components of 7" with respect to these bases
as [Tj;] where

T(e,) = Tji&‘j.
Show that the components of the tensor T in this basis are identical with
the components as a map, T;; = Tj;.

Similarly if S is a contravariant tensor of degree 2 and S the linear
map defined in Example 7.7, show that the components S are identical
with the tensor components SY.

Solution: Set u = e;, v =¢; in Eq. (7.10) gives
(Tej,ei) = T(eiej) = Tj
and substituting T'(e;) = T} ",
(Tej,ei) = (Thye®, ei) = Thy(e*, er) = Ti; 0% = Ty
Hence T;; = Tij, as required.
Similarly if SV* — V is defined by (Sp,w) = S(w, p), having components Se/ =

Skiey,, then

S — S(gi’ Ej) _ <5~5j,5i> _ <§kj6k,€i> _ gkj5ik _ g

Problem 7.8 Show that every tensor R of type (1,1) defines a map
R:V* - V* by )

(Rw,u) = R(w,u)
and show that for a natural definition of components of this map, R’j =
Rk,
Solution: The map Rw:V — R defined by Rw(u) = R(w,u) is a linear functional
since

Rw(au + bv) = R(w,au + bv) = aR(w, u) + bR(w,v) = aRw(u) + bRw(v).

Hence R defines a map R : V* — V*, and we may write~(]:2w,u> = Rw(u). For a
basis {e;} and dual basis {7}, define the components of R by

Re® = Rk,
Then ~ ~ . L ~
RE = R(¥, e;) = (Re*,e;) = RE(e/,e;) = REoT, = R,
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Problem 7.9 Show that the definition of tensor product of two vectors
uxv given in Eq.(7.11) agrees with that given in Section 7.1 after relating
the two concepts of tensor by isomorphism.

Solution: Using the dual representation of tensor spaces, and setting W = V in
Eq. (7.3), we have
vEO —ve Ve Vv,

where isomorphism is defined by

Alp, ) =Y a"p(vr)p(wy).

for A=) a"v, ® w,. Setting r =1, a' =1, vy = v, w; =w we have

v @ w(p,p) = p(v)p(w).

which agrees with the definition of tensor product in Eq. (7.11).

Problem 7.10 Let €1, e2 and e3 be a basis of a vector space VV and e;,
a second basis given by

!

€1 = €1 — €,
!

€y = €3,

eg =e + eo.
(a) Display the transformation matrix A’ = [A".].

(b) Express the original basis e; in terms of the ¢/, and write out the
transformation matrix A = [A]j,].

(c) Write the old dual basis ¢ in terms of the new dual basis ¢/’ and
conversely.

(d) What are the components of the tensors T =¢; @ ez +e2 Q@ e; +e3 Q€3
and S=¢;®c' +3¢; @3 — 2 Q@3 —e3 @e! +4des ® €2 in terms of the basis
e; and its dual basis?

(e) What are the components of these tensors in terms of the basis ¢
and its dual basis?

Solution: (a) The components of the matrix A" are read off from the definition Eq.
(7.26), € = A’Jj,ej.
| 1 01
Al=[A"]=1-1 0 1
0 10
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(b) Solving the linear equations for e, ey and es,

er = 3 (€] +¢€)

1 _1
. 2 T2
A=[AT]=0 0 1
1 1
2 2
(c) From Eq. (7.28) we can read off
€i — Alijlgl‘j’ — 61 — 6/1 +€/3’ 62 — —6'1 +€/3’ 63 — 6'2,

1o il g no_ 11 2 23 3 _ 1.1, .2
e =A% = l=35(e'-¢%), 2=¢, =3 +¢%).

(d) The components of the tensors 7" and S are read off as the coefficients of the
various e; ® e; etc.,

N 1 00 1 0 3
TY] =10 1 0], [Sijl=10 0 -2
0 01 -1 4 0
e) Substituting for e; from we fin
Substituting f f b find
1 1
T:—ieﬁ®e’1+§eg®eg+e'2®e’2,

and the components are

o
= O O

Similarly, substituting (b) and (c) into S, a rather longer computation gives

S=_(ef +eh) @ +%)+...

— Do =

=-(oe +es@ +el @ +ef @) +...

— N

) 1
== '1®6'1+§e’1®6’2+§e'1®6'3

—5eh @ +3eh e

\)

1 1 1
Eeg el + §e’2 ®e? + 563 ® 3

and the components of S in the primed basis are

15 1
i 2 2 2
[S"1=-5 0 3
111
2 2 2



Problem 7.11 Let V be a vector space of dimension 3, with basis
e1,e2,e3. Let T be the contravariant tensor of rank 2 whose components
in this basis are 7% = §"/, and let S be the covariant tensor of rank 2
whose components are given by S;; = J;; in this basis. In a new basis
el, e, e defined by

!
e =e1t+es
6'2:261+62

ey = 3es + €3

calculate the components 7"/ and Sirjr-

Solution: Solving for e, es and ez, we find

1
ep = ?(e'l + 3eh, — €b)
1
eg = ?(—2611 + e + 26%)
1
ez = ?(66,1 — 3¢ + eg)
so that
_ 1 1 -2 6
-1 2 1

Using Eq. (7.28) we can read off the transformed dual basis

el = %(61 — 2%+ 663)
e? = %(351 +e2 - 353)
el = %(—61 +2¢% + 53)

The transformed components of T are 7' = T'('?,€'7), so that T''* = [ (1+4+36)
etc.,

- 1 41 —-17 1
[T’”]:E -17 19 -4
1 -4 6
Similarly,
2 2 1
[Sijl =[S(ei, e)] =2 5 3
1 3 10
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Problem 7.12 Let T : V — V be a linear operator on a vector space V.
Show that its components Tij given by Eq. (3.6) are those of the tensor

T defined by

T(w, v) = (w, Tv).
Prove that they are also the components with respect to the dual basis
of a linear operator 7% : V* — V* defined by

(T*w,v) = (w, Tv).

Show that tensors of type (r,s) are in one-to-one correspondence with

linear maps from V9 to V("0 or equivalently from V(07) to V(0:),

Solution: The components of the operator T are defined by Eq. (3.6), Te; = T’;ek.
Thus the components of the tensor 7" are given by (see Problem 7.7 for a similar
discussion),

Th=T(e',¢j) = (¢, Te;) = (', They) = The', = T,

The dual operator T* has components defined by T*e* = T* .c¥ and we have
(T*e' ej) = (T*"ke¥ ej) = T’,‘fé’;- = T;i,
while also, from the above

(T*e' e;) = (", Tej) =T =17,

If T : V(&0 — v jg a linear map then for any vectors w1, us, ... u, € V the image
T(uy @ua ® -+ ®ug) is a tensor of type (r,0), and we can a tensor T of type (r, s)
by

T(Wiyeoe s WryUl, Uy ts) =T (U1 @ua ® -+ @ ug) (wWry- -+, wr).
It is only necessary to check that 7' is multilinear in all arguments — trivial for all

w; and very simple for any u; since
U ® - @ (auj +bvj) - Qus=au; @ - Quj- DUs+bus @ -~ Quj- - ® Uy

and T is a linear map.
The map T — T is one-to-one for if T = 0 then T'(u; ® up ® - - - ® u,) vanishes for

all vectors uy,...,us. Hence the tensor T'= 0 for
T(wiy- - Wry UL, U2, - -5 Us) =0
for all w; € V* and all u; € V. Finally the map is onto, for if ey, ..., e, is any basis

of V then define the map T by setting

T(e;, ®e, - Qe,) (wi,...,wp) =T (wi,...,wr,€;, e, DV ej,)
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and extend to all tensor A € V(9 by linearity,
T(Ailzé...iseil ®e,® - ® eis) — AiliQ...iseiIT(eil Re, - eis)-

Thus the map T — T is a one-to-one correspondence.
Similarly a linear map T : V(%) — V(0:5) defines a tensor T € V(%) by

T(Wiyee s Wry Uty Uy s Us) =T (W Q-+ @ wy) (ur,ug,y ..., Us),

and an essentially identical argument to that above shows that this is a one-to-one
correspondence.

Problem 7.13 Let T : V — V be a linear operator on a vector space
V. Show that its components 77 defined through Eq. (3.6) transform as
those of a tensor of rank (1,1) under an arbitrary basis transformation.

Solution: The components of the operator T are defined by Te; = T§ei. Hence,
substituting from the transformation equation (7.26),

Tely = T(A”,¢;)
= A'jj,Tej
= A’jj,Té-ei
= A", T} Alel,
= T'i]’-,e;-,
where ‘
T/i;, _ T; Al A/le

which is precisely the transformation law of a tensor of type (1,1).

Problem 7.14 Show directly from Eq. (7.14) and the transformation
law of components g;;

/ _ 15 Atk
gj’k}’ = ngA ],A k'

that the components of an inverse metric tensor ¢” transform as a con-
travariant tensor of degree 2,

1k’ i Lk Ak!
gt =A%q"A%.

Solution: From Eq. (7.14), gkjgji = %, in the primed coordinates we must have

[

ri'm/!

/ _ st
g Ik = 6/{:’
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Hence ' '
glZ m AIT,L/ .A.I]Z:lgmk = 5Zk,
and multiplying through by Aka, gives
g AT AR AR gy = AT,
Hence . ' '
g A S gmk = g A gma = AT
Multiplying equation on the right by ¢,

1i'm’ grmo b 1i'm’ p1b i’ _ab
g Am,5m:g Am/:Aag .

Finally, multiplying through the equation on the right by Ajb’ gives

gli’m' 5]'7;, _ Ai;gabAjb"
i.e. N o
g7 = A A"
Problem 7.15 Let g;; be the components of an inner product with

respect to a basis uq, uo, us
1 0 1
gij=uj-u; =10 1 0
1 00

(a) Find an orthonormal basis of the form e; = uy, e; = ug, e3 = auy + bug +
cus such that ¢ > 0, and find the index of this inner product.

(b) If v =uy + %’U,g find its lowered components v;.

(c) Express v in terms of the orthonormal basis found above, and write
out its lowered components with respect to that basis.

Solution: (a) e;-e; =ey-e9 =1 and e - eg = 0. If e3 = auy + bug + cuz then
esret=a+c=0
€3 - ey = b=0
es3-e3 = a’ + b% + 2ac = a® + 2ac = +1
Hence ¢ = —a and —a? = £1. The only possibility is a = 1, ¢ = —1, so that
e3 =u] —us, and eg - e3 = —1. The indexis 2 — 1 = 1.
(b) If v = uy + Suz then v* =1, v> = 0 and v3 = 3. Hence lowered components

5.
v; = gijv’ are

: 3
Ulzg1iUZ=UI+U3=§, UQZUQZO, U3:v1:1.
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(c) Since us = e; — e3, we have v = e1 + 3(e1 — e3) = 3e; — 1e3 and lowered
components are

3
,U1:§7 ,02:07 U3:§-

Problem 7.16 Let g be a metric tensor on a vector space V and define
T to be the tensor
T=a9'®g¢g+0Qudw

where u is a non-zero vector in V and w is a covector.
(a) Write out the components 7%, of the tensor 7.

(b) Evaluate the components of the following four contractions
A=C{T, B=0CiT, C=C?T, D=C:T,

and show that B = C.

(c) Show that D = 0 iff w(u) = —a. Hence show that if T,i{ulu]- = 0, then
D =0.

(d) Show that if n = dimV > 1 then T}Julu; = 0 if and only if ¢ = w(u) = 0
or uu’ = 0.

Solution: (a) If u = u'e; and w = w;e’ then
Tijkl = leg = agijgkl + 5ikuj’wl.

(b)

A=0IT = A‘lj = T;l] = aé‘lj + nulw
B=CyT = Bl =T =adl + vuy
C=CiT = C} =T} =ad} +u'w
D=CT = Dj =T = ad}, + dpulw;.
(¢) D =8 (a+v/wj) =0iff a = —ww; = —w(u).
Hence
T,fjului = aup? + vlwpug! = upud (a + vlwy) =0
— a+ulwy=0= D =0.
(d) Since

T,i{uluj = au'ug + u]ﬁjjjulm(hiC
it is immediate that a = u/ w; = 0 implies that T,z‘g uluj = 0. Conversely if T,z‘g uluj =
0 then contracting the equation over the free indices ik,

l

au'u; + nu'wiu'u; = u'ui(a + nuw;) = 0.
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On the other hand multiplying the equation Tlg uluj = 0 by u; gives
w'ujug(a + wwj) = 0.

Comparing these two equations we have either a = wjuj =0 or u'u;.

Problem 7.17 On a vector space V of dimension n let 7" be a tensor of
rank (1,1), S a symmetric tensor of rank (0,2) and J the usual ‘invariant
tensor’ of rank (1,1). Write out the components R, of the tensor

R=T®S®iI+SRiT+i0T®S.

Perform the contraction of this tensor over 7 and k, using any available
contraction properties of 6’]-. Perform a further contraction over the in-
dices j and r.

Solution: - . ‘ o o
R%imr = Ty Sim6) + Ski60, T2 + 6,17 Sy
(CLR) pr = T} Sim 6% + Sin T2 + 0T Sy
(CYCI R)im = T¢ St + ST + 0T} S
= (n + 1)T} S + 0T} Sy
Problem 7.18 Show that covariant symmetric tensors of rank 2, satis-

fying T;; = T};, over a vector space V of dimension n form a vector space
of dimension n(n + 1)/2.

(a) A tensor S of type (0,7) is called totally symmetric if S; ;,. ;. is left
unaltered by any interchange of indices. What is the dimension of the
vector space spanned by the totally symmetric tensors on V?

(b) Find the dimension of the vector space of covariant tensors of rank 3
having the cyclic symmetry

T(u,v,w) + T (v,w,u) + T(w,u,v) = 0.

Solution: If S and T are covariant symmetric tensors of rank 2 then so is § + aT',
for
Sz'j + (ZTZ'J' = Sji + aTji.

Hence covariant symmetric tensors of rank 2 form a vector subspace of V(%2 Given

a basis eq,...,e, of V, dual basis €!,...e" of V*, every symmetric tensor may be
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written in the form

n n
S = ZSij(Ei ® Ej + Ej X Ei) + Z SZ'Z'Ei X Ei.
1<J 1=1

The tensors €' ® e/ + ¢/ ® €' (i < j) and &' ® €’ are linearly independent and thus
form a basis of this space. Its dimension is therefore n +n(n —1)/2 = n(n +1)/2.

(a) Similarly, the space of all totally symmetric tensors on V' has a basis
QR Qe+ QN Q- Qe 4 ...

where the sum is taken over all permutations of indices 4145 . ..%,. In each such basis
tensor we can set the first term to have increasing order of indices, 71 < 1o < -+ < 4p.
Hence the dimension of the space of symmetric tensors is equal to the number of
ascending sequences of this type from the numbers 1,...n. This is equal to the
number of ways of distributing r balls in n boxes, with no limit placed on the
number of balls in any one box. An equivalent problem is to find the number of
ways of distributing r balls and (n — 1) box partitions in n + r — 1 places:

The dimension of the space of symmetric tensors is therefore

(n—l—r—l) :n(n+1)...'(n+7"—1)

(c) Let U be the subspace of tensor of type (0,3) spanned by elements of the form
EF —digded+docdod+foded.

The space of tensors for which T'(u,v,w) + T (v, w,u) + T(w,u,v) = 0 is equivalent
to those whose components have the cyclic symmetry T;; + Tjg; + Tyi; = 0, and are
in one-to-one correspondence with elements of the factor space V(0:3) /U. The basis
of U has

n elements of the form E™ (i=1,...n)

2(Z> elements of the form E™ (1#73,1,7=1,...n)

2(Z> elements of the form E“* (i#j#k, i,5,k=1,...n)
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In the second line the factor 2 appears because we may have ¢ < j or j < %, while in
the third line the factor 2 appears because E'?3 # E?'3 but all other permutations
of 123 are equivalent to one of these, e.g. E?3! = E'23 etc. Hence the dimension of
the space of tensors with the cyclic symmetry is

2+2) 2p(n?-1
W o™ o™ :n3_n(n+): n(n )’
2 3 3 3
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Chapter 8.

Problem 8.1 Express components of the exterior product of two 2-
vectors A = AY¢;; and B = Bkle,; as a sum of six terms,

(AAB)IM = LA Bk - A Bl 4 )

How many terms would be needed for a product of a 2-vector and a 4-
vector? Show that in general the components of the exterior product of

!
an r-vector and an s-vector can be expressed as a sum of (r —:_ f) terms.
TS
Solution:
(A A B)z’jkl _ i(AijBkl _ AJipkl _ Aiiplk 4 pdiplk
24
+ AkBY _ AkiBl
+ AlBik — )

1 . o .
— E(Az]Bkl + Aszl] + Ale]k
For a product of a 2-vector A% and 4-vector B*™" we find

(A A B)ijklmn _ L

— 50 (AijBklmn _ Ajinlmn + ... )

and the 6! = 720 permutations are broken into groups of permutations on two indices
over A and 4 indices over B, which give rise to 2!4! = 48 identical terms. The result
is a sum of 720/48 = 15 independent terms.

For an r-vector A and an s-vector B, the resulting r 4+ s-tensor A A B is a sum
of (r + s)! terms arising from all possibly permutations on the (r + s) indices, of
which the r!s! terms which permute the r indices on A and the s indices on B are

|
all identical. The resulting wedge product is therefore a sum of (r —:_ f) terms.
rls!
Problem 8.2 Let V be a four-dimensional vector space with basis

{e1,e2,e3,e4}, and A a 2-vector on V.

(a) Show that a vector u satisfies the equation
ANu=0

if and only if there exists a vector v such that
A=uAv.

[Hint: Pick a basis such that e; = u.]
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(b) If
A=eyNe;+aeg Neg +ex Aeg +cep A eg+ beg A ey

write out explicitly the equations AAu = 0 where u = u'e; +u’ey+ules+utey
and show that they have a solution if and only if ¢ = ab. In this case find
two vectors u and v such that A =u A .

(c) In general, show that a 4-vector A A A = 8ae; A ey A ez A ey where
O[:A12A34+A23A14+A31A24
and -
det[A"] = o?.

(d) Show that A is the wedge product of two vectors A = uAv if and only
if ANA=0.

Solution: (a) Setting a basis such that u = e; and writing A = AY¢; A e; we have
A/\u:AijeZ-/\ej/\el =0
iff AY = 0 whenever both i > 1 and 5 > 1. That is,
A= AYe, A ej + Ae; Aey =24 ¢, Nej=uAv

where v = 2A1jej.
(b) 3 4 2 4 1

A ANu = €213U + €214U + ae132u + ae134u + €231U

+ 6234u4 + 66142u2 + 06143u3 + b6241u1 + b6243u3
= ejo3(ul — au? — u®) + eppq(but — cu? — ut)
+ 6134(—CU3 + au4) + 6234(—bu3 + ’LL4).

Hence A A u has a non-trivial solution iff the matrix of coefficients of the linear set
of equations for u' vanishes,

1 —a -1 0

b —c 0 -1| -
det 0 0 - g = (ab—c¢)*=0.

0 0 —-b 1

Hence the necessary and sufficient condition for A =v A is ab = c.
The general solution for u’ is u' = au? + u?, u* = bu?, so that

u = (ax + y)e1 + xzeg + yes + byes.
Set z =1, y = 0 we have u = ae; + ez, and solving

A=uAhv=(ae; +e2) A (vlel +v2%ey + vies + v4e4)
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results in a set of equations in the coefficients of e;; for vt
vl =1+ av?, v =1, vt =b.
Since v? is arbitrary we may set v = 0, so that v = e; +e3+bey. It is straightforward
to verify that
A=uNv=(aer + e2) A (e1 + e3 + beq).

() g
ANA= (A”ei VAN ej) VAN (Aklek VAN el)
= AijAklei Nej Neg Ae
= AijAkleijklel Neg Ne3z N\ey
Now

AijAkleijkl — A12A34 _ A21A34 _ A12A43 + A34A12 + A34A12 -

The expansion on the RHS consists of 24 terms which breaks up into three groups
of 8 equal terms,

AijAkleijk:l — 8(A12A34 + A13A42 + A14A23) — 8«

as required.
The determinant is straightforward to expand,

0 A12 _A31 A14
_A12 0 A23 A24
A31 _A23 0 A34
_A14 _A24 _A34 0

det AZ] — det _ (A12A34 + A13A42 + A14A23)2.

(d) By (a) the condition for A to be a simple bivector, A = u A v, is that there
exists a vector u such that A Au = 0. Explicitly writing out the components of this
3-vector equation,

U1A23 _ ’LL2A13 +U3A12 =0
U1A24 _ ’LL2A14 +U4A12 =0
u1A23 _ ’LL3A14 +U4A13 =0
WZAR B AZE 44 AB

which has a non-trivial solution iff

A23 _A13 _A12 0

A24 _A14 0 A12

A34 0 _A14 A13

0 A34 _A24 A23 0

det =0.

Interchange the 2nd and 3rd columns, first and 4th columns, multiply first and 3rd
columns by -1, and this determinant results in the same determinant as det[A"]

108



with A% and A'* interchanged. Hence the determinant is again a?>. Thus AAu =0

iff @ =0, or equivalently A A A =0 by part (c).

Problem 8.3 Prove Cartan’s lemma, that if u, ug, ..., u, are linearly

independent vectors and v1,..., v, are vectors such that
up Avp +ug Avg+ -+ +up Avp =0,

then there exists a symmetric set of coefficients A;; = Aj; such that

p
V; = Z Aljuj
j=1

[Hint: Extend the u; to a basis for the whole vector space V]

Solution: By the basis extension theorem, Theorem 3.7, there exists a basis ey, . .

of V such e; = u; for 2 =1,2,...p. In this basis we may set

p n
v, = Z Aijuj- + Z Amea.
7=1

a=p+1

The equation
p
Z u; ANv; =0
i=1

reads, in this basis,

p p p

ZZAijei/\ej—i—Z Z Ajne; Neg = 0.

=1 j=1 i=1 a=p+1

.en

Treating this as a tensor equation, with e; A e; = %(ei ®e; —ej ®e;), we see from
the coefficients of e; ® e, that A;o, = 0. The coefficient of e; ® e; with 7 < 7 < p, is

A;j — Aj;. As this must vanish, we have the symmetry condition A;; = Aj;.

Problem 8.4 If V is an n-dimensional vector space and A a 2-vector,

show that there exists a basis eq, €3, ..., e, of V such that
A=e Nest+egNes+...e0_1Aey,

for some number 2r, called the rank of A.

(a) Show that the rank only depends on the 2-vector A, not on the choice

of basis, by showing that A" # 0 and A"T! = 0 where

AP =ANANAAN---ANA.
—_—
p

109



(b) If fi, fa, ..., fn is any basis of V and A = A¥f; ® f; where AY = —AJ¢,
show that the rank of the matrix of components A = [A”] coincides with
the rank as defined above.

Solution: If f; is any basis of V and A = A7 f; A fj we may assume, possibly after
a rearrangement of basis vectors, that A'2 # 0 (else A = 0 and we are done, with
r = 0). Consider a change of basis {fi, f, ... fn} — {e1, €2, f3,..., fn} of the form

hi=e+d’fa+---+ad"fy
fa=ea+ 0 f3 4+ 0" f

Then
A= A2 (er+a® fa+- - Fa" fo) Nea+b> fa+- - -+ f) +ABe  Afz - -+ AP e A fa+. ..

If we pick
. A2t . Al
OJZ:E, bzz—ﬁ for 223,4,71
then
A= A12€1 N ey + A

where A’ is a 2-vector entirely spanned by f; A f; (4,7 = 3,4,...n). On rescaling
er — 61/A12 we have A = e; Aeay + A'. If A’ =0, the procedure has come to an end
with » = 1, else repeat the process on A’, using only the basis vectors f3,..., fn.
Continue until A has the required form A =e; Aes +e3Aeqg +...e2- 1 A €.

(a‘) A2:A/\A:261/\62/\63/\64+261/\62A65/\65+...

which is clearly non-zero if r > 1. Continuing, we find
Ar :’)”!61/\62/\-'-/\6%,1/\627”

and A™t! = A" A A = 0 since all terms in this product involve a repeated e;.

(b) Let the components of the special basis vectors e; with respect to the basis f;
be denoted €. Then

[ 1] 1, ] P AN N |
AY = 2(6162 eg€j +ege €215 1)

and for an arbitrary vector x in R" having components x; we have
A Lo i, i i ] i
Ty = 5(61 (e5x5) — ez (ef z;) + eg(ejz;) — -+ — ex(es,_175)).
The RHS are the components of an arbitrary vector spanned by e;, e, ..., eo., and is
therefore an arbitrary vector of the subspace V4. Since this is also the entire range of

the matrix operator A = [AY], we see that dim V) = p(A), the rank of the operator
A. By Problem 3.20 (a), this implies that the column rank of A = p(A) = 2r.
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Problem 8.5 Let V be an n-dimensional space and A an arbitrary
(n — 1)-vector.

(a) Show that the subspace V4 of vectors u such that u A A = 0 has
dimension n — 1.

(b) Show that every (n—1)-vector A is decomposable, A = v AvaA---Avp_y
for some vectors vy,...,v,—1 € V. [Hint: Take a basis for e, ..., e, of V
such that the first n — 1 vectors span the subspace V4, which is always
possible by Theorem 3.7, and expand A in terms of this basis.]

Solution: (a) The set V4 of vectors such that uA A = 0 is clearly a vector subspace,
for
uANA=0andvANA=0 = (u+av)ANA=0.

In any basis e;, an (n — 1)-vector A can be written
A =ae3.n — a2€134..0 + a3€124.0 — *+ + (= 1)" laneiss. a1
where eg3. ., =ea Aeg A--- Aey etc. If u = ule; the equation u A A = 0 reads
(ulal +ulas + ... u"ap)eros..n = 0.
We may assume, without loss of generality, that a; # 0, so that

a9 as Ay,
ulz—u2——u3— SR i )

a a ay

where u?, ... u" are arbitrary real numbers. Hence V) is spanned by the n—1 linearly
independent vectors
a:
€ — _lel (Z = 23 33 ’I’L)
aq

and therefore has dimension n — 1.

(b) Choose a basis e1,...e, 1,e, of V such that the first n — 1 vectors span Vj4.
Then for all uw € V4, u = ule; + ues + - +u" le,_q. Writing

n—1
A =ae2. n-1+ Z bi€12...i-1i+1..n
i=1
we see that all b; must vanish (i =1,...,n — 1), for if b; # 0 then
ei NA =a.0+b(=1)"ters , #0.
contradicting e; € V4. Hence

A=aep. n1=0v1 A2 A Nvp_y

if we set vy = aey, and v; =¢; fori =2,...,n— 1.
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Problem 8.6 Show that the quantity (A,(5) defined in Eq. (8.39)
vanishes for all p-vectors A if and only if § = 0. Hence show that the
correspondence between linear functionals on A(V) and p-forms is one-to-
one,

(AP(V))" = AP(V).

Solution: 1If o
(A,B> — p!A“w"'wﬁiliz...ip =0

for all p-vectors A, then we may set A = ej,j,..j,, so that

2122...0p __ L. C\e1e2.tp 2‘17’.2~~~7'.p
A - (6]1]2...]17) - p!(s‘]l‘]z...jp'

Then
1 2122 dp
0 = (A? B) = p' ]1]2 ]p/81,1l2 Zp

Z 7 7 7
] ] ] P

- /8]1]2~~-]:D

so that the p-form 8 = 0.
Define the map ¢ : A*P(V) — (AP(V))* by

p(B)(A) = (A, B).
©(B) is a linear functional on (AP(V)), for
©(B)(aA +bB) = (aA +bB, ) = a(A, B) + b(B, B) = ap(B)(A) + bp(B)(B).
Furthermore the map ¢ is obviously linear
p(ac + bP)(A) = (A, aa + bB) = a(A, ) + b(A, B) = ap(a)(A) + bp(B)(A).

It is one-to-one for, by the above,

pla) =9(B) = (Ad,a)=(A,8) VAeA(V)
= (A,f—a)=0 VAecAP(V)
= f=a«a

Finally, the map is onto, for every liner functional f on AP(V) is uniquely defined
by its values on the basis elements,

f(€iriy..ip) = Qiriy..ip-
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J— L. . 1 .2... j
Let A = aj,j,..j,€"172/7, then

L 1 i
S L gJig2edpN — . o 8T1I2 00
<el1l2---2p7aJ1J2---Jp5 p> - aJlJ2~~~Jpp| 1192.0p Qiri...ip-

Hence ¢(A) = f, so that ¢ is onto, one-to-one and therefore an isomorphism.

Problem 8.7 Show that the interior product between basis vectors e¢;
and ¢""2" is given by

P gt {0 if i ¢ {i1,...0,},
€; -

(_l)aflgzl...za_lza+1...u if 5 = ia-

Solution: Using g+ = ¢ A g2 and Eq. (8.20), we have
ieif':“m“ — <62',6“>512"'ZT — A ieisw...zr

and repeating on the last term on the RHS, we find by induction

r
le, e = E (—1)% Hej, el )et A-v Aglat Aglatl Ao Aghr
a=1

r
— E (_1)0,—157511Eil...iafliaJrl...ir
(3
a=1

which immediately gives the desired result.

Problem 8.8 Prove Eq. (8.52).

Solution: The components of Eq. (8.47), AA B = (xA, B)E for arbitrary B €
A(=P)(V), in an orthonormal frame are

(A /\ B)il---ipjl---jnfp — (*A’B)Eil...ipjl...jn,p
and using Eqgs. (8.15) and (8.30) with g = £1 we have

Alireip Bitedn—p] — (*A,B)i'eil...ipjl...jn,p‘
n!

Multiplying (contracting) throughout by E; = ((=1)*/n))ei,..j,_, gives

Lewip1eedn—p

At Bit-in—p F. = (*A,B)—'(—l)s-
n:

Lewdip1edin—p

Hence, from Egs. (8.42), (8.39)

S 1
Aiiy By g B0y = (4, B) L (1)

1---]'n7p

n—p)! oo
%(*A)J in=r B;

~ (-’

1---jn—P'



Since By, . j,_, are arbitrary we have, on setting E"'»JtJn-r = (1/nl)e"t"pI1-In=p

AJtedn—p — (-1)° (Ldpdlednp 4.
(n _ p)' 21...2p°
Problem 8.9 Every p-form « can be regarded as a linear functional on

AP(V) through the action «(A) = (A, ). Show that the basis ¢' is dual to
the basis e¢; where i =1 <iy < -+ <ip, j=71 < J2 < -+ < Jp,
_ i
(e5,€') = 6‘ 63116322 0]

Verify that
S (Cirigigy €22 ) = dim AP(V).

11 <dp<-+<dp

Solution: Writing out e; and el as tensor products,

=ej N Nej, = p' Z Ja(l) Q- ®€j, (s

el=cl A AEt = —~ Z(—l)’rsi"(l) ®--- R,
p:

Hence, by Eq. (8.39)

<€.]’ > p'Cl 02 Cpejl jp ® gil...ip
p' Z Z 6] (1)’ l (1)> e <6jo_(p)’57'7r(p)>

Non-zero contributions from these summands arise only if i; = j1,%2 = J2,...,% = Jjp
since both sequence are increasing and must consist of the same integers, else one
of the products in the summand will vanish. The product of (-, ) products will be 1
if and only if the permutations are identical, 7 = 0. As there are p! permutations,

<ej,ei>={° s

we have

(pl/ph) =1 ifi=j

This is the required result.
In the implied sum

i1<i2<---<ip> = Z <6i,€j>

i1<ia < <ip

(eil <ip<-+<ipr €
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each term contributes 1, and the number of terms is the number of ways a sequence
i1 <14 < --- <1y, can be selected from 1,2,...n; that is

(€51 <in<mciy, €LY = (") = dim AP(V).
p

Problem 8.10 Show that if u, v and w are vectors in an n-dimensional
real inner product space then

(a) (uAv,uAv) = (u-u)(v-v) — (u-v)2
(b) uAx(v Aw) = (u-w)*xv—(u-v)*w.

(c) Which identities do these equations reduce to in three-dimensional
cartesian vectors?

Solution: (a) From Egs. (8.39) and (8.42) we have for any p-vectors A and B,
(A’ B) = p!Ailiz'"ipgiljlgiljz . gipjijljZ'"jpa
and setting A= B =uAv= %(u@v—v@u),

1 .. 1
(u Av,u Av) = 2!5( vl — Uzuj)gikgﬂi(ukvl — v*ul)

= §(u’uiv3vj — vl vy — u'viv!uy + v'vin uy)
= (u-u)(v-v) = (v-u)?

(b) Since * * A = +A any p-vector equation is equivalent to its Hodge dual. The
Hodge dual of the equation in question is, using Eq. (8.49)

x(uA*(vAw)) = (u-w)**xv— (u-v)**xw = (u _w)(_l)ernflU . (u-v)(—l)””*lw,

Calculating components of the LHS in an o.n. basis

o R
(u A *(U /\w))u...znfl — ﬁu[hﬁwmzn1]‘71721)]'1’11)]'2

and lowering the indices, removes the determinant of g sign (—1)°:

1

(u A *(’U A w))il...in—l = MU[Z’I€i2___in71}jlj2v‘hw]2.
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Hence
(x(u A x(v A w))j = (—l)seil“'i”*lj(u A*x(v Aw))i, iy

1 .
(n—2)! (D"

— (_1)s€i1...in_1j ’Ujle2

in—1€i12...in—2]j1]2

after a cyclic permutation of indices

— 2! . ) . ) ' )
= (—I)S—I—n EZ — ;;iuin_l(az;115] o — 51;271& 1) vt w??

= (=) (o) — (- w)ol)
= (=) (- w)e? — (- v)w)

= (*x((u-w)xv—(u-v)*w)),
as required.

(c) In 3-dimensional Cartesian tesnors property (a) is equivalent to the vector iden-
tity
(u x v)? = u’v? — (uv)?

and (b) is equivalent to

ux (vxw)=(u-w)v—(u-v)w.

Problem 8.11 Let g;; be the Minkowski metric on a four-dimensional
space, having index 2 (so that there are three + signs and one — sign).

(a) By calculating the inner products (e;,;,,€j, j,), using (8.44) show that
there are three 4+1’s and three -1’s in these inner products, and the index
of the inner product defined on the six-dimensional space of bivectors
A%(V) is therefore 0.

(b) What is the index of the inner product on A?(V) if V is n-dimensional
and g;; has index t? [Ans.: $(t* —n).]

Solution: (a) The 6-dimensional space A%(V) has basis e1o, €13, €23, €14, €24, €34.
Assuming 1 =19 =n3 = 1, n4 = —1 we have from Eq. (8.44)

(e12,€e12) = (e13,€13) = (e23,€923) =1

(e14,€14) = (€24,€24) = (€34,€34) = —1

and all other (e;5, ;) = 0. Hence the index of this inner product space is 3 —3 = 0.
(b) Assume

m=mng=--=n =1, Mrgl =MNpg2 =+ = Npys = —1
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where 7+ s =n, r —s =t. The (g)—dimensional space A%(V) is spanned by e;;
where 1 <4 < 5 < n. The only non-vanishing products among the basis elements
are

(eabs€ap) =1 fl<a<b<rorr+1<a<b<r+s=n
(eabs €ap) = —1 ifl<ag<randr+1<s<r+s.

Hence there are
r(r—1) (s(s—1) r?4+s2—-r—s

> 2 2
+ signs, and rs — signs in this inner product space. The index is therefore
r’4+s2—r—s5-2rs (r—s)?—(r+s) t>-n

2 - 2 2

Problem 8.12 Show that in an arbitrary basis the component repre-
sentation of the dual of a p-form « is

Vgl ity

(%) j1jorjiny = (1 — p)l Cirindtizedn=®

Solution: This problem is essentially identical to Problem 8.8. The components of
Eq. (8.57),
(@A Biyvipitcgnp = (=1)° (¥, B)i; ipji..jnes

)(_1)8\/m

n!

are
Wiy iy B ojny] = (¥, B €i1..ipj1orin—p-

Contract this equation with

Qit-ipdtedn-p — (—1)° (i1 ewripdi e dn—p
nly/|g

S

gives

(-1)°
n!y/|g|

_ | . .
w(*a)h...jn_pﬁhmyw_

. . 11elpfleJn— . . _
Oy .. € pJLe-In pﬁjl...]n_p =

The LHS can be written

alllp (_l)sg IB]IJTL*F

n!\/mez'l...ipjlenfp



As (—1)°g = |g| and the coefficients B;, _;, _ are arbitrary, we arrive at

_ Vgl oL

() 1oy = (0 = p)1 Citindtiz-win=s

Problem 8.13 If v is any vector, and a any p-form show that

iy, xa = *(aAg(u)).

Solution: We prove this by making use of the component expression for *a derived
in Problem 8.12.

_ \/H R oS

($Q) j1dnerin p = €iy .cipfrja-in—p

(n —p)!
Then
(lu * 01)]2...]n—:0 - (’I’L p) (n — p)'u ezl"'lPJIJZ...]n_pOé
Vgl iy
B meil'"ipjlj2...jn7pa“ tp It
Vgl -
e (n _ p _ ]_)'eil"'ipjljZ--.jn,pa[zl"'Zpujl]
=*(a A g(u)js..jn_p >
since

(O{ /\ g(u))lllpjl = a[llzpu]ﬂ

The desired result follows since it holds componentwise in any basis.
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Chapter 9.

Problem 9.1 Show that

1 0 —« «
' 01 -p B 1.2, a2
w 1
[LY] = o B lony o where v = 5(a” + %)
a f -y 147

is a Lorentz transformation for all values of o and 5. Find those 4-vectors
V# whose components are unchanged by all Lorentz transformations of
this form.

Solution: From Eq. (9.5) L = [L“VI,] is a Lorentz transformation if

G=LTGL,
i.e.
100 0 1 0 o o 1 0 -« Q
010 Of O 1 B B 0 1 -6 B
001 0| |-a —B 1—y -—v a B 1-—y 0%
000 -1 a f v 1479 —-a = v —1-y

0 0 0
1 0 0
0 ?2+p2+1-2y —a?-p2+2y
0 a2 —B2+2y 2+pB%2-1-2y

o O O

which holds iff v = 3(a? + 8?).
The components V# of a 4-vector remain unchanged under such a Lorentz transfor-
mation iff
Vi = LFyY =y

i.e.

v V1 —aV?+aVt=V!

V12 /6V3 +[@v4 V2

Ve = aV1 + BV + (L= V3V =V?

Vi=aVi+8V2 —4V3+ (1 +y)Vi=V!
Since v and J are arbitrary the first two equations imply V3 = V4. The V3 equation
(and/or the V* equation) imply that

aV'+pV2=0  forall a and S.

This is only possible if V! = V2 = 0. Hence the most general vector whose compo-
nents are invariant under this class of Lorentz transformations is of the form

V“‘ = (0’ 0’ /U’ U)’
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Problem 9.2 Show that for any Lorentz transformation L‘f,, one must
have either
LY >1 or LY < -1

(a) Show that those transformations having L% > 1 have the property
that they preserve the concept of ‘before’ and ‘after’ for timelike sepa-
rated events by demonstrating that they preserve the sign of Az*.

(b) What is the effect of a Lorentz transformation having L% < —17?

(c) Is there any meaning, independent of the inertial frame, to the con-
cepts of “before” and “after” for space-like separated events?

Solution: In gpe = g LY, L, set p =0 =4,

3

D (L) = (L) = -1

=1

Hence
3

(L) =1+ Z(Li4)2 > 1.
i=1

Therefore L% > 1 or LY < —1.

(a) For a pair of timelike separated events,

3
Azt Az’ g, = Z(Awi)Z —(Az")? <0.
=1

Assuming Az* > 0 this means

where Ax! = (Az!, Az?, Az3). Under a Lorentz transformation with L% > 1 set
1= (L4, LY, L43), and the time difference between events transforms as
Azt = LAAs' + LY Azt
=1-Ax+ LY Az?
>1-Ax+ |1]|Ax| >0

since

I1- Ax| = [I]|Ax] |cos 0] < |1] |Ax].
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(b) Lorentz transformations have the effect of reversing the direction of time: if
Az* > 0 then Az’ < 0.

(c) There is no invariant meaning the concept of “before” and “after” for space-like
separated events. For example, let Az = (1,0,0, %) The events are space-like
separated, for Az#Az, =1—(3)2 =2 >0, and Az? = 1 > 0. Under a boost with
velocity v > %c,

v 00 —vg
' 0 10 O 1
—= M g —
L=[L*] o 01 o |’ where ~y o
-z 0 0
we have )
A 14 — - 2 0
T 7(2 c) <

Problem 9.3 Show that (i) if 7 is a timelike 4-vector it is always

possible to find a Lorentz transformation such that 7'% will have compo-
nents (0,0,0,a), and (ii) if N is a null vector then it is always possible to
find a Lorentz transformation such that N'® has components (0,0,1,1).

Let U® and V* be 4-vectors. Show the following:
(a) If U*V, =0 and U? is timelike, then V¢ is spacelike.
(b) If U*V, = 0 and U® and V* are both null vectors, then they are
proportional to each other.
(c) If U* and V“ are both timelike future-pointing then U,V* < 0, and
U* 4+ V@ is timelike.
(d) Find other statements similar to the previous assertions when U“

and V¢ are taken to be various combinations of null, future-pointing null,
timelike future-pointing, spacelike etc.

Solution: This problem is similar to Problem 5.5.

(i) By Gram-Schmidt orthonormalization it is always possible to find an o.n. basis
such that e4 oc T'. In this basis, which must be related by a Lorexntz transformation
to the original basis, T' = (0, 0,0, a).

(ii) As in Problem 5.5 the null vector requirement is

3
NEN,=0=) (N)* — (N
i=1

A rotation of the first 3 vectors can always be performed such that (N'!, N'2, N'3)
x (0,0,1). Then there exists a real number o > 0 such that N = (0,0,a,a). A
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further Lorentz transformation of the form

10 0 0

, 0 1 0 0

v 0 0 coshy —sinh
0 0 —sinhy coshvy

has the result N'* = (0,0, 1,1) if we select 9 such that
(cosht) —sinh¢))a =e Ya =1,

i.e. choose ¥ =Ina.

(a) If U® is a time-like vector, pick a basis such that U* = (0,0,0,a). Then the
equation UV, = 0 reads V4 = 0, whence

V%@:f}WF>&

i=1
Hence V' is a space-like 4-vector.
(b) If U® is a null vector, pick a basis such that U* = (0,0,1,1). In this basis,
UV, =V, + V4 =0 implies that V! — V* =0, so that we can write

Ve = (v, a, b, v).
The 4-vector V® can only be a null vector if
0=VW,=v>+a?+b>—v? =a® + 1,

i.e. iff a = b= 0. In other words V* oc U.
(c) Choosing a frame such that U® = (0,0,0,U*) where U* > 0, then

UVo =U'Wy = -UV* <0
if V¢ is future-pointing (V* > 0). Similarly
(U4 V) Unp+ Vo) =0, + VOV, +2U0%V, <0

since each of the three terms in the RHS sum is negative.

(d) Similar arguments can be used to show, for example, (i) if U* and V'* are null
future-pointing 4-vectors (U* > 0, V* > 0) then U*V, < 0, and U%V,, = 0 only if
Ve U
(ii) If U® is a timelike future-pointing 4-vector, and V¢ is null future-pointing then
U*v, <0.

Problem 9.4 If the 4-component of a 4-vector equation A* = B* is
shown to hold in all inertial frames, show that all components are equal
in all frames, A* = B*.
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Solution: Assume A* — B* = 0 in all frames. Then under an arbitrary Lorentz
transformation

A" — B = L, (A" — B") = 0.

Set
coshyy 0 0 —sinh¢
, 0 10 0
— Bl —
L=1[Lh] = 0 01 0
—sinhy 0 0 cosh

which is easily verified to be a Lorentz transformation for any 1, and we have
0= A" — B" = —sinh)(A' — B) + coshp(A* — B*) = —sinhep(A' — BY).

Hence A' = B'. Similarly A?> = B2 and A% = B3.

Problem 9.5 From the law of transformation of velocities, Eq. (9.19),
show that the velocity of light in an arbitrary direction is invariant under
boosts.

Solution: The transformation of a velocity u under a boost in the z-direction is
given by Eq. (9.19),

Uy — U U U
!/ €T !/ ! z
=Y U, =

Yo =77 uzv/c?’ Yyl —ugv/c?)’ 2oyl —ugw/c?)’

Therefore, if u,2 + uy2 +u2 = c? then

1
(1 — ugv/c?)? [
02
b +u2) (- )]
4ol /e = 2ug
(1 — uzv/c?)?
_ (e~ ugv/c)®
(1 = ugv/c?)?
=cl

12 12 12 2 2
Uy tuy, tu, = Uy + 07 — 2ugzv

Problem 9.6 If two intersecting light beams appear to be making a
non-zero angle ¢ in one frame K, show that there always exists a frame
K’ whose motion relative to K is in the plane of the beams such that the
beams appear to be directed in opposite directions.
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Solution: From the previous problem we have for any beam of light making angle
f with the z-axis,

Uz —v _ ccosf—w
1 —uv/c2  1— (v/c)cosh’

r r
u, =ccosf =

For simplicity choose the z-axis to be along the bisector of the angle between the
two light beams. Setting K’ to be a frame having vecloicty v relative to K in this
chosen z-direction,

ccos(¢p/2) —wv
= (v/c) cos(#/2)
if v/c = cos(¢/2). This achieves that 8" = 7/2. Similarly for the lower beam
0’ = —m /2. To check the sign, use Eq. (9.21)

—csin(¢/2)y/1 — cos?(¢/2)

/ = 1 9,: = —(C.
Uy cSsin 1—c052(¢/2) C

=0

ccosf =

In the frame K’ the beams are directed in opposite directions.

Problem 9.7 A source of light emits photons uniformly in all directions
in its own rest frame.

(a) If the source moves with velocity v with respect to an inertial frame
K, show the ‘headlight effect’: half the photons seem to be emitted in a
forward cone whose semi-angle is given by cosf = v/c.

(b) In films of the Star Wars genre, star fields are usually seen to be
swept backwards around a rocket as it accelerates towards the speed of
light. What would such a rocketeer really see as his velocity v — ¢?

Solution: (a) Using the aberration formula in the form given in Problem 9.6,

cosf — (v/c)

0= ————.
cos 1 —(v/c)cos B

The forward half of photons emitted in the frame K’ of the emitter has cos @' > 0.
Since the denominator in the above equation is positive, 1 — (v/c) cos 6 > 0, these
photons are restricted to a forward cone with semi-angle cosf > v/c, i.e.

v
0 < arccos —.
c

As v — ¢ this cone becomes increasingly narrow, 6 — 0.

(b) For a rocketeer with velocity v relative to a frame K, the situation is essentially
reversed. The forward field of view consists of photons having
3r

us
<l <=
2< <2,
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i.e. cosf < 0. From the above transformation these photons are a larger section of
the sky having cos@ < v/c in the rest frame. This includes some areas of the sky
which appear to lie in the “forward direction” in the rest frame. The fraction of the
sky in front of the rocket frame K’ is therefore

1 e

4 arccos(v/c

i 0d0/27rd¢—1/v/cd( =10+
)Sln . —2 . COS —2 c .

As v — ¢ the fraction of the sky visible to the rocketeer in a forward direction
approximates the entire star field.

Problem 9.8 If two separate events occur at the same time in some
inertial frame S, prove that there is no limit on the time separations
assigned to these events in other frames, but that their space separation
varies from infinity to a minimum that is measured in S. With what
speed must an observer travel in order that two simultaneous events at
opposite ends of a 10-metre room appear to differ in time by 100 years?

Solution: From Eq. (9.14) we have for the difference between a pair of events,
v
At = (At — c—zAx), Az' = y(Az — vAt).
If the two events are simultaneous in S then At = 0, so that
At = —y(v) = Az)
= ’)/ 02 .

As the velocity varies over its full range —c < v < ¢, the time difference At’ in the
boosted frame varies over the complete range —oo < At' < co.
The spatial separation in the boosted frame is

Az > Az,

V1—v%/c?

which varies over the entire range, Az < Az’ < co.

Ax' = yAz =

If Az = 10m the velocity needed to achieve a time difference At' = 3 x 10° sec
(= 100 years) is given by
v A,

N Az

Set v = ¢(1 — €) where € < 1, then

V1i—v2/2 =/1 —v/e)(1+v/c) = Ve(2 —€) =~ (2¢)'/2

Hence ,
e (2012~ BE g 11,
V1—v2/c? Az
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Hence

1
3:1—ez1—§(9x1016)*2z1—6><10*35.
C

Problem 9.9 A supernova is seen to explode on Andromeda galaxy,
while it is on the western horizon. Observers A and B are walking past
each other, A at 5 km/hr towards the east, B at 5 km/hr towards the west.
Given that Andromeda is about a million light years away, calculate the
difference in time attributed to the supernova event by A and B. Who
says it happened earlier?

Solution: The relative speed of A and B is v = 10km/hr ~ 3m/sec Hence the time
assigned by B to the supernova (primed frame) is

AY = (At - 5 Ax)

where Az = 105 light years ~ 10?2 metres, and At = 0. Hence, since v/c < 1

3 x 10%?
At ~ At — %Aw ~ —giw ~ —3 x 10° sec.
c

B says that the supernova occurred about 80 hours earlier than A.

Problem 9.10 Twin A on the Earth and twin B who is in a rocketship
moving away from him at a speed of %c separate from each other at
midday on their common birthday. They decide to each blow out candles
exactly four years from B’s departure.

(a) What moment in B’s time corresponds to the event P that consists
of A blowing his candle out? And what moment in A’s time corresponds
to the event () that consists of B blowing her candle out?

(b) According to A which happened earlier, P or Q? And according to
B?
(c) How long will A have to wait before he sees his twin blowing her

candle out?
Solution: (a) The time since departure assigned to the event P by B is, since it
occurs on A’s world line zp = 0,

t 4 8
! b — = 4.62 years.

tP:l—UQ/cQZ\/ﬂ:\/i

Similarly, or by symmetry, A assigns a time 4.62 years to the event () where B blows
her candle out.
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(b) This means that the moment A regards as simultaneous with @ is 4.62 years.
Hence, according to A, B blows her candle out after A. Similarly, according to B,
A blows his candle out after she does.

(c) The time at which A sees B blowing her candle out is the time t¢ assigned to
event (Q by A, plus the time it takes light to reach A from B at this moment. At
event (), the distance from A is vtg, where v = %c. Hence if tg is the time at which
A sees QQ is

. 8 = 4/3 = 6.93 years.

V3

UtQ_?)

tg =1t to =
S Q+ 2@

DN W

C

Problem 9.11 Using the fact that the 4-velocity V* = y(u)(ug, uy, u;, ¢)
transforms as a 4-vector, show from the transformation equation for V'4
that the transformation of v under boosts is

77((15)) =10)(1-5").

From the remaining transformation equations for V'’ derive the law of
transformation of velocities (9.19).

Solution: The 4-vector transformation law is

VIE = ’Y(ul)(ugm Uy ulza C) = L%uvy

y7
where
yw) 0 0 —y(v)v/e
/ 0 1 0 0
= K =
—y(@)vfe 0 0 ()
Hence

which immediately gives

so that

127



Setting u' = 2,

V' = y(u)uy, =V = y(u)uy

whence (W)
v(u u
u; - Ny = > 2
(u') Y(W)(1 = vug/c?)
Similarly for «),. These formulae agree with the formulae for relativistic transforma-
tion of velocities, Eq. (9.19).

Problem 9.12 Let K' be a frame with velocity v relative to K in the
z-direction.

(a) Show that for a particle having velocity ', acceleration o’ in the z'-

direction relative to K’, its acceleration in K is

a'

(1 +ou' /)P

(b) A rocketeer leaves Earth at ¢ = 0 with constant acceleration g at every
moment relative to his instantaneous rest frame. Show that his motion
relative to the Earth is given by

2 2
xzc—<\/1+g—2t2—l>.
g c

(c) In terms of his own proper time 7 show that

2
z=2 (COShgT— 1) .
g c
(d) If he proceeds for 10 years of his life, decelerates with g = 9.80 m s?
for another 10 years to come to rest, and returns in the same way, taking
40 years in all, how much will people on Earth have aged on his return?
How far, in light years, will he have gone from Earth?

Solution: (a) Differentiate the first of the relativistic formulae for addition of ve-
locities, Eq. (9.20), with respect to times ¢,

u +v va!

- t=~({t"+ =
“ 1 +ou'/c?’ V(' + 02)’
giving a formula for acceleration «,
du 1 aul 1 (u' 4+ v)v/c? )
_du u _
dt  y(dt' + vdz'/c? L4+ou'/c? (14 wvu'/c?)?
_dd 1—v?/c?
—dE (1 +ou! /) (1 + vl [c2)?
/
a

(1 +wu!/c?)3
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(b) In the i.r.f. u' = 0, o’ = g. Let v be the velocity of the rocket in the earth’s

frame, then
dv

a —g(l—

_ v?\3/2
bl _)

2
c
and we can integrate to obtain

. /" wdw B v
9= o (1—w2?/c?)3/2 V1-v2/c
Solving this equation for v,

dz gt
v=— =

dt 1+ g¢%2/c?

and integrating once more gives

t 2 2
tdt /
o V1+g22/c g c

(c) The proper time is given by

¢ ¢ 2 ¢
dt dt t
Ny
o 0 ¢ 0 V1+g%2/c2 g c

Substituting in the formula derived in (b),

2
r=2 (COShgT — 1) .
g c
(d) If 7 =10 yrs, g = 9.8m sec™2, we have
€ 231 %107 sec ~ 1 yr.
g

Hence
t =~ sinh 10.25 yrs ~ 14,400 yrs.

For the total journey, 10 years accelerating, 10 years decelerating and then a similar
return, people on Earth will have aged 4 x 14,400 = 58,000 years. The total distance
travelled from Earth at the furthest point will be

2¢? T )
2z = —(coshg— — 1) ~ 29,000 light years.
g c

Problem 9.13 A particle is in hyperbolic motion along a world-line
whose equation is given by

22 — At = d?, y=2z=0.
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Show that
Va? + c2t?

a

and that the proper time starting from ¢ = 0 along the path is given by

a _qct
7 =—cosh ' =,
c

Evaluate the particle’s 4-velocity V# and 4-acceleration A*. Show that
A* has constant magnitude.
Solution:
2 2,2 2 da 2
- —ctt=4" = 2xa—2ct:0
de 2t c’t
e = — = — =

dt  x  AZ 4 242

1 1
— === A2y e
K V1-v2/c2 A

The proper time is given by

= —sinh™" —.

/t dt /t Adt
T = _— = S —
0o 0 VAZ+c2t2 ¢ A

4-velocity and 4-accelerations are

dz™ dz™ 2t
Vh= S =y = 9(0,0,0,0) = (S, 0,0, 5VAR 4+ 2¢2),

dvm™ dvm™ 2
AV = dTu:'y dtu:%(\/AZ—f—thQ, 0, 0, ct),

and the magnitude of the 4-acceleration is

o, 2 2 ct
AMAMZF(A +ctT —ct ):ﬂ:const.
Problem 9.14 For a system of particles it is generally assumed that

the conservation of total 4-momentum holds in any localized interaction,
o [
> Py = Zb:Q(br
a

Use Problem 9.4 to show that the law of conservation of 4-momentum
holds for a given system provided the law of energy conservation holds in
all inertial frames. Also show that the law of conservation of momentum
in all frames is sufficient to guarantee conservation of 4-momentum.
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Solution: Since P(t) = E(4)/c and Q‘(lb) = E()/c, conservation of energy of energy
— 4 4 _
D B0 =2 Fn = D Py~ Qk="0
a b a b
If this holds in all frames, then by Problem 9.4 the 4-vector equation holds in all
frames,
[ o
> Py - ;Q(w =0
a

Similarly, if the first component of a 4-vector equation holds in all frames A' — B! = 0
in all frames, then under an arbitrary Lorentz transformation of the form

coshyp 0 0 —sinh¢
, 0 1 0 0
L=1Lh]= 0 01 0
—sinhy 0 0 cosh

we have
0=A" — B'"" = coshyp(A' — B') —sinh¢p(A* — B*) = —sinhp(A* — B?).

Hence A* = B*. Hence A* = B*, and it holds in all frames since it is a 4-vector
equation. The remainder of the proof is essentially identical to that above, since

P(la) = Pi(a)> Qz(b) = Pi(b)-

Problem 9.15 A particle has momentum p, energy F in a frame K.
(a) If K’ is an inertial frame having velocity v relative to K, use the

E
transformation law of the momentum 4-vector P" = (p, —) to show that
c

E
E'=y{E-v-p), pL=p. and p| Zv(p” = C—QV),

where p, and p) are the components of p respectively perpendicular and
parallel to v.

(b) If the particle is a photon, use these transformations to derive the

aberration formula
cosf —v/c

1 —cosf(v/c)
where 0 is the angle between p and v.

Solution: (a) From P'* = LY PY, where L = [L”V,] is a boost,

cosf =

0% 0 0 —yv/c
] 0 10 0 L1
n 0 0 1 0 ’ V1—=v2/c
—yv/e 0 0 ¥



we have I g
v
Pt=— =1 P + LYP" = —y—p; +y—.
c c c
Hence, setting v = (v,0,0),
E'=q(E—v-p).

The component of momentum parallel to v is p| = (p1, 0, 0), and its transformation

is found from g
v
P =py=LYP! 4 Ly Pt =qpy =y —,

so that g

Similarly the transformation of p; = (0, po, p3) is found from
P? =py=P>=py,  py=ps,

ie. p, =pi1.
b) For a photon, F = pc, E' = p'c, p; = pcos@, and p’ = p' cos @, from which the
p ’ be, pecp p ’ pl p )
energy transformation equation reads
/ = E’ =
c

p

o=

(E—v-p) = (1 — = cosh),
c
and the parallel momentum equation is
/ r v
p cos = fyp(cosﬁ — —).
c

Dividing these two equations gives the result

cosf —v/c

'
cost = 1 —cosf(v/e)

Problem 9.16 Use F*V, =0 to show that
_dp
dt
Also show this directly from the definitions (9.30) and (9.31) of p, E.
Solution: By Eq. (9.28), A"V, =0, hence

f-v

FPV, = mAMV, = 0.

Since

Ft = (v, Vi (v, c)

o)
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this equation reads

dE
) =A% f v = =
cad = v =0
whence
S odt’
Egs. (9.30), (9.31) are
2
= myv, E =mye? = L —
P V1—v2/c?
Hence, since f = dp/dt it is required to show
dp __dp
dt — dt’
Now
dp B dvdy
at VAt e " at
d~y dv dy
f— 2— - —_— 2_
=Gt G )
Using
dy i( 1 ) B vdv/dt
dt — dt\\/1—2/2/) (1 —v?/c?)3/2
and d
2 v
=v.-v=vdv/dt=v- - —
vT=v-v vdv/ V%
we have
dp ~ dE _

v3dv/dt

vdv/dt
(1 — v2/c2)3/2

at Y E_m< 1—v2/2)12

vdv/dt
(1- v2/02)3/2> =0

Problem 9.17

Show that with respect to a rotation (9.8) the electric
and magnetic fields E and B transform as 3-vectors,

,— .. - ,— .. -
E; = a;jF; B; = a;;Bj.

Solution: Under a Lorentz transformation

[ o VT 1Y)
v =L L By
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where

a1 a2 agr 0
_ a a a 0
L,:[LI”,]:L 1_ 12 22 32 ’
aj3 a3 asz 0
0 0 0 1
where A = [a;] is a 3 x 3 orthogonal matrix. That is, adopting cartesian tensor
summation conventions
i
L lj = Gjj where ApiQky = (5”

From FE; = F;4 we have
E;=F), =L"L"|F,, = a;jFy = a;j E;

)

which is the standard transformation of a 3-vector under a rotation.
From the tensor transformation law

Fj; = L' L' F,, = aga;Fy
and the components of magnetic field
F;j = €jxBy < =By = 3eFy,
we have
B,’c = eZJkF'
EZ]kF
= 16,jkQimaji
= %eijkemlpaimalep
= agpBy.
The last step follows from the fact that if by, = %eijkemlpaimaﬂ then
Dkplhg = S€ijk€mipQim@;jiaig

= %emlpemlq det A
= Opgdet A

= 51111

since a rotation is an orthogonal matrix A having determinant +1. Hence byq = a;q.

Problem 9.18 Under a boost (9.13) show that the 4-tensor transfor-
mation law for F,, or F'"Y, gives rise to

E| = Fl, = B, Eé:’}’(EQ—%Bg), Eézy(E2+%Bg>,
B| = Fl, = By, B§:7(32+%Eg>, Bgzy(Bz—%EQ).
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Decomposing E and B into components parallel and perpendicular to
v = (v,0,0), show that these transformations can be expressed in vector
form:

1
E|=E, E|=y(E.+-vxB),
1
B| =B, B =7(BL-_vxE).
Solution: Under a boost with velocity v = (v,0,0) the 4-tensor transformation

equation of F,, is
Fulyl = LUL, L,VV/F

Iz
where
v 0 0 qv/c
0 10 O
27T
U=SI= 0 01 o
yofe 0 0
Then

B =y = DA =77~ ) Fu = B,
Ey = Fyy = L'\ L Fy, = 7%1721 + ¥ Foy = y(Eo — %Ba)
and similarly
Ey =~(E3 + %BQ)a
1= Foy =L, L"3Fy, = Fys = By,
By = Fyy = L' L" Fyy = YFs1 + 7= Fou = 7(By + ~By)
B:,% = F1,2 = 7(33 - %EQ)
For any vector u, we set u; = (u1,0,0) and u; = (0,us2,us) for the components
parallel and perpendicular to the velocity v. Then these transformation equations
are precisely the components of the 3-vector equations
E\=E, E| =v(E/+ %v x B),
B =B, B\ =7(B.- %v x E).
for v x B = (vyB3 — v3Bg, v3B) — v1 B3, v1 By — vy By) = (0, —vB3, vB3) etc.

Problem 9.19 It is possible to use transformation of E and B under
boosts to find the field of a uniformly moving charge. Consider a charge ¢
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travelling with velocity v, which without loss of generality may be taken
to be in the z-direction. Let R = (z — vt, y, z) be the vector connecting
charge to field point r = (z, y, z). In the rest frame of the charge, denoted
by primes, suppose the field is the coulomb field

where

— vt
I',: xla Ia Z’ :( z v ’ ,Z>.
v =\ iy
Apply the transformation law for E and B derived in Problem 9.18 to
show that

E=

qR(1 — v?/c?) 1
B=-vxE
B - ) sa2epr 224 P

where 0 is the angle between R and v. At a given distance R where
is most of the electromagnetic field concentrated for highly relativistic
velocities v =~ c?

Solution: Firstly

12

r? =g 4yt 4 = (z —vt)* + (1 = v*/c?)(2® + y°)

1 —v2/c?

Since z2 4+ y? = R?sin® @ where 6 is the angle between R and v,

2= éRQ(l _ % g2 0)
1—0v2/c2 2 '

Applying the transformation laws of E and B derived in Problem 9.18

E El _ q‘fI; _ q(x B vt)(]‘ B /UZ/CZ)
' 3 R3(1 — (v2/c2)sin? )3/
and
o qy(1 —v*/c? )
E2 - ’YEQ - 7r,3 ( (/02/02) Sln 0)3/27
_ ’r qz, . qz(l 2/0 )
Bs =7k = L R3(1 — (v2/c?)sin?0)3/2°

Combining these equations as a 3-vector equation gives

qR(1 —v?/c?)

E = .
R3(1 — (v%/c?)sin? 9)3/2
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Since B’ = 0 the magnetic field is given by

1
BHZO, B, =-vxE,
C

and as v X E is necessarily perpendicular to v, we have
1
B:BH—}—BJ_:—VXE.
c
The maximum value of |E| is at sinf = 1, i.e. § = 7/2, where

|E| = a — 00 as v —cC.

R2\/1 —v?/c?

In the direction of motion § = 0, on the other hand |E| = ¢q(1 — v?/c?)/R?> — 0
as v — c¢. The closer v is to ¢ the more the electric (and magnetic ) field are
concentrated in a thin wedge of angles about # = 7/2, and almost all the e.m. field
is perpendicular to direction of motion as v — c.

Problem 9.20 A particle of rest mass m, charge ¢ is in motion in a
uniform constant magnetic field B = (0,0, B). Show from the Lorentz force
equation that the energy £ of the particle is constant, and its motion is
a helix about a line parallel to B, with angular frequency

_ 4B
=2

w

Solution: Setting E = 0 in the Lorentz force equation (9.46), we have

d&€
— =qE . -v=
T qE-v =0,

1.e. )
me

£ = —— = const.
V1—=v2/c?

The rate of change of momentum is given by

d &
d_I; = %v x B, where p= c—:,

which may be written

do _ qcB
at &
dvy __4cB
a & !
dU3

— =0.

dt



hence vg = const., and we have z = at + zg for some constants a and zy. Differen-
tiating the v; equation with respect to ¢ and using the vs equation gives a simple
harmonic oscillator equation,

d%v; 9 L gcB
— = —w where w=—
dt2 ! I3
Then
v; = Asinwt
1 dv1
v9g = ——— = Acoswit
27 o dt ’
whence
T = x9 — roCos wt, Yy = Yo + rosinwt,

where xg, yo and rp = A/w. Combined with the uniform motion in the z-direction
the result is a helical spiral winding anti-clockwise about the direction of the mag-
netic field. The angular frequency (time of return in the z — y plane is w = qcB/€.

Problem 9.21 Let E and B be perpendicular constant electric and
magnetic fields, E- B = 0.

(a) If B2 > E? show that a transformation to a frame K’ having velocity
v = kE x B can be found such that E’ vanishes.

g
B ?

(e) A particle of charge ¢ is in motion in a crossed constant electric and
magnetic field E-B = 0, B2 > E?. From the solution of Problem 9.20 for
a particle in a constant magnetic field, describe its motion.

Solution: (a) v = kE x B is perpendicular to both E and B. Therefore, by the
transformations derived in Problem 9.18

The perpendicular components are



Similarly,
, 1
J_:'y(BJ_—vaE)

:'y(B—%(ExB) x E)
2
=(1- E—k)B.

C

If we can set k = ¢/B? then we would achieve E' = 0. This is possible, since the
velocity of the transformation is

E
|v| = k|E||B| = % <c since B? < B2
(b) With this choice of &,
” E? E?
B/:Blzy(l—ﬁ)B:B 1—§,

so that

E‘Z
B = |Bl\|1 - = = VB> - E*.

(c) If E? > B2 then take k = ¢/E%. We then have
B

V|=c= <c
B

and B’ = 0.

(d) If E? = B? then this holds in all frames, since by Eq. (9.44) B2 — E? is an
invariant. It is therefore impossible to transform away either vector E or B.

(e) By performing a Lorentz transformation (boost) with velocity

we have E/, and in the primed frame the problem can be solved as in Problem 9.20.
The resulting motion is therefore a helical spiral about the B’ field, with a velocity
v superimposed.

Problem 9.22 An electromagnetic field F),, is said to be of ‘electric
type’ at an event p if there exists a unit timelike 4-vector U, at p, U, U* =
—1, and a spacelike 4-vector field £, orthogonal to U" such that

Fu =U,E, ~U,E,,  EU®=0.
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(a) Show that any purely electric field, i.e. one having B = 0, is of electric
type.
(b) If F,, is of electric type at p, show that there is a velocity v such that

B=YxE (v < ¢).
C

Using Problem 9.18 show that there is a Lorentz transformation that
transforms the electromagnetic field to one that is purely electric at p.

(c) If F,, is of electric type everywhere with U* a constant vector field,
and satisfies the Maxwell equations in vacuo, J* = 0, show that the vector
field E* is divergence-free, E”, = 0.

Solution: (a) If B =0 then

0 0 0 Ey
_ 0 0 0 FEy
Fuw = 0 0 0 Es |’
-FE, —-FEy —FE3 0
Whence
F,=U,E,-UE,
where

Uﬂ - (0, 0, 0, —].), EN - (El, Eg, Eg, 0)
evidently satisfying U*E, = 0.

(b) Suppose Fj,, is electric type. Then there exist 4-vector fields U, and G, such
that
F.=U,G,-U,G,, U U = -1, G U = 0.

(We choose a different notation for G* so as not to confuse its spatial components
G; with those of the electric field E; = Fj4). Then

E; = Fis = UGy — UsG;
and, using Uy # 0 (since U* is time-like),

B; = %ij = %Eijk(Uij — GjUk)

= €ijkU;Gr
Ei UiG4
=€itUi(——
Jk ]( U4 U4 )
E; :
= —Eiijja since EiijjUZ’ =0
1
= E(V x E);
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if we set v to be the veclocity corresponding to 4-velocity U*,

b (U T2
U fY(c’C’c’]‘)'

If we perform a Lorentz transformation with boost velocity v, then by Problem 9.18
B =B =0, B’L:fy(BL—%vxE) =0
ie. B'=0.
(c) U* = const. implies that U*, = 0. Then
P, =U"E", —U"E", =0.
Multiply this equation through with U, gives
—-E", - U"U,E", = 0.

Now
UMEljll = (U[AEM),I/ - UM,VEM =0-0=0.
Hence
B, =0.
Problem 9.23 Use the gauge freedom [0y = 0 in the Lorentz gauge

to show that it is possible to set ¢ = 0 and V- A = 0. This is called a
radiation gauge.

(a) What gauge freedoms are still available to maintain the radiation
gauge?

(b) Suppose A is independent of coordinates z and y in the radiation
gauge. Show that the Maxwell equations have solutions of the form

E = (E1(u), Ez(u), 0), B = (—E2(u), Ei(u), 0)

where u = ¢t — z and Ej;(u) are arbitrary differentiable functions.

(c) Show that these solutions may be interpreted as right-travelling elec-
tromagnetic waves.

Solution: Let (A, ¢) be a Lorentz gauge:

op
VoAt ST =0

where, by the vacuum Maxwell equations
0%¢
¢ =V — —— =0
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Under a gauge transformation, ¢’ = ¢ — 1) 4. Set

_ ot 4
zp—/o pdz* + f(x)

where f(x) is any solution of the Poisson equation

¢
2 [ —
v f o Oxt lzi=0
Then
P=¢—¢=0
and
R
R A
O = V%% - 5o
4
= /0 V2pdzt + V2 f(x) — Pyl
4
[T 0% L, 09
_/0 FIE 0 Pl v W
=0

The Lorentz gauge condition with ¢ = 0 implies V- A = 0.
(a) The remaining freedom has 9 4 = 0, i.e. ¢ = 1(x) and
V2 = 0.
(c) Suppose that A = A(z,t), $ = 0. Maxwell’s vacuum equation implies

_O’A 1 9°A

DA __ga
022 2 Ot? ’

which has the general solution
A=A(ct—2z)+A(ct + 2).

Setting u = ¢t — z and ignoring the solution depending on ct+ z, we have A = A(u).
Then, writing f'(u) = df/du,
0A3
0z
Hence A = (A;(u), Az(u), Ag) and

0=V-A =0 = -—A5@u)=0 = A= const.

10A
B=———r = (-4}, A5, 0) = (Bi(u), Ba(u), 0),

B=VxA= ( I2a - Ila 0) = (_E2(u)a El(u)v O)a
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(c) If f = f(u) = f(ct — z) then any phase f = const. has a path z = ct + c.
That is, the entire “wave profile” f(—z) at ¢ = 0 moves steadily to the right as
t increases, when plotted against coordinate z. For this electromagnetic wave, it
is right-travelling and both electric and magnetic fields, E and B lie in the plane
perpendicular to the direction of travel of the wave, E - n = B - n = 0 Furthermore
they are orthogonal to each other, B - E = 0, and equal in magnitude |B| = |E|.
Such waves are known as plane polarized.

Problem 9.24 Show that as a consequence of the Maxwell equations,
g 1
T 5= _EFmﬁ

where T%, is the electromagnetic energy-stress tensor (9.59), and when
no charges and currents are present it satisfies Eq. (9.56). Show that the
a = 4 component of this equation has the form

Oe
I vV.-S=—i-E
ot J

where ¢ = energy density and S = Poynting vector. Interpret this equa-
tion physically.

Solution: Lowering the second index in Eq. (9.59) gives

1 1
T8, = E(FﬂpFw - Z5€JAFPf’Fp(,).
Hence
1
0,5 = E(FﬂpﬁFap + FPPFop

1
B Zéi(Fw,ﬁprf + Fpana,ﬂ)
1

4 1
= E(_?JpFap + F’BpFap,B - 15%(1?/)0,6}7;’0 + Fngpa,ﬁ)

1 1 1
= —EJpFap + E(FﬂpFap,ﬁ - §FMF0070¢)
1 1
= EFa'yJ’y + 8_7'('ng (2F0¢P,U + Fpa,a)
1 1
- _EFa'yJ’Y + gFUﬂ (Fapyo— - Fao-ho + FpO’,C{)

1 1
- _EFa7J7 + gFo—p (Fapya— + FO'C(,,D + Fpg-,a)

1
— —EFa7J7

on using the source-free Maxwell equation, F, s + Foa,p + Fpsa = 0.
For @ = 4 the equation reads

. 1 .
Ty + Ty = —EF4iJl,
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or, on raising the second index 4,
. 1 :
~T¥, T, = ~E,J".
c

In terms of the energy density ¢ = T** and Poynting vector S whose components
are S; = T,

10e 1 1
2 Iy .S=E-j
c ot cv c J
1.e. 3
€
— -S=-E-j.
8t+v J

The interpretation of this equation is that the rate of energy increase per unit volume
in the electromagnetic field is equal to the work done by the charges per unit volume
(i.e. minus the work done on the charges by the electric field).

Problem 9.25 For a plane wave, Problem 9.23, show that
Top = €ngng

where ¢ = E? /41 and n® = (n, 1) is the null vector pointing in the direction
of propagation of the wave. What pressure does the wave exert on a wall
placed perpendicular to the path of the wave?

Solution: For a plane wave, E = (Ey, E», 0), B = (—F», E1, 0), the electromag-
netic tensor is
0 0 —E B
0 0 —FEy E,
Eq By 0 0
—-E, —FEy, 0 0

[Fuu] =

so that
F,,F’” =2(B* - E?) = 0.

Hence the energy-stress tensor is
1
Taﬂ - EFCK,DFﬂp
and component by component computation results in

00 O 0
1 {00 O 0
Tosl =Gz lo 0 m —p2
0 0 —E? E?
e.g. Ti1 o< FioFis + Fi3F3 — FiuFiy = 0+ (E1)? — (E1)? etc.) Hence, setting
n® = (n,1) = (0, 0, 1, 1) we have n, = (0, 0, 1, —1) and
Top = €ngng
where € = E? /4.
The pressure on a plane perpendicular to the z-direction is T3 = E?/4m = e.
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Chapter 10

Problem 10.1 Give an example in R? of each of the following:

(a) A family of open sets whose intersection is a closed set that is not
open.

(b) A family of closed sets whose union is an open set that is not closed.
(c) A set that is neither open nor closed.

(d) A countable dense set.

(e) A sequence of continuous functions f, : R? - R whose limit is a dis-
continuous function.

Solution: (a) The open balls {B;,/,(0) where n = 1,2,... has intersection the
closed ball
B1(0) = {r e R?||r| < 1}.

This set is closed, being the closure of an open set, and not open since every ball
Be(r) centred on a point on the circumference, |r| = 1 intersects both B;(0) and its
complement.

(b) The union of closed balls B;_;/,(0), where n = 1,2,... is the open ball B;(0),
which is not closed since its closure is the closed ball and includes points on the
circumference, having |r| = 1.

(c) There are, of course, many such examples. Consider for example the union of
two disjoint sets, one open, the other closed such as

Bl((oa 0)) U Bl((oa 2))

(d) The set of all rational points (z,y) such that z = p/q, y = r/s where p,q,r,s
are integers. This set is dense since there is a rational point in any open ball
neighbourhood of any point of R, and it is countable by Theorem 1.2 and Corollary
1.3.

(e) Let h, : R" — R be the continuous function on the positive real numbers,
Rt = {z |z > 0}, defined by

o () 0 ifz>1/n
n\T) =
l—nzx if0<z<1/n

The sequence of continuous functions f,, : R? — R defined by f,,(r) = h,(|r|) then
has the limit
1 ifr=0

0 else

hn(r) — f(r) = {
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The function f is not continuous at r = 0, since the inverse image of the neighbour-
hood of 1, f_l((%, %)) consists of the isolated point 0, which is clearly not an open
set.

Problem 10.2 If U generates the topology on X show that {ANU |U € U}
generates the relative topology on A.

Solution: The relative topology on A includes all sets of the the form A N O such
that O is open in X. If O is the topology on X generated by the family of sets U,
then every set U € U is open in this topology. Hence every A N U where U € U
is open in the topology on A induced by O. It remains to show that it is the
weakest such topology. If B C A is in the topology generated by all sets of the form
{ANU|U € U} then it is a union of finite intersections of sets of the form AN U;
where U; € U. Since, by Problem 1.2, for any family (finite or infinite) of such sets
U; we have

Ant) =An(U:), YAnw)=4an(Jw),

2

it follows that every B in the topology generated by {ANU |U € U} is of the form
ANV where V is open in the topology on X generated by /. Hence it lies in the
topology induced on A by this topology, which is therefore the weakest topology on
A including all sets of the form {ANU|U € U}.

Problem 10.3 Let X be a topological space and A C B C X. If B is
given the relative topology, show that the relative topology induced on
A by B is identical to the relative topology induced on it by X.

Solution: If U C A is open in the topology induced by B then U = ANV where
V is open in B. Since B is given the relative topology induced by the topology on
X, we have V.= BNW where W is open in X. Hence

U=AN(BNW)=(ANB)NW

and U is open in the relative topology induced on A by X. Conversely if U C A is
open in the relative topology induced by X then U = ANW where W is open in
X. Hence U = (ANB)NW = An(BNW) and U is open in the topology induced
by B, since BN W is open in the relative topology on B induced by X.

Problem 10.4 Show that for any subsets U, V' of a topological space
UUV =UUV. Is it true that UNV = U NV? What corresponding state-
ments hold for the interior and boundaries of unions and intersections of
sets?
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Solution: Let z be an accumulation point of U UV. Then any open neighbourhood
S of x contains a point y € UUV such that y # x. The point belongs to either U or V'
and therefore z is an accumulation point of either U or of V. Hence UUV C UUV.
Conversely, every accumulation point z of U is evidently an accumulation point
of U UV, since every open neighbourhood of z contains a point y # z which lies
in U, and therefore y € U U V. Similarly, for accumulation points of V', so that
U UV CUUYV, and we have shown the equality of these two sets.

It is not true that UNV =U NV, for let

U={(z,y)|z <0} CR? V ={(z,y)|z >0} C R%

Then U NV = () and therefore UNV = (. However U = {(z,y)|z < 0} and
V = {(z,y) |z > 0}, so that

TNV ={(0,)]y € R} #0.

Any open subset of U NV is an open subset both of U and V', and conversely any
open set A which lies entirely in U and entirely in V' is an open subset of U N V.
Hence (UNV)? =U°NV°. However, (UUV)?=#£U°UV?, for let

U={(z,y)|z <0} CR? V ={(z,y)|z >0} C R%

Then U UV = R? and (UU)° = R?, but U° UV?° does not include the line z = 0.

For boundaries, b(U U V) = b(U)U b(U) and b(UNV) # b(U) N b(U); the demon-
stration is essentially identical to that for the closure of sets given above.

Problem 10.5 If A is a dense set in a topological space X and U C X
is open, show that U C ANU.

Solution: Let z € U. If 1 € ANU thenz € ANU. If © ¢ A, then let V be
any open neighbourhood of xz. Then W = U NV is an open set containing  and
W C U. Since A is a dense set, there must be an element y € ANW, and y # x
since = ¢ A. Hence the arbitrary open neighbourhood V' of x contains a point y # =
which belongs to ANW and therefore to ANU. Hence z is a point of accumulation
of ANU, and we have shown U C ANU.

Problem 10.6 Show that a map f: X — Y between two topological
spaces X and Y is continuous if and only if f(U) C f(U) for all sets U C X.

Show that f is a homeomorphism only if f(U) = f(U) for all sets U C X.

Solution: If f is continuous then for any open set A € Y the inverse image f~'(A)
is an open subset of X. Taking complements, this implies that the inverse image
under f of every closed set is closed. Let U be any subset of X. The closure of its
image in Y, f(U) is a closed set whose inverse image under the continuous map f
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is a closed set such that

@) 2 () 2 U

Since U is the small closed set containing U, we have, as required,

) 2.

Conversely, suppose f(U) C f(U) for all sets U C X. Let V be any open subset of
Y. To prove that f is continuous we must show that W = f~!(V) is an open subset
of X, or equivalently that X — W is closed, X — W = X — W. Let x € X — W,
our aim is to show that z € X — W. Suppose, to the contrary, that x € W. Then
f(x) € V. However, by supposition,

fX=W)Cf(X-W)=F(X)-V.

Hence f(z) is in the closure of f(X) — V; i.e. it either lies in f(z) — V or is a point
of accumulation of f(X) — V. In either case, every open neighbourhood containing

f(x) intersects f(X) — V. However this is not true of the open neighbourhood V.
Hence X — W is closed and W = f~1(V) is open.

If f is a homeomorphism then it is continuous and therefore f(U) C f(U) for all
sets U C X. Since the map f~!': Y — X is also continuous f~1(V) C f~1(V) for
all sets V C Y. Setting V = f(U), we have f~!(U) since f is one-to-one. Hence

) €T,

or equivalently f(U) C f(U). Combining with the earlier, we have f(U) = f(U).

Problem 10.7 Show the following:

(a) In the trivial topology, every sequence z,, converges to every point of
the space z € X.

(b) In R? the family of open sets consisting of all open balls centred on the
origin B,(0) is a topology. Any sequence x, — x converges to all points
on the circle of radius |x| centred on the origin.

(c) If C is a closed set of a topological space X it contains all limit points
of sequences z,, € C.

(d) Let f: X — Y be a continuous function between topological spaces X
and Y. If z,, — = is any convergent sequence in X then f(z,) — f(z) in Y.

Solution: (a) In the trivial topology the only open neighbourhood of any point x
is the entire space X. Hence every sequence x,, converges to x since it lies entirely
in all open neighbourhoods of z.

(b) Any finite intersection and all unions of such balls centered on the origin is an
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open ball center on 0, or it is the entire space R2. Thus these sets form a topology
on R%. A sequence x,, — x in this topology iff for every open ball with radius r > |x|
there is an element x,, such that |x,| < r. This is true of all other points x’ having
the same distance from the origin, |x'| = |x|, i.e. points lying on the circle of radius
|x| centre 0.

(c) Let z, — = be a sequence of points such that z, € C. Suppose z ¢ C, i.e.
x € X —C. Then U = X — C is an open neighbourhood of z which contains no
points of x,, contradicting the assumption that z is a limit point of the sequence.
Hence z € C.

(d) Let U be any open neighbourhood of f(z) in Y. Then f~!(U) is an open
neighbourhood of z, and since z,, — z there exists integer N such that z, € f~1(U)
for all m > N;ie. f(z,) € U for all n > N. Hence f(z,) — f(z).

Problem 10.8 If W, X and Y are topological spaces and the functions
f:W = X, g: X — Y are both continuous, show that the function
h=gof:W —Y is continuous.

Solution: Let U be any open subset of Y. Then by continuity of g, ¢~ '(U) is an
open subset of X, and since f is continuous f~!'(¢g~!(U)) is an open subset of W.
Now

(go )~ (U) =g~ (U))

for

z€(gof)T(U) = g(f(z)) €U
= f(z) € g~ (U)
= aefTHgTHU))

Hence (g o f)~'(U) is an open subset of W, showing that g o f is continuous.

Problem 10.9 Show that every metric space is first countable. Hence
show that every subset of a metric space can be written as the intersection
of a countable collection of open sets.

Solution: For each x € X let Uy = {Upn(z) = Byp(x)|n=1,2,3,...}. Thisis a
countable family of open neighbourhoods of . If U is an open neighbourhood of x if
there is an open ball B,(z) C U. Set n such that 1/n < a, and we have Uy, (z) C U.
If A is any subset of X, let A,, be the open set

Ay = Un(a).

TEA
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Using Problem 1.2

ﬂAn:AmAmAm...

n=1
= U ﬂ Un(x)
rzeAn=1
= U z
TEA
=A

since (o2, Un(2) = Ui (z) NUs(z) NUs(z) N -+ = 2.

Problem 10.10 If U/, and U, are two families of subsets of a set X,
show that the topologies generated by these families are homeomorphic
if every member of U/ is a union of sets from If; and vice versa. Use this
property to show that the metric topologies on R" defined by the metrics
d, di and dy are all homeomorphic.

Solution: Every member of Us is an open set in the topology O; generated by U
since it is a union of sets from U;. The intersection U NV of any two members of
Uo is also open in the topology Oy, for if

U=JUqy and V=]V,
el jeJ

then
vnv = UUwinvay,
i€l jed

This argument extends to all finite intersections of members of Us. The general
member of the topology Oy generated by Us is a union of such finite intersections,
which must therefore be open in the topology O;. Hence every open set in the
topology O is open in the topology O, and by an identical argument all open sets
in O; are open in Oy. Hence the the map idx : X — X, regarded as a map from
the topological space (X, ;) to the topological space (X, O3), is continuous as

id ' (U)=U for all sets U

and if U is open in Os then its inverse image under idx is continuous in O;. As idx is
one-to-one and the same properties apply to id)_(l, the map id x is a homeomorphism.

The open ball B,(r) defined by metric d is an open region bounded by a sphere of
radius a. For the metric d; the open region

B, (0) = {x|di(x) <a} = {x| |z1] + |za| + -+ + |zn| <a}
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is the intersection of open half-spaces determined by the inequalities
+ri+ax0---tx, <a.

This is an open diamond shaped region (see figure below). For B/ (y) = {x|di(x —
y) < a} is centred on the point y. It is an open set, and therefore every point
x € B/ (y) lies in an open ball B,(x) C B/(y). Conversely it can be seen by simple
inspection that any point x in an open spherical ball can be placed at the centre of
a diamond shaped region within the ball. For d> the open region

B(0) = {x|d2(x) < a} = {x| max(|z1], |72}, ..., |za]) < a}

is the intersection of open half-spaces determined by the inequalities z; < a, z; > —a
(i = 1,2,...,n). This is an open cubical region. Every point in such a region
lies within an open spherical ball, and conversely every point in a spherical ball
can be placed at the center of a cubical region centred on this point. Hence the
topologies generated by metrics d and d; are homeomorphic, as are the topologies
generated by d and ds. It follows that the topologies generated by d; and dy are also
homeomorphic, since homeomorphism is an equivalence relation between topologies.

Problem 10.11 A topological space X is called normal if for every pair
of disjoint closed subsets A and B there exist disjoint open sets U and V
such that A C U and B C V. Show that every metric space is normal.
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Solution: For any set A C X and point z € X we may define the distance between
z and A to be the least upper bound of distances between x and points of A,

d(w,4) = inf d(zy).

If A is closed then z € A iff d(z, A) =0, for (i) z € A = d(x, A) since d(z,z) =0,
and (ii) since X — A is an open set, if z ¢ A there exists € > 0 such that d(z,y) > €
for all y € A.

If A and B are two disjoint closed sets, AN B =, let U and V be the sets

U={zeX|dxA) <dz,B)}, V={zeX|d A)>dz, B)}
U and V are clearly disjoint, and A C U for
r€A=zs¢B= (dz,A) =0and d(z,B) >0) ==z € U.

Similarly B C V.
The set U is open, for if z,y € U then by (Met4)

d(y,z) < d(z,y) + d(z,z) for all z € A.

Hence
d(y,A) < d(z,y) +d(z, A).

Similarly,
d(z, B) < d(z,y) + d(y, B).

Setting r = d(x, B) — d(z, A) > 0 we can combine these two equations to give
d(y, A) < 2d(z,y) +d(y, B) —r < d(y, B)

if d(y,2) < &r. Thus for any z € U the entire open ball B, j2(x) C U, which shows
that U is open. Similarly V is open.

Problem 10.12 If f: X - Y is a continuous map between topological
spaces, we define its graph to be the set G = {(z, f(z))|z € X} C X x Y.
Show that if G is given the relative topology induced by the topological
product X x Y then it is homeomorphic to the topological space X.

Solution: The induced topology on G is such that any subset A C G is open if it
is the union of sets of the type (U x V) NG, where U C X and V C Y are open
subsets of X and Y resp. Let ¢ : X — G be the map defined by ¢(z) = (z, f(z)).
This map is clearly one-to-one and onto, therefore invertible. Our aim is to show
that both ¢ and ¢~! are continuous.

(i) Let A be any open subset of G. The inverse image of any set (U x V)N G, where
U is an open subset of X and V an open subset of Y, is

e MU xV)NG)=Unf (V).
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This is an open subset of X since f is continuous (so that f~!(V') is open for all
open V C Y). Hence ¢~ !(A), being a union of sets of the type ¢~ (U x V)N G) is
an open subset of X. Hence ¢ is a continuous map.

(i) The inverse map ¢~ is also continuous, for let U be any open set in X. Then

(e HHU) = pU) =pr; " (U)NG

is an open subset of G in the induced topology since it is the intersection of G with
the open subset pr; '(U) of X x Y.
Hence ¢ is a homeomorphism bewteen X and G.

Problem 10.13 Let X and Y be topological spaces and f: X xY — X
a continuous map. For each fixed a € X show that the map f, : Y — X
defined by f,(y) = f(a,y) is continuous.

Solution: We may write fo(y) = f(to(y) where 1 : Y — X X Y is the injection
map defined in Theorem 10.3. Hence f, is continuous since it is the composition of
two continuous maps (see Problem 10.8)

fa=fota.

Problem 10.14 If Y is a Hausdorff topological space show that every
continuous map f : X — Y from a topological space X with indiscrete
topology into Y is a constant map; that is, a map of the form f(x) = yp
where y( is a fixed element of Y.

Solution: Let Y be Hausdorff and z,z' any two points in a space X having indis-
crete topology. Set y = f(z) € Y, ' = f(2') € Y. For any open set U C Y such
that y € U, continuity implies f~!(U) is an open set in X. Hence f~'(U) = () or X.
The first possibility is out since f(z) = y, and the second implies 3y’ = f(z') € U.
Hence every open set containing y also must contain y’, contradicting the Haus-
dorff property (actually this only needs a slightly weaker separation property than
Haurdorff called the Tj separation property).

Problem 10.15 Show that if f: X - Y and g: X — Y are continuous
maps from a topological space X into a Hausdorff space Y then the set of
points A on which these maps agree, A = {z € X | f(z) = g(z)}, is closed.
If A is a dense subset of X show that f = g.

Solution: To show A is closed we need to show that its complement, the set of
points on which f and g disagree,

X—A={zecX|/(x)#g))
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is open. If z € X — A then g(x) # f(z), and since Y is Hausdorff, it is possible to
find open disjoint sets U and V in Y such

glx) elU, f(x)eV unv =40.

Since g and f are continuous maps the set B = ¢~ '(U) N f~1(V) is an open subset
of X. For all x € B we must have g(z) € U and f(z) € V; hence g(z) # f(z),
since U NV = (). Hence every x € X — A has an open neighbourhood B such that
x € B C X — A, which proves that X — A is open, since it is the union of such open
neighbourhoods at every one of its points. Therefore the complementary set A is
closed.

If A is a dense set every point of X either belongs to A or is an accumulation point
of A. Since A is closed it must contain all its accumulation points, hence A = X.
Hence f(z) = g(z) for all z € X.

Problem 10.16 Show that every compact Hausdorff space is normal
(see Problem 10.11).

Solution: Let A and B be any pair of disjoint closed sets, AN B = (), in a compact
Hausdorff space X. Let = be any point of of the space X. By the Hausdorff property,
for each y € B there exists an open neighbourhood U, of x and Vj, of y such that
Uy NVy = 0. The sets V, for all y € B form an open cover of B. By compactness, we
may pick a finite subcover V,, (i = 1,...n), such that B C W, = |J;-_, Vy,, where
W, an open set. Furthermore the set Y; = (i, U,, being a finite intersection of
open sets, is an open set covering . That is, for every point z € X

T €Yy, B C Wy, Y, NW, =0.

For each point z € A let us define such a pair of open sets (Y, W,). Since the sets
Y, form an open cover of A it is possible, by compactness, to find a finite subcover
Y; (i =1,...m). Setting Y = |J", ¥; and W = ()2, W; we have that both ¥ and
W are open sets such that

ACY, BCW, YNW =10,

showing that X is a normal space.

Problem 10.17 Show that every one-to-one continuous map f: X —» Y
from a compact space X onto a Hausdorff space Y is a homeomorphism

Solution: Let U be any open subset of X. To show that f~' : ¥ — X is con-
tinuous it is necessary show that (f~1')~!(U) = f(U) is an open subset of Y. The
complement X — U is a closed set and therefore, by Theorem 10.9, it is a compact
subspace of X. By Theorem 10.10 its image f(X — U) is a compact subspace of Y,
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and by Theorem (10.13) it must be a closed subset. Hence
fU)=fX-(X-U)) =Y - f(X-U)

is an open subset of X. The map f~! is therefore continuous, and since f is a
continuous invertible map it is a homeomorphism.

Problem 10.18 Show that a topological space X is connected if and
only if every continuous map f: X — Y of X into a discrete topological
space Y consisting of at least two points is a constant map (see Problem
10.14).

Solution: If X is connected let y = f(z) € X. Since the singleton {y} is an open
set in the discrete topology of Y, we have U = f~'({y}) is an open subset of X and
x € U. Since the complement Y — {y} is also an open set in the discrete topology of
Y, its inverse image U’ = f~1(Y —{y}) = X —U is an open set such that X = UUU".
Since X is connected and U # () we must have U’ = (). Hence U = X and every
point of X is mapped to the same point y; i.e. f is a constant map.

Conversely, if suppose X not disconnect, then X = U U U’ where U and U’ are
disjoint open sets, U N U’ = (. Let X be the space of two points {0,1} with
discrete topology generated by singletons {0} and {1}, and f any map such that
f(0) =y e U, f(1) =4 € U'. Such a map is clearly not constant; however it
is continuous, for the inverse of any open set in Y is either (), {0}, {1} or {0,1},
i.e. an open set in the discrete topology of (0,1). Hence there exists a continuous
non-constant map f : X — Y where Y is a discrete topological space consisting of
at least two points.

Problem 10.19 From Theorem 10.16 show that the unit circle St is
connected, and that the punctured n-space R" =R"— {0} is connected for
all n > 1. Why is this not true for n =17

Solution: The demonstration that the unit circle S' = {(z,y)|z? + y* = 1} is
connected proceeds essentially as for S in Example 10.19. Consider the “punctured”
circles §’ = §? — {(0,1)} and S” = 52 — {(0,—1)}. Each of these is homeomorphic
to the real line R; e.g. S’ is homeomorphic to R under the map

(z,y) — 2 ? where y=v1—x2

:1_y’

and similarly for §”. Clearly S'NS"” # () and S' = S’ U S” whence, by Theorem
10.16, S' is a connected subset of R2.

The punctured n-space R = R” — {0} is the union of all half lines

Ak:{tk|t>0}
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where k is a unit vector,
(k1)? + (k2)? + - + (kn)® = 1.

Each of these half lines is clearly connected, since ¢ — (t—1)/t provides a homeomor-
phism with the entire real line. Since each half line intersects the unit sphere S™~!
in precisely one point (where ¢ = 1) and S"~! is connected, we have by Theorem
10.16 that the puncture n-space R" = gn1y U,, An is a connected subset of R".

The punctured line R is not connected since it is the union of two disjoint open sets
R={z|z <0}U{z|z >0}

The above argument fails because the 0-sphere, S° = {1} U{—1} is clearly a discon-
nected space.

Problem 10.20 Show that the real projective space defined in Example
10.15 is connected, Hausdorff and compact.

Solution: The map ¢ : S™ — P" which assigns to each point of the sphere the line
passing through it is continuous (but not one-to-one, opposite points of the sphere
being mapped to the same point of P™). Continuity follows, because a set U C P™
is open iff the union of lines making up U is an open subset U’ of R™*!. Hence the
inverse image ng(U) = U’ N 8™ which by definition of induced topology is an open
subset of S”. By Theorems 10.10 and 10.17 this implies that P™ is compact and
connected, since these properties pass to images under a continuous map and both
hold for S™.

To show that P" is Hausdorff, we first remark that S™ is Hausdorff by Corallary 10.6,
since it is a subspace of R"™!. Let [u] and [v] be two distinct points, corresponding
to points u and v of S™ which are not diametrically opposite (u # £v). It is possible
to find open neighbourhoods U of u and V' of v in S™ such that UNV = (). Similarly
there exist open neighbourhoods U’ of u and V' of —v such that U’ NV’ = (). Then
U NU' is an open neighbourhood of u and V N (=V’) an open neighbourhood of v,
where —V' = {—x|x € V'}. These two neighbourhoods on S™ do not intersect,

UnuYNWVAV)=UnvnUn(=V)=10
and neither do any of their opposites, e.g.
—(UNUYNWVA(=V))=(=U)n(=-U)nVN(=V)=—-UnV)Nn(-U)NV =

etc. Hence the sets ¢(U NU’) and ¢(V N (=V')) are non-intersecting open neigh-
bourhoods in P" of [u] and [v] respectively.

Problem 10.21 Show that the rational numbers Q are a disconnected
subset of the real numbers. Are the irrational points a disconnected sub-
set of R? Show that the connected components of the rational numbers
Q consist of singleton sets {z}.
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Solution: Let xo be any irrational number, say g = v/2. The rational numbers Q
are then the union of two disjoint open sets in the induced topology from R,

Q= (Qn{reQlz<v2})U(Qn{z € Q|z > V2}).

It is therefore a disconnected subset of R.

Similarly the irrational numbers are disconnected by dividing them into those less
than 0 and those greater than 0, both of which are induced open sets in the relative
topology.

The connected component of any z € Q is the singleton set {z}, for

(i) it is clearly connected since it cannot be divided into two disjoint non-empty sets
of any kind and

(ii) if C is any subset of Q containing two rational numbers z < y, then it is always
possible to find an irrational number s between them, z < s < y and

Ci=Cn{ueQlu<s} and Co=CnN{ueQ|u>s}

are disjoint open subsets of C' in the induced topology such that C' = C;NC5. Hence
C is not a connected subset of Q.

Problem 10.22 If Gy is the component of the identity of a locally
connected topological group G, the factor group G/G is called the group
of components of G. Show that the group of components is a discrete
topological group with respect to the topology induced by the natural
projection map 7 : g — ¢Gy.

Solution: By Theorem Gy is a closed normal subgroup. Hence the factor space
G/Gy, consisting of all cosets gGy forms a group. Its topology is the finest such that
the natural projection map 7 : g — ¢gGg defined by 7(g) = gGy is continuous, and
is such that 7 is an open continuous map (see paragraph before Theorem 10.22).
Let g be any point of G, and V' a connected open neighbourhood of ¢ (which exists
because G is assumed to be locally connected). Then ¢ 'V is a connected open
nbhd of e, since it is the image under V' of the homeomorphism L,-1 : G — G (see
Theorem 10.17). Hence ¢ 'V C G since Gy is the connected component of the
identity e. Applying the map Ly, we have V' C gGy. The canonical projection 7
therefore sends V' to the single coset gGy. Since 7 is an open map it follows that
each coset gGy is an open set, and the topology of the space of these cosets, G/Gg
has the discrete topology.

Problem 10.23 Prove the properties (10.3)—(10.7)

Solution: (10.3): v, v and v, v = v=1"
If v # o' then, because V is a Hausdorff space, there exist open nbhds U 3 v, U’ 5 v’
such that U NU’ = (. If v,, — v then there exist N such that v, € U for all n > N.
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Hence v, ¢ U’ for all n > N and it is not possible that v, — v'. Hence we must
have v = v'.

(10.4): v, = v for aln = v, — v. Since for every open neighbourhood U of v,
every v, = v € U the result is trivial.

(10.5): If {v],} is a subsequence of v, — v then v}, — v.

A subsequence is determined by an infinite sequence of integers nq < n9 < ng < ...
such that v} = vy, v = vy,, etc. If for all n > N we have v € U then it is clearly
true of the subsequence v, = v, € U for all n; > N. Hence v, — v.

(10.6) uwyp — u, v, > v = wuy+ Av, = u + v, where A € K is any scalar. Let
U be any open nbhd of v+ Av. The map ¢ : V x V — V defined by ¢(u,v) = u+ Iv
is a continuous map since it can be written as the composition

$=1o(idxm)

where 7y : V' — V is defined by 7)(v) = 7(A,v) = Av. Hence there exist open
neighbourhoods A and B of u and v in V such that for for all v’ € A and v' € B
we have v’ + A’ € U. Define N > 0 such that for all n > N we have u,, € A, and
M > 0 such that for all m > M we have vy, € B. Then for all k > K = max(N, M)
we have u; € A and v € B. Hence ug + Avg € U, showing that up + Avp — v + Av.

(10.7): If A\, is a convergent sequence of scalars in K then A\, - A = A\,u — Au.
The proof is similar to the previous example: the continuity of the map 7 means
that for any neighbourhood U of Av there exist neighbourhoods A of A and B of v
such that M'v' € U for all ' € A, v' € B. Let N be such that A\, € A for alln > N,
and it follows at once that \,v € U for all n > N.

Problem 10.24 Show that a linear map 7' : V — W between topological
vector spaces is continuous everywhere on V if and only if it is continuous
at the origin 0 € V.

Solution: 1If T is continuous everywhere it is evidently continuous at 0.

In any topological vector space V', the map v, : V' — V defined by v, (v) = ¢ (u,v) =
u 4+ v is a homeomomorphism since it is continuous, as is its inverse 1_,. Assume
that the linear map 7' : V' — W is continuous at the origin Oy of V' (and note
by linearity that 70y = Ow). If v is any vector in V', our aim is to show that
T is continuous at v. If A is any open neighbourhood of Tv € W, then the set
A—-Tv = {a —Tv|a € A} is an open neighbourhood of the origin Oy of W.
Since T is continuous at Oy there exists an open neighbourhood B of 0y such that
T(B) C A—Twv. Then v,(B) = B + v is an open neighbourhood of v and

T(B+v)=T(B)+TvCA—-Tv+Tv=A,

which shows that 7' is continuous at v. Hence 7' is continuous everywhere on V.
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Problem 10.25 Give an example of a linear map 7 : V — W between
topological vector spaces V and W that is not continuous.

Solution: By Theorem 10.23 the key to such an example is that it be an unbounded
linear map. Such an example can only occur in an infinite dimensional vector space.
~ 00

Consider, for example, the vector space R defined in Example 3.10 consisting of
finite sequences of real numbers

~ 00

R™ ={a=(a1,a9,...,a,,0,0,...)}.
This is a topological vector space with respect a norm such as

lall = fa1] + |az| + - - - 4 [an]-

Consider the linear map ¢ : R 5 R (where R is treated as a one-dimensional
topological vector space) defined by

o((ar,a2,...,a0,,0,0,...)) = a1 +2a2 + -+ - + nay,.

This is not continuous at the origin, for if U is the open nbhd of 0 € R defined by
U = {z| |z| < 1}, then in every neigbhourhood of origin in R there exists a vector
a such that |¢(a)] > 1. For example, given ¢ > 0, set N > 2/e and let all a,, = 0
except for ay = 2/N. Then |ja|| = 2/N < e but |p(a)| = Nay = 2 > 1. Thus the
linear map ¢ is not continuous at 0 = (0,0,0,...).

Problem 10.26 Complete the proof that a normed vector space is a
topological vector space with respect to the metric topology induced by
the norm.

Solution: The continuity of the vector addition function % is shown in the text.
To show continuity of the scalar multiplication function 7 : C x V. — V defined by
7(A,v) v, we proceed as in Example 10.23. Let v € V and € > 0 any positive real
number. Let M = 7 1(B.(\u)) C CxV where B.(z) = {v € V||lz—v|| < €}. Given
positive real numbers 4,4 > 0, for any v € Bs(u) and p € C such that |u — A| < ¢,
we have
[pv = Aul| = [|pv — pu + pudul|

< lulllo = ull + |u— Allu by (Norm2) and (Norm3)

< (N + )5+ 8 ul

<e€

if we choose
!

€ €
=—— andd= ———.
2||u] 2|A[[|lull + €

This shows continuity at any vector u # 0. It is easily modified to show continuity
at u =0 (||ul]| = 0) by selecting
€

§ = §=_—°
© N+ e
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Problem 10.27 Show that a real vector space V of dimension > 1 is not
a topological vector space with respect to either the discrete or indiscrete
topology.

Solution: If V has the discrete topology then the product topology on V x V is
also discrete (every point (u,v) is the intersection of a horizontal and vertical line,

which are open sets in the product topology if isolated points of V' are open sets).
Hence vector addition is continuous, for every set of the form

pH({o}) ={(zv—z) |z €V} CV xV

is necessarily open.

However scalar product is not a continuous operation. The product topology on
K x V consists of unions of sets of the form U, x {z} where U, is any open set of K
and z € V; i.e. the general open set of K x V' is of the form

U Uy x {z}

€A

where A is an arbitrary subset of V. Now if u € V' then {u} is open in the discrete
topology but

T ({uh) = {(n3) | A#0€K])

is not an open subset of K x V since it is not of the above form. For example, the
set of points in 77! (u) of the form (\,u) is the singleton {(1,u)}, which is clearly
not of the form U x {u} since K = C of R does not have the discrete topology (U
must contain an entire open neighbourhood of 1 in the standard topology).

In the indiscrete topology on V', both V x V and K x V have the indiscrete topology,
and both vector addition and scalar multiplication are continuous. However the
space V is obviously not Hausdorff, as it is impossible to separate points v and v
with disjoint open sets since the only open sets available are () and V.

Problem 10.28 Show that the following are all norms in the vector
space R2:

lally = V/(u1)? + (u2)?,

[ullo = max{|us], luz]},

lulls = fui] + fuzl-

What are the shapes of the open balls B,(u)? Show that the topologies
generated by these norms are the same.
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Solution: For ||-||; the conditions (Norm1) and (Norm(2) are trivial to verify:
lallt = v/ (u1)? + (u2)?2 >0 and lulf =0 iff ug =us =0
Al = /A% (w1)? + X2 (u2)? = |A[V/(u1)? + (u2)? = |A[[|ul).
To show (Norm3) we must show
V(g 4 v1)2 + (ug 4+ v2)2 < V/(11)? + (u2)2 4+ /(v1)2 + (v2)2.
Squaring both sides of this equation, leads to
2u1v1 + 2ugvy < 24/ (u1)? + (ug)2y/(v1)2 + (v9)2.

This inequality either follows by noting u-v = |u||v| cos 6 or more algebraically from

((u1)2 + (UQ)Z) ((01)2 + (02)2) = ufvf + u22v22 + u12v22 + u22v12

2
= (U1U1 + uUgU2

2 — 2uyviugue + uivd 4+ ugv;

2

)
= (U1U1 + U2U2)2 + (ul’Ug - u21)1)2
> (ulvl + UQUQ)

For ||-||2 and ||-||3 conditions (Norml) and (Norm(2) are again trivial while (Norm3)
follows immediately from the (real or complex number) inequality

la + 6] < la| + |b].

The open balls have been described in Problem 10.10, and the argument that the
topologies generated by these norms are homeomorphic is also follows the same lines
as that problem.

Problem 10.29 Show that if z,, — = in a normed vector space then

:L‘1+$2+"'+:L‘
R
n

Solution: Firstly, note the inequality

1 +xo+---+ Ty
|l — I
n

1 n
=S e il
=1

For every e > 0 there exists N > 0 such that ||z — z,|| < € for all n > N. Then

IA

T+ a2+ -
lo~

-+ 1 ¢ 1
n an < Ezux — ]| + E(Hff —znq| +-F ]z - xn||)

=1

N
1 n—Ne
<_ —_ . —
7 ke il + 1S

n

161



Since the first term on the RHS — 0 as n — oo (for N fixed) it is possible to select
M > N such that for alln > M

N
LS e =l < €
n 4 ! 2
=1

and for all n > M we have

‘|$—x1+x2+...+xn‘|<2n_N6<6.

n 2n

This proves the result.

Problem 10.30 Show that if z,, is a sequence in a normed vector space
V such that every subsequence has a subsequence convergent to z, then
Ty —> T.

Solution: The wording of this question may seem a little strange. However to have a
subsequence converging to x is clearly not enough; e.g. the sequence 1, %, 1, %, ey 1, %, 1,...
has a subsequence approaching 0 and another converging to 1, but the sequence it-

self however approaches neither of these.

Let x, be a sequence such that every subsequence has a subsequence convergent

to z. Suppose, to the contrary, that x, 4 z. Then there exists ¢ > 0 such that

for every N > 0, there exists ny > N such that ||z — zp,| > €. The subsequence

z'y = zp, (N =1,2,3,...) does not converge to z. As all elements of this sequence

lie outside the ball of radius e this is evidently true of every subsequence of z'y,

contradicting the assumption. Hence we must have z,, — z, if every subsequence

has a subsequence converging to x.

Problem 10.31 Let V be a Banach space and W be a vector subspace
of V. Define its closure W to be the union of W and all limits of Cauchy
sequences of elements of W. Show that IV is a closed vector subspace of
V in the sense that the limit points of all Cauchy sequences in W lie in
W (note that the Cauchy sequences may include the newly added limit
points of W).

Solution: W is a vector subspace, for if ©u = limu,, and v = limv,, then

au + fv = lim (qu, + fv,) € W.
n—0o00

To show that it is closed, let {u,} be any Cauchy sequence in W. Since V is a
Banach space, the sequence u,, — u for some v € V. For each u, let u,; be a
sequence in W such that u,; — uy, as i — oo (if up, € W we may pick u,; = u, for
all 7).
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For each N > 0 there exists M > 0 and 75, such that

|lu —up]| < and  lupr — upsiy |l <

1
2N 2N’
Then
1
N
It follows that was,, — v as M — oo, whence u € W since it is a limit of a sequence
of elements of W. Hence the vector space W is closed.

lw = unrip |l < [Jw —unr|l + lunr — wngiy |l <

Problem 10.32 Show that every space F(S) is complete with respect
to the supremum norm of Example 10.26. Hence show that the vector
space /4, of bounded infinite complex sequences is a Banach space with
respect to the norm ||x|| = sup(z;).

Solution: Let f; be a Cauchy sequence of functions in F(5),
Ifi = fill = Slelglfi(x) —fi(@)] =0 asi,j— oo
x

Then for each z € S we must have | f;(z) — f;(z)| — 0, i.e. fi(z) is a Cauchy sequence
of real numbers. Hence for each = € S there exists f(x) such that f;(z) — f(z). It
remains to show that the function f(z) is bounded. Suppose not, then there exists
a sequence of points z, such that |f(zy,)| > n for n =1,2,3,.... For each n choose
an N such that

f(@n) — fa(am)| < %
Then
Ifwll > 1fn(@n)] > n— L.

Setting n = 1,2,3,... we arrive at a sequence Ny, No, N3, ... such that the subse-
gence of functions f; = fx, has unbounded norms, || f;|| = oo as i — co. However

£ = £l = [ILFall = A5

hence || f;|| is a Cauchy sequence of real numbers || f;|| — || ;|| = 0 as 4,5 — co. Thus
Ifill = A < oo in contradiction to the above. Hence the limit f(z) is a bounded
function on S.

The vector space £y of bounded infinite complex sequences ||x|| can be regarded
as the space of bounded functions from the positive integers S = {1,2,3,...} to
C, defined by x(i) = x;. The discussion, with minor modification to the complex
numbers as arguments, shows that this is complete, and therefore a Banach space.

Problem 10.33 Show that the set V' consisting of bounded linear
functionals on a Banach space V is a normed vector space with respect
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to the norm
ll¢ll = sup{M | [p(z)| < M||z| for all z € V}.

Show that this norm is complete on V'.

Solution: The set of all linear functionals on V is a vector space by the usual
discussion as in Chapter 3,

(o + M) (u + pv) = (o + M) (u) + ple + M) (v).

The norm ||p|| defined in the question is a norm on V' for it satisfies (Norm1):

loll = sup 2@

>0
zA£0EV |||

and [|¢|| = 0 iff |p(z)| =0 for all z € V, i.e. iff p = 0.
(Norm2) follows trivially from ||A¢(z)| = [A||e(z)| < |A|M]z].
To show (Norm3) let ¢ and % be two bounded linear functionals,

le@)Il < llelllzll, [l < ¥l
Then

(e + ) (@) = ll(p(2) + ()]l
< llp(@)l + [l ()]l
< (lell + Dl

Hence ¢ + ¢ is a bounded linear functional with

le + Il < llell + NIl

since the maximum M such that ||(¢ + ¢)(z)|| < M||z| is [|¢|| + |||
To prove completeness we must show that if ¢, is a Cauchy sequence of bounded
linear functionals, ||¢; — ¢;|| — 0 then there exists a bounded linear functional
¢ : V. — C such that ¢, — ¢. For any € > 0 there exists N > 0 such that for all
i,j > N

pila) — @i (@) < ellzl  forallwe V.
Hence the sequence of complex numbers ¢, (z) is a Cauchy sequence and has a limit
@(x). The map x — ¢(x) is a linear functional since

p(u+ M) = limpp (u + Av) = lim(en (u) + Apn(v)) = (u) + Ap(v).

To show boundedness let + — oo in the above equation, gives

p(2) = pj(@)| < el
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whence

[o(@)] < llp(x) — @j(@) + @;j()]l
< llp(@) = @i (@)l + llpj ()l
< (e+ Mj)||z[l.

This proves that V' is a complete normed vector space.

Problem 10.34 We say two norms ||u/|; and |lul|z on a vector space V
are equivalent if there exist constants A and B such that

lull < Affulla and = [luflz < Bljully

for all v € V. If two norms are equivalent then show the following:

(a) If u, — u with respect to one norm then this is also true for the other
norm.

(b) Every linear functional that is continuous with respect to one norm
is continuous with respect to the other norm.

(c)Let V =C|0, 1] be the vector space of continuous complex functions on
the interval [0, 1]. By considering the sequence of function

show that the norms

1
1fll = /0 [f?dz and  [|f]lz = max{[f(2)[|0 <z <1}

are not equivalent.

(d)Show that the linear functional defined by F(f) = f(1) is continuous
with respect to ||-||2 but not with respect to ||-|;.

Solution: () If [|jup—ul|y — 0 then ||u,—ully < Bljup—ul|1 — 0. Hence convergence
with respect to [|-||; implies convergence with respect to ||-||2 and vice versa.

(b) If ¢ is continuous with respect to ||-||1, then for every sequence u, such that
|un, — u|l1 — 0 we have |p(u,) — ¢(u)] — 0. But by part (a), every sequence
such that |lu, — ulls — 0 also converges with respect to the first norm, whence
|o(un) — @(u)| — 0. Hence ¢ is continuous with respect to the norm ||-||2.

(c) To show inequivalence of these two norms, we seek a sequence of continuous
functions f, such that ||f||; is bounded but ||f]|2 is unbounded. The chopped-off
error functions,

fo=—=e"" (0<<z <)
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all have |fnl1 < 3, but ||fa]l2 — oo since the value at = 0 becomes arbitrarily
large.

The linear functional F' is continuous with respect to ||-||2 for if |f, — f| = 0 then
by uniform convergence

folx) = f(z)  forallz € [0,1].

In particular f,(1) — f(1), i.e. F(fn) — F(f).
Consider now the functions f,(xz) = 2", having limit f, — 0 with respect to |-]1,

for
1

However, F(f,) = 1 for all f,, = z", so F(f,) / F(0) = 0. Hence this linear
functional F' is not continuous with respect to to ||-||1.

—0 as n — 00.
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Chapter 11

Problem 11.1 If (X, M) and (Y,N) are measurable spaces, show that
the projection maps pr; : X XY — X and pry, : X XY — Y defined by
pri(z,y) = = and pry(z,y) = y are measurable functions.

Solution: Tf A C X is a measurable set in (X, M), then pr'(4) = A x Y is
measurable in the product measurable space X x Y, M x A/, since Y is a measurable
set in (Y, ). Hence pr; is a measurable function.

Similarly, pr, is a measurable function, since prfl(B) = X x B is measurable in
X x Y for any measurable subset B C Y.

Problem 11.2 Find a step function s(z) that approximates f(z) = 2

uniformly to within ¢ > 0 on [0,1], in the sense that |f(z) — s(z)| < €
everywhere in [0,1].

Solution: Divide [0,1] into N intervals of equal length,

n—1 n N-1
T’N]’ (n=1,2,...,N = 1), andINZ[Tal]-

On I, set s(x) = ((n —1)/N)?, and we have

7@ —s@) < (=)~ (50)

I, =]

_2n-—1
=7
2N —1
f— N2 .
If we choose N > 2/¢, then
2 1 2
|f((II)—S(£E)| SN—W<N<E.

Problem 11.3 Let f: X - R and g : X — R be measurable functions
and F C X a measurable set. Show that

h($):{f(m) ffacEE‘
glx) ifz¢FE

is a measurable function on X.

Solution: If A C R is any Borel set, then

A (A) = (fHANE)U (¢! (A) N E°)
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which is measurable since f~1(A) and g '(A), E and E° are all measurable sets in
X.

Problem 11.4 If f,g: R — R are Borel measurable real functions show
that h(z,y) = f(x)g(y) is a measurable function 4 : R? — R with respect to
the product measure on R?.

Solution: From exercises after Theorem 11.1 and Problem 11.1, the product func-
tion
h = (f opr)(gopry)

is measurable.

More directly, let A = (a,00) be any semi-infinite open interval on R. From the
comments after Theorem 11.1 A is measurable if h~'(A) C R? is a measurable set
for all @ € R. Since the product function 7 : (u,v) — uwv is clearly continuous, the
inverse image

7 (A) = {(u,v) |uv € A}

is an open subset of R%. For any (u,v) € 7~ '(A) there exist open intervals I,.J C R
such that u € I,v € Jandzy € Aforallz € I,y € J (i.e. I xJ C n~'(A)). Since f
and g are measurable functions, the sets f !(I) and g~ '(.J) are measurable (Borel)
subsets of R. Hence f~!(I) x g~!(J) is a measurable neighbourhood of (u,v), and
h(f1(I) x g 1(J)) C A, ie.

D) x g7H () € TH(A).

Since A can be written as a countable union of interval products I x J, the set
h~1(A) is a countable union of products of measurable sets in R, and is therefore a
measurable set.

Problem 11.5 Show that every countable subset of R is measurable
and has Lebesgue measure zero.

Solution: Every singleton {z} where z € R is a Lebsegue measurable set, for if
I = (a,b) is any open interval then

WD) =b—a=w(In{z}) + "IN {o}°).

For example, if 2 ¢ (a,b) then p*(I N {z}) = p*(0) = 0 and p*(I N {z}°) = p*(I) =
b— a. If, on the other hand, x € I then p*(IN{z}) = p*({x}) = 0 for the inf of the
lengths of open intervals covering z is 0, and

prIN{z})=b—z+z—a=>b—a.

Since a countable set E is the countable union of disjoint singletons consisting of
its elements, it is measurable by Theorem 11.6 and (Meas5), while Corollary 11.5
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ensures that

Problem 11.6 Show that the union of a sequence of sets of measure
zero is a set of Lebesgue measure zero.

Solution: Let Ei, FEs, E3,... be a sequence of sequence of sets of measure zero,
pw*(Ep) =0forallm =1,2,.... As in the concluding stages of the proof of Theorem
11.6, set

F, =F;
Fy = Fy — F,

Fn:En—(ElUEQU"'UEn_l)

By Eq. (11.3) we have pu*F,, < p*(E,), since F,, C E,, for each n = 1,2,.... The
sets Fj, are mutually disjoint, and

(0] (0]
Ur-Un
=1 =1

Hence, by Problem 11.8 and Corollary 11.5,

w(JE) =) w(E)=) 0=0.
i=1 i=1 i=1

Problem 11.7 If 4*(N) = 0 show that for any set E, pu*(F UN) =
pw(E — N) = pu*(F). Hence show that £ UN and F — N are Lebesgue
measurable if and only if F is measurable.

Solution: Since
EUN =FEU(NNE°.

where F and N N E¢ are disjoint sets, we have by subadditivity, Eq. (11.2), and the
inequality (11.3)

W (B UN) < p*(B) + u* (N N E°) < i (B) + u* (N) = i*(B).

Also, by (11.3),
p*(E) < p*(EUN).
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Hence p*(E) = p*(EUN).
Similarly, ¥ = (E — N)U (E N N) gives

W (B) < 15" (E = N) + u*(E N N) < 1*(E = N) + 5*(N) = p*(E = N)

and
p (B —N) < p*(B)

since E — N C E. Hence u*(E — N) = p*(E).
Let I be any open interval.
WA (BEUN)) = (INE)U(INN)) = u*(I N E)
since p*(I N N) < p*(N) = 0. Similarly
pIN(EUN)) =p*INE‘NN®)=p"((INE) —N)=p*(INE°.
Hence
p(IN(EUN))+p (IN(EUN)) =p"(INE)+p*(INE) = pu(I)

if and only if ' is measurable.
The argument that £ — N is measurable iff £ is measurable follows on similar lines:

W (IN(E=N)) = u"(IN ENNY) = u*(IN E) = N) = u*(IN B),

and
W10 (B = N)) = p* (10 (E°U N))
=p (INEYU(INN))=p"(INE),

since p*(INN) < p*(N) = 0.

Problem 11.8 A measure is said to be complete if every subset of a
set of measure zero is measurable. Show that if A C R is a set of outer
measure zero, u*(A) =0, then A is Lebesgue measurable and has measure
zero. Hence show that Lebesgue measure is complete.

Solution: TIf p*(A) = 0 then for all intervals I, p*(I N A) = 0 since IN A C A.
Hence p*(I) = p* (I N A°), for

p(INA°) < p(I) by (11.3)
< (INAY) +p*(INA) by (11.2)
= (1N A9).

Hence A is measurable, for

p(I) = p(I) = p* (I N A) + p" (I N A).
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Its Lebesgue measure is u(A) = p*(A) = 0.

Every subset of B C A must have outer measure zero, u*B = 0 by (11.3). Hence B
is measurable by the above, and Lebesgue measure is complete.

Problem 11.9 Show that a subset E of R is measurable if for all ¢ > 0
there exists an open set U D F such that p*(U — E) <.

Solution: Let I be any open interval in R. Then INE C INU, and by the inequality
(11.3)
p (INE) <p*(INT).

Since U¢ C E° we have E¢ = U°U (U — FE) and it follows that
INEC=(INU)U(IN(U - E)).
The two sets on the RHS are disjoint, and by subadditivity (11.2), and (11.3)
pINES) <p*INU)+p"(U—-E)<p (INU®) +e

Hence, since I = (I N E) U (I N E°) where the sets on the RHS are disjoint, we have
by (11.2)

p(INE)+ p*(INE)

pINU)+p (INU) +e

=p(l) +e€

since U is measurable, as it is an open set (and therefore a disjoint union of open
intervals). As € > 0 is arbitrary, we must have

p(l) =p (INU)+p*(INTU°),

i.e. F is a measurable set.

Problem 11.10 If F is bounded and there exists an interval I D F such
that

pI) =p(INE)+p (I - E)
then this holds for all intervals, possibly even those overlapping E.

Solution: If J is any interval, then as it is a measurable set we have, using Theorem
114
p(E)=p (ENT)+px(E-J)

and
p (I =E)=p((I-E)NJ)+p ((I-E)—J).
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Hence
p ) = p*(E) +p*(I - E)
= F(ENJ) +p (B = J)+ " (I = B)NJ) + (I = B) = J)
= (T NE) + s (B=J)+p*((I0J) = B) + u*((I = J) — B)
Now, by subadditivity, Eq. (11.2)
prINT)<p INJNE)+p (INJ)—E)=p"(JNE)+p*(INJ)—-E)
pwd=J)<p((I=D)NE)+p (I =J)=E)=p(E=J)+p" (I -J) - E).
Now since I N J and I — J are disjoint measurable sets whose union is I, we have
prI) = p (INJ)+p (I —=J)
so that the previous two inequalities must in fact be equalities; in particular
prINg)y=p(INJNE)+pu (INJ)—E)
Since J NI and J — I are disjoint measurable sets whose union is J,
p () = p (INI) +p*(J = 1)
=p*(JNINE)+pu*(JNI)—E)+u*(J—1)
=p (JNE)+p ((J - E)NI) +p"((J - E) - I)

since I UFE = FE. Using Theorem 11.4 on the measurable set I, with A = J — E, we
have
W) = B) = 5 ((J = B) N 1) + u*((J = B) = ),

whence

p(J) =p (JNE)+p*(J - E).

Problem 11.11 The inner measure u.(F) of a set F is defined as the
least upper bound of the measures of all measurable subsets of . Show
that p.(E) < p*(E).

For any open set U D E, show that
pU) = p(UNE) +p*(U - E)

and that E is measurable with finite measure if and only if u,(F) = p*(E) <
0.

Solution: If A is measurable and U is an open set such that A C E C U. Hence
u(A) = p*(A) < p*(U) for all open sets U such that £ C U. In particular p(A) <
inf{p*(U) | E C U, U open} = u*(F), whence

p(E) = sup{u(A)| A C E, A measurable} < p*(E).
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Given € > 0, let W be an open set such that U — E C W and p*(U — E) > p(W) —e.
Then U — EC WNU and

p(U—E)>puW)—e>pu(UNW) —e.

The complementary set U — W is a closed (and therefore measurable) subset of E,
and therefore
p(E) > p(U = W).

Combining these two equations and using u(U N W) + pu(U — W) = u(U), since
UNW and U — W are disjoint measurable sets whose union is U, we have

pe(UNE) +p*(U — E) = pu(E) + (U — E)
>p(U-W)+pu(UnNW)—e=pullU) —¢

for all e > 0. Hence
p(UNE)+p*(U—E) > p).

On the other hand, since (U N E) U (U — E) = U we must have
p(UNE) +p*(U = E) <p*(UNE) +p*(U - E) < p*(U) = p(U).
This implies equality,
p(UNE) +p*(U — E) = p(U).
If 4y (E) = p*(F) < oo then for any bounded open interval I D E
p(I) = p*(E) + p*(I - E)

whence E is measurable and u(E) = p*(E) = p«(E). Conversely if E is measurable
and bounded then u(F) = p*(E) < oo and for any bounded interval T

pI) = p(E) + (Il — E) = p(E) + p(I — E)

since £ and I — E are disjoint measurable sets such that I = EU (I — E). Since
p(I) and p(I — E) are finite, this implies p.(E) = pu(F) = p*(E) < oo.

Problem 11.12 Show that if f and g are Lebesgue integrable on £ C R

and f > g a.e., then
/fduz/gdu-
E E

Solution: Let h = f —g. The h(z) > 0 a.e. Dividing into positive and negative
parts, h = h* —h™~, we must have h~ = 0 a.e. Then, by Theorem 11.8, fE h—dp =0,

and
/hdu:/hJ“d,u—/hdu:/hJ“d,uZO.
E E E E
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Hence

/fdu—/gduz/f—gduz/hduz&
E E E E

whence [}, fdu > [}, gdu, as required.

Problem 11.13 Prove Theorem 11.9.

Solution: If f and g are non-negative Lebesgue integrable functions and a > 0,
b > 0 non-negative real numbers then

/E(af+bg)d,u:sup/Ehdu

where h is any simple function such that h < af + bg. Since, by Eq. (11.8)

sup/ afdy = asup/ kidpy, Sup/ bgdp = bsup/ kodp
E E E E

where k1 and ky are simple functions such that k; < f, ks < g we have using (11.9)

/(af—i—bg)du:asup/ kldu+bsup/ kzdu:a/ fdu+b/ gdpu.
E E E E E

If a or b is negative and/or f or g have non-vanishing negative parts, we must break
the integrals into positive parts. For example, if ¢ > 0 and b < 0 then

af +bg=a(fT—f)+blg" —g7) =(af" —bg") — (af +bg")

and we can apply the above conclusion to the positive and negative parts (af ™ —bg ™)
and (af~ + bg™) separately to arrive at the general conclusion.

Problem 11.14 If f is a Lebesgue integrable function on £ C R then
show that the function v defined by

Pla) = u({z € E||f(z)] > a}) =0(a™") asa— oo.

Solution: Let E, = {z € E||f(x)| > a}, so that ¥/(a) = pu(F,). Suppose 9(a) #
O(a™') as @ — 0o. Then for all K > 0, there exists a > 0 such that u(E,) > Ka™".
Hence

[ 1#@ldn > o'y = K.
E a

which contradicts f being Lebesgue integrable (for that would implies |f(z)] is also
integrable).
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Chapter 12

Problem 12.1 Construct a test function such that ¢(z) =1 for |z| <1
and ¢(z) =0 for |z| > 2.

Solution: The function ¢(z) =1 for |z| <1 and ¢(z) = 0 for |z| > 2, and

d(z) = exp(l)(l + exp(l_—1$2)> exp(ﬁ) forl<z <2

is C*® at £ =1 and z = 2, and is a test function with the required properties.
Alternatively, see Chapter 16, Lemma 16.1 for a similar construction.

Problem 12.2 For every compact set K C R" let D(K) be the space
of C'® functions of compact support within K. Show that if all integer
vectors k are set out in a sequence where N (k) denotes the position of k
in the sequence, then

B 1 | Dy f (x)]
Il = 520 2 3N @ T 10 £ o)

is a norm on D(K). Let a set U be defined as open in D(R") if it is a union
of open balls {g € K||lg — fllk < a}. Show that sequence convergence
with respect to this topology is identical with convergence of sequences
of functions of compact support to all orders.

Solution: The three criteria for a norm are
(Norm1): ||f||x > 0, which is evident since all terms in the sums are positive, and

Ifllk =0 = |Dpf(x)|=0 for all k,and all x € K.

That is, ||f||x =0 iff f = 0.
(Norm2):

LIPS ()|
IAfllie = 32}3; SO Ty < e

Since f(x) — 0 as x approaches the boundary of K, the denominator becomes of no
significance in that limit and, taking the sup over K, we find that [|Af||x = ||| f]|x-
(Norm3): ||f + gllx < [|fllx + ||lg||x follows from the inequality

A+B| _ |Al B

+
1+|A+B| ~ 1+|A]  1+|B|

which is computed straightforwardly:

A+B| Al 1B _ |A + B||AB] o
1+[A+B| 1+|A] 1+|B]  (Q+[A+BDA+|ADA+(B]) —
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A sequence f, — f with respect to the norm topology iff ||f — fnllx — 0, i.e.

sup | Di(f (%) = fn(x))]
xek 1+ [Dp(f (%) = fn(x))]

for derivatives of all orders k. This condition is equivalent to convergence to all
orders,

sup | Dy (f(x) = fu(x))] = 0.
xeK

Problem 12.3 Which of the following is a distribution?

(a) T(¢ Z An ™ (An € R).

(b) T(¢ anqj zn) (A, zn € R).
(c) T(¢) = (¢(o>)2-

(d) T(¢) = sup ¢.

(e) T(¢) = / () |da

o0

Solution: (a) This is a distribution since it is linear,

T(ag +bp) = Y Anlad + byp)™(0)
n=1

i +b2>\
( )+bT( )

and continuous with respect to convergence of test functions on a compact domain,

g ¢ = ¢ (0) = ¢™(0).

(b) is again a distribution; in fact it is

T=> Abs, -
n=1
(c) T(¢p) = (ng(O))2 is not a distribution, for

T(ag) = a®($(0))* # aT ().
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(d) T'(¢) = sup ¢ is not a distribution for in general

sup(¢ + 1) # sup(¢) + sup()).

For example, if ¢(x) = z and 9(x) = —z on —1 < z < 1, then on this interval
sup(¢) =sup(y) =1, sup(¢ + 1) =0 # sup(¢) + sup(t)).

(e) T(¢) = /00 |¢(z)|dz is not a distribution, for T'(¢p+1) # T(p)+T' () is general,
as o

() + ()| # [p()] + |9(x)].

Problem 12.4 We say a sequence of distributions 7;, converges to a
distribution T', written T;, — T, if T,,(¢) — T'(¢) for all test functions ¢ € D
(this is sometimes called weak convergence). If a sequence of continuous
functions f, converges uniformly to a function f(z) on every compact
subset of R, show that the associated regular distributions 1, — T7.

In the distributional sense, show that we have the following convergences:
n

fn(x) = m — d(z),

n _,2,2

gn(z) = \/7_Te T ().

Solution: By uniform convergence on any compact set K, or every € > 0 there
exists N such that for all n > N |f(z) — f(z,)| < € for all n > N. Hence for any
test function on K,

7(6) = T3.(0)] = | [, 9} (@) = Fu(a))d
< /R ()] 1£(2) — fu(o)|da

<e /R 6(2)ldz

for allm > N. Thus T}, — T7}.

We expect that
n
o) = Sz 700

since for all x # 0, f,(z) — 0 and for all n,

™

/°° fn(x)dr = [l arctannz]” =1.
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Similarly for the sequence of error functions g, ().
To show f, — 0 in the distributional sense, let ¢ be any test function (compact
support, and C'*°). Then

—~

Ty, (¢) = I + 10 + 13D

n

where

—1/v/n
1) = / fu(2)pda

1/vn

1= [ hw)ida
-1/vn

R e
1/vn

As n — oo we have
1 n
|I,(L_)| < [M arctan nx] I = M(ﬂ' — 2arctan v/n) — 0.
T o0 T

Similarly |I£f)| — 0 as n — 00. On the other hand, I,SO) — ¢(0), for any € > 0 there
exists N such that for all n > N we have |¢(0) — ¢(z)| < € for all —1/1/(n) <z <

1/y/n, and

1/yn 9
/ fo(z)dz = —arctanv/n =1 —e.
“1/vm s
Hence
(¢(0) = €)(L =) < IV < (¢(0) +€)(1 +¢)

for all n > N, from which it follows that SN #(0) as n — oo, and in the
distributional senseT’, (¢) — d(¢) for all ¢ € D.

The proof that T,, — ¢ is similar, dividing the interval (—oo, c0) into three sections,
and noting that, on making the substitution y = nz,

v ND
i/ e g = L/ e_yzdy —1
VT 1y VTl _ym

as n — o0.

Problem 12.5 In the sense of convergence defined in Problem 12.4
show that if 7,, — T then T, — T".

In the distributional sense, show that we have the following convergences:

fol) = —%e—"w s §(2).
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Solution: The limit T,, — T implies that T, (¢) — T'(¢) for all test functions ¢ € D.
Hence

T,(¢) = =Tn(¢") = ~T(¢) = T'(¢)
for all test functions ¢. Hence T}, — T".
We have

—n2:1:

2n3z 2 , d/n e\
T w(x)—a(ﬁe ) = g1 (@)

where g, (x) is the sequence of error functions in Problem 12.4. Hence
T,=T, =T ¢

since T, — 0. In terms of effect on any test function ¢

Ty, (¢) = —4/(0).

Problem 12.6 Evaluate
o0
(a) / e sinbt 6™ (t)dt for n =0,1,2.

— 00

o
(b) / (cost + sint)é™ (83 + > + t)dt for n =0, 1.

—00

Solution: (a) Forn =0

oo
/ e sinbt §(t) dt = e sin bt 1m0 =0
— 00 -
For n =1,
o0
/ e sinbt ' (t) dt = —(e™ sin bt)"t:[]
— 00
= —(ae® sin bt + be® cos bt) ‘t:O
= —b.
For n = 2,

o0
/ e sin bt (5"(75) dt = (eat sin bt)” ‘t:o

—00
= (a*e™ sin bt 4 2abe™ cos bt — b*e® sin bt

= 2ab.

M=o
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00 . "
/ (cost+sint)5(t3+t2+t)dt_ cost + sin

e T 3242+ Ll—0
e -1 d scost+sint
t+sint)d' (3 + 2 4+ t)dt = —( )
,/w@% Tt (At = S T B e
B ( (cost + sint) (6t + 2) —sint—l—cost)‘
B (3 + 12 + )2 B+t2+t /li=o
—(-2+1) =1.

Problem 12.7 Show the following identities:

(2)  8((z — ) b)) = 5z — a) + 5z~ b).

(b) %9(95 ) =0z —1) — 0z +1) = 206(22 — 1).

(c) %5@2 )= L@@ — 1) + 8 (e + 1),

(d d@*-1)=L0"(z-1)-d@@+1)+dx—-1)+z+1)).
Solution: (a) The argument closely follows that in Example 12.7 (note however we

must assume that a < b). We give here a direct argument. Let ¢(z) be any test
function, then by the argument leading to Eq. (12.9)

el p(z)
/ 5((x — a)(z — b)) p(a)dz = vy |
o o)
M—M M—M

|b—a| z —a)+0)z —b))p(r)dz

Since ¢(x) is an arbitrary test function we have for b > a the required identity

1
b—a

d((z —a)(z —b)) = (0(x —a) +d(z —b)).

(b) Again, let p(z) be any test function and we have

/_ Z (067~ 1)pla)dr = - /_ 0;9(962 — )¢ (z) da

_ _/1°°<p'(m)dx—/0: ¢ (@) dz

since f(z? —1) =0for —1 <z <1

= (1) — p(~1).
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On setting a = —1, b =1 in part (a) (or using Example 12.7) we have

/002:1:5(:1: -1y :/ % (6(z—=1)+6d(z+1))dz
=) = (1)
Hence
S 9(a? 1) = 208(a? ~ 1) = 3~ 1) — 8 + 1)

(c) For any test function ¢(x)

[t - Dy as = - [~ 66— g dn

Using §(2z? — 1) = 3{(6(z — 1) + 6(z + 1)} we have

[ {5 - D}ote) do =~ 36(0) 391

=5 /Z{y(x — 1)+ 8 (x+ 1) }o(z)de

and since @ is an arbitrary test function,

d ! !

—6(2? - 1) = ((5 (z—1)+0(z+1)).
dz

(d) In the integral

|51 - Dkels) da

divide the range of integration into two small intervals [-1—¢, —1+¢€] and [1—¢, 1 +€],
all other parts being treated as contributing zero to the integral since we may set
§'"{(z?> —1)} = 0 at all points z # +1. Make the change of variable to y = 22 — 1 we
have

'y d(5() dy
[ A -yt e = [~ S gt

(S| ey
- _%%((ﬁ(—;ﬁ) o=1 %%(ﬁ?) o=1

= 1D Fo(-1) ~ (1) + (1)

- i/i{—y(x +1)+0(z+1)+8(x—1) +d(z - 1)}p(z)dz

which gives the desired result.
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Problem 12.8 Show that for a monotone function f(z) such that
f(£o0) = oo with f(a) =

[ e )t = s ()

For a general function f(z) that is monotone on a neighbourhood of all
its zeros, find a general formula for the distribution ¢’ o f.

T=a

Solution: Making a change of variable y = f(z) in the LHS we have

[ @)= [ L5y

For a general function f(x) having zeros at z = aq, ag, ..., at all of which it is locally
monotone, an identical argument to that leading to Eq. (12.9) gives

® ol(2)
| e Zf dx(lf(fb')|>

r=a;

—00
Using
_i(ﬂ@) _ ¢'(ai) _ plai)f"(ai)
dz \ f'(z)/Ne=a;  f'(ai)  (f'(a:))?
and the fact that at points 2z = a; where f is monotone increasing |f'(a;)| = f'(a;),
while at those where it is decreasing |f'(a;)| = — f(a;), we have
f”(az)
T —a;) + ———=0(r —a;
=2 Pl gy )

Problem 12.9 Show the identities

and
3(f(2)) + f(2)d'(f(z)) = 0.
Hence show that ¢(z,y) = §(z? — y?) is a solution of the partial differential
equation
G99 99 _
T +ya + 2¢(z,y) = 0.
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Solution: For any test function (), and monotone function f(z) with f(a) =0,
we have by Problem 12.8

/Zf’(x)é’( dm_/ §'(y) f (z)p(x) fd( I

and, on integration by parts

/ ” %(5( f@))pl@)de =~ [ 6(f(z)¢ (z) dz

Hence

The result extends to non-monotone functions as in Problem 12.8, or Eq. (12.9).

The second identity follows from yd(y) = 0, on setting y = f(z) and using the
Leibnitz rule and the above identity,

) =0 = S (7()3(7() =0
= J@ @) + 1) (@) = 0
— @) + F@) @) (f) =0
— 5(f (@) + F@) () = 0.
Setting f = z? — y? we have
(IIZ— 2
25 ) = (02— 4?) = 200 (a? — )
IL‘2— 2
(%5(3:2 _ ) = 0 - Yy 5 (2% — %) = —248' (2 — 7

Hence, using the second identity above,

22_2 22_2_ 2 e 2 2y 2 2
233(%5(95 y)+2y8y5(w y*) =2(z" —y°)d' (¢ —y°) = =26(z" — y°),
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and ¢ = §(2? — y?) is a distributional solution of the partial differential equation

34) ¢
— — +2 =0.
Problem 12.10 Find the Fourier transforms of the functions

f(w):{l if —a<z<a

0 otherwise

and

() 1-— @ if —a<z<a
€T =
g 0 otherwise.

Solution:

Frly) e " f(z)dz

“ /.

e_”y dx

1 |:e zmy]
- V2T —iy —a
1 eiay _ efz'ay

T 1y

_\/53inay
Vi
d
o =L [l
9w =75 | 5)
0
:L(/aeimy dac—l—/ e (14 2 )d
V21 \Jo
_\/gsinay_ 1 [ “myx+e“$yx]
Ty 2v2r L —iy y? o

1 e Ty e 110
+ [ Ty ]
221 L —iy y? l-a

_ \/isinay N ia cos ay N 1 — cosay
VT oy V2my Vory?
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Problem 12.11 Show that

F(e—a :1:2/2) — ie—kz/QaZ.

Solution: The meaning of this Fourier integral is that if f(z) = e %°*"/2 then
FFR) = ——= / " ek aa?2 gy
V2T J o
We may write
2 2 - 2
at 5 . a ik\2 k
—5 T - ik = —E[(:L“—l— E) + E}

and if we make the change of variable y = = + ik/a? then

]:f(k) — 27r/ e—(JL23/2/2—Ic2/20L2 dy

(of course the path of integration is on a line in the complex plane shifted upward
and parallel to the real axis by a constant amount k/a?, but this has no effect on
the integral as it is a regular function which vanishes strongly at infinity). Using
the standard error function integral

/OO e_a2y2/2dy _ /oo e_z2/2 % _ \Y4 27('
o o0 la|  al

we have
ff(k) _ 1 V2 k2/2a _ ie—kz/QaQ.
V2 Ial |al
Problem 12.12 Evaluate Fourier transforms of the following distribu-
tional functions.
(a) oz — a).
(b)  (z—a).

(c) M (z—a).
(d) 6(z? — a?).
(e) &' (2% —a?).
Solution: (a) If f(z) = d(x — a) then

Ffly) = \fx/_/ Sy — ) da =
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(b) If f(z) = ¢'(z — a) then

Ff(y) \/2_71_/ e Y (x —a)dz

= E/_ - (e_my)é(:ﬁ —a)dx

1 o0 .
= F/ iye”"o(x —a)dx
T J—00

iye—iay

Ver

(c) Similarly if f(z) = 6 (z — ) we have, by induction,

Ffy) = m/ U5 (2 — q) do
(e
\/ﬂdx"

_( ) _Zn—w
= iy

_i"y"e
Vor
2 _ 2

(d) On performing a change of variable z = z* — a® as in Example 12.7, the Fourier
transform of f(z) = 6(z% — a?) is

( —ixy

r=a

ﬁ

—iay

Ffly) = VT e (2% — a?) dz
1 i dz
= — e "o (z) —
V21 J (=) |2z
1 e—i:vy e—imy
= —— — + —
V 2w ( |2(II| r=—a |2(II| :L‘:a)

1 iay e—tay
o \/27'('( 2a + 2a )

(e) For f(z)d' (2% — a?) the change of variable z = 22 — a? results in (see Problem
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12.8)

Fiw) = = / e~V§ (2 — o) da

o P G | IR G TR

gt o Sy I

1 { (14 izy)e 2y (1 + izy)e t2y }
r=a

- 4\/27r x3 T=—a x3
1 . 1 _.
iyet® — —e W —jye W — —e™'W
a2\/27r{ Y Y a J

1
ysinay + — cos ay) .
a

a2\/_(

Problem 12.13 Prove that

n!

2ms™) (r) = (=)™ §(n—m) () for n > m.

(n —m)!

Hence show that the Fourier transform of the distribution

is (—iy)k.

Solution: For any test function ¢(z),

| e @pt) ds = (1) 2@ elo)

—00

From the binomial expansion
_ n 2\ Lo
(F@)g(@)®™ = fWg 1+ nfe=Dg . 4 fg® =3 (k)ﬂ g4
k=0

Setting f = ™ and ¢(z) = ¢(z) the highest non-vanishing derivative of f in this
expansion corresponds to £k =m < n,

n !
d—(wmgo(x)) — (n ilm>m!(p(n—m) + ( n )@x(p(n—m+1) 4t :L‘m(p(n).

dz" n—m+1) 1!
Hence
> n n—m n n! n—m
[ amamwpteas = ()" e 0) = (1 o),



Since

we have the identity

n!
26 (z) = (—1)™ = m),é(”*m) (z)
If y
f(z) = \/ﬂmwam%)(—x)
then
Ffy) = /_ h e_tiyxka!k)!xmé(erk)(—x) ds

S . |
_ / etzymﬁ(_l)m$m5(m+k) (:I?) dz
o m !

on making the substitution z — —x

oo .
= / 26 (2) da by above identity

—0o0
dk
= (=1)F—
( ) d$k

= (—iy)*.

1yx

=0

Problem 12.14 (a) Show that the Fourier transform of the distribution
do + g + 02q + -+ + 5(2n—1)a

is a distribution with density

e_(n_%)iay‘

1 sin(nay)

V2 sin(3ay)

(b) Show that _
FHfy)e™) = (F 1) (@ +b).

Hence find the inverse Fourier transform of

sin nay

g(y) = m

Solution: (a)
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o0 ) —iay
Foaly) = VIV2r /_ . TS, (1) do = e\/ﬂ

Hence

F (80 + 0a + 620 + -+ + S(2n-1)a)

1 . . .
— _(1 +etay eszay NI ef(anl)zay)
\/12_71- 1— —2niay
\/ﬂ 1 — e—tay
_ 1 —-byiaySin(nay)
m sin(Jay)

Y E e = o [ et = (e

Take b = (n — $a gives

FL (M) — orF! (eibye_

Problem 12.15 Show that the Green’s function for the time-independent
Klein-Gordon equation

(V2 —m?)¢ = p(r)

can be expressed as the Fourier integral

Glx —x) 271' ///d k2+m

Evaluate this integral and show that it results in

eme

GR) = - 4R

where R=x-x', R=|R|.

Find the solution ¢ corresponding to a point source

p(r) = ¢’ (r).

Solution: We seek a solution to the distributional equation

(V2 —m?)G(x —x') =& (x — ¥).

189



so that a solution of the time-independent K-G equation is

_ /// p(x')G(x — x)d%e.

Set g(k) = FG to be the Fourier transform of G, so that

Gly) = W i Z Y g (1),

(V2 — m2)G(x — x') = 3/2/// C (6% 4 m2)et ) g (k).

The Green’s equation

and

(V2-—m?)G(x—x') =8 (x-%) = (x=x) g3k,

implies that
1 1

(27)3/2 K2 + m?’

Glx -« /// k2+m &

In k-space use polar coordinates (k, 0, ng) with the k3-axis pointing along the direction
R =x — X/, so that

g(k) = —

and

k- (x—x')=kRcosf (k =Vk-k)

and
d3k = k? sin 0dkdOde.

The integral then evaluates to

2 szcosG
GR) = / dk/ d9/ d¢ 2k sin 0
27r +m

2 _ _ atkRcosf
" a6 - i( ¢ )
o k?4+m2ikRd0 ikR

dk

—ikR _ eikR)

_ ; /oo dk#(e
C202m)2 ) iR(K? 4 m?2)

on making a change of variable k — —k and averaging the integrals before and after
this change of variable. The integrand has poles at k = £im in the complex k-plane,

k _1( 1 n 1 )
E+m?2 2\k—im k+im/’
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For the e **% integral, complete the the integral along the real line with a circuit in
the lower half plane encompassing the pole at k = —im, while for the e?*® integral
complete it with a circuit in the upper half plane (see figure below). The residue
theorem then gives

0o . . -mR —-mR
/ Qs (e R — o WR) Z (S Ty gje R,

k2 +m? 2 2
Hence R
1 -2y e ™
GR)= — " "eTmR _ _ )
(R) = Somzr iR ¢ ATR

For a point source p = ¢é63(r) we have

m|x x| e—mr
d3 I _ _q
/// 47r|x — x| o 4mr

where r = |x].

complex k-plane:
t>0

Problem 12.16 Show that the Green’s function for the one-dimensional
diffusion equation,

9*Glz,t)  19G(x,1)

. o o
92 - =z —x")o(t —t)

is given by

ol oy o # —(z—a")? 4Kk (t—t")
Gz —2',t—1t) ot —t) 47r(t—t’)e ,
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and write out the corresponding solution of the inhomogeneous equation

Pip(z,t)  10p(z,t)
pre ey v G

Do the same for the two- and three-dimensional diffusion equations

 19G(z,t)

2
VeG(z,t) py

=8 (x—x")o(t —t) (n=2,3).

Solution: We look for a solution G(z,t) of

0°G(z,t) 1 0G(z, 1)
0z2 Kk Ot

= §(z)8(t).

Then the Green’s function is clearly G(z — z',t — ¢'). Decomposing as a Fourier
integral,

1 00 0O ) )
G(z,t) = ﬂ/ / g(k,w)e*e™!dkdw
—00J —0O0

and . o oo
_ ikx iwt
we find that )
k =
9k w) = 5 iw/K)
Hence

G( t)_ -1 /oo " ikx/ood eiwt
P2 LT L R k)

In the complex w-plane there is a pole at w = ik?s. The integral is completed with
a circle at infinity around the pole in upper half plane for ¢ > 0, and in the lower
half plane for ¢ < 0. Hence, by the residue theorem

00 eiwt e
v ) —k?k
/ dw S 0(t)2mke

— 00

and

-1 o0 . .
G(xz,t) = Wme(t) / dkeiks kst

Using Problem 12.11 with a? = 2kt this integral evaluates to

V21 e—x2/4nt
V2Kt

K

—_ |~ —x2/4kt
47rtO(t)e

G(z,t) = ;—:9(10
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complex w-plane:
t>0

and the Green’s function of the one-dimensional diffusion equation is

ol a gy — o Kk (z—a")2/4k(t—t)
Gz —z',t—1t) ot —t) 47r(t—t’)e .

The corresponding solution of the inhomogeneous diffusion equation is

P(z,t) = /00 /00 Gz -, t —t"F(z',t")dz'd’

q q F e (z— z')? /4K (t— t’)
= ”4%/ :Jc/ t'F(2',t) —

In the two-dimensional diffusion equation set

G(J? y, — 3/2/ / / klakZa zklx ikox Wtdkldk‘gdw

8(z)0)y)o(t) = —(27r)3 / / / ek12gikaT it g qo dw.
—00J —00J —c0

1
(2m)3/2(k2 + iw/K)’

and

Then
g(ki,ko,w) =
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and using the same pole integration argument as in the one-dimensional case

—K zklx zkzx —k2kt
= Gy / / dkydkse

-5 ’;29@)/ dkietkire (k) '“/ dkpethave (k2)x
s — 00 —00

_ K o(t) 2m 7m2/4ntefy2/4nt

(2m)2 "7 2kt
—r2/4xt
e
= —0(t
®) 47t

2

where r2 = 22 + y2. Hence

e~ ((@=2")?+(y—y')?)/4xt

! _ _/:_ o
Glxz—2,y—y,t—1t) ot —t) =7

For the three-dimensional diffusion equation, set

G(r, t) //// (k, w)e® X! P kdw
27r

and we find |

k =
g( aUJ) (27_‘_)2(1{2 + 'L'(.U/F(,),
so that
Glr,1) o / / / dk1dk2dkaem1“" (k1)%t eth2y— (k2)*t ethaz— (ks)?t
27r)3
—K t) 27’(’ 3/ 2/4I~it

(27r)3 (2/{75)3/2

Hence

o(t — t/)e—(r—r’)2/4/-at

/ N o_
Glr—r,t-t)= (47)3/21/243/2
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Chapter 13

Problem 13.1 Let E be a Banach space in which the norm satisfies
the parallelogram law (13.2). Show that it is a Hilbert space with inner
product given by

(@ly) =3 (lz +yl” = llz = ylI* + illz — iyl — illz + iy[?).

Solution: This has equation has been shown to be an identity in Hilbert space in
Problem 5.7. To show (IP1) holds for this definition of (x|y):

(ulv) = wlu) = 1 (lu+ 0> = lu — v|I* + illu — || — illu + |
— v+ u||2 + |lv — u||2 +i||v — zu||2 —illv+ zu||2)
= iz(”u — z'v||2 —||lv+ zu||2 — ||lu+ z'v||2 + |lv — zu||2)
=0

since
[&

lo + iul® = [li(u — w)II* = |iPllu — iv]]* = |lu - iv||?

and similarly [|v — jul]? = ||u + v||%.
(IP3) follows on setting y = x:

(wlo) = 1 (4llz? + il = iPllz])* — i1+ i?|l2]?) = =],

The argument for (IP2) is considerably more complicated. It is best to divide the
proof of linearity in the second argument into two parts.
(i) We show

(uv +w) = (u]|v) + (u]w)

by expanding

lutv 4+ w||* = |Ju — v — w||* + ilju — iv — dw||* = i|lu + iv + iw|?
—lu+ o) + [Ju —v]|* = ilju — iv||* + i||Ju + iv|?

—llu+wl? + llu = wl® — illu — dwl|* + iflu + iw|* = 0.

As the imaginary part is identical with the real part with v and w replaced by —iv
and —iw resp., it is only necessary to show the real part of this equation:

lu+ v+ wl + lu = ol* + lu = w]]* = [lu = v = wl* + u + ol* + lu + wl|]*.
Using the parallelogram law (13.2) with z = v + v and y = u + w gives
ot ol2 + s+ w2 = 3120 + v + w2 + Lo - w]]
and similarly

lu = ol* + u — wl® = gll2u — v — w[* + 3w - v]|*.
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Thus it is required to show
lu+2l” + 3l12u = 2]* = lu — 2| + 3]|2u + ||?

where z = v + w, i.e.
T

x
S IF = llu =2+ 2flu + S

lu + z||? + 2||lu —
2

From the parallelogram law,
x x
w4 2]* = 2flu + SI* + 20151 = [lull®

and . .
IW—MFZNU—QF+MQF—MW

whence the result follows immediately.
(ii) It remains to show that (u|av) = a(u|v) for all complex numbers a, i.e.

l|lw + cwH2 — ||u — cwH2 + i||u — iaUHQ —i|lu + iaUHQ
—allu +v||? + allu — v||* —ialju — iv|?* + iallu + iv||* = 0.

It is trivial to verify that this equation holds for a = 7 and a = —1, so it only remains
to show this equation for real positive numbers ¢ > 0. From (i), setting w = v, we
have

(u]20) = (ulv+0) = (ulv) + (u]o) = 2(ulo).

Continuing by induction it follows simply that for any positive integer m
(u|mv)y = m(u|v).

Setting w = nv, we have then
(u]w) = nlu| zw)

whence
(u| qw) = 5 (u|w)
and for any positive rational number a = m/n

(u] Fw) = T(u]w).

As every real number a is a limit of a sequence of rational numbers, r,79,...,7; — a,
and r;v — av for any v € F it follows that

(u|av) = lim (u|rv) = lim ri(u|v) = a{u|v).
11— 00 1— 00

The result now follows for any complex number a = a1 + ia9 where a; and ao are
real.
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Problem 13.2 On the vector space F'[a,b] of complex continuous dif-
ferentiable functions on the interval [a,b], set

b—
(flg) :/ f'(z)g' (z)dx where fl = %,g’ - j_f:

Show that this is not an inner product, but becomes one if restricted to
the space of functions f € F'[a,b] having f(c) = 0 for some fixed a < ¢ < b.
Is it a Hilbert space?

Give a similar analysis for the case ¢ = —00, b = 00, and restricting func-
tions to those of compact support.

Solution: While (IP1) and (IP2) are satisfied, (IP3) is not for if

b
V2 = (F1f) = / () Pdz =0

then f'(z) = 0 a.e. Hence
f(z) = f(a) +/ f'(z)dz = f(a) = const.

and in general f(z) # 0 a.e. If we restrict F'[a, b] to functions such that f(c) = 0
for some fixed ¢ € [a,b], then it is still a vector space (this is why ¢ must be a
fixed point), and (IP3) follows. It is not, however, a Hilbert space since it is not
complete as the limit of a Cauchy sequence of differentiable functions need not be
differentiable; e.g.

fala) = (1= 2) (1~ + (2 = 5)2) = [(@) =1~ 2)(1 ~ |z — 3]
is a sequence of differentiable functions all having f,(0) = 0 whose limit is not
differentiable at = = %
For functions of compact support in R = (—o00,00) there is no need for the extra
restriction f(c) = 0 since all such functionsd vanish at some point ¢ € R. Hence it
is an inner product vector space, but again it is not a Hilbert space for the same

reason as above.

Problem 13.3 In the space L%([0,1]) which of the following sequences
of functions (i) is a Cauchy sequence, (ii) converges to 0, (iii) converges
everywhere to 0, (iv) converges almost everywhere to 0, and (v) converges
almost nowhere to 07

(a)fn(z) =sin™(z), n=1,2,...

(b) fulz) = {

0 forx<1—%,
nr+1-—n forl—%gxgl.
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(¢) fu(z) =sin™(nx).
(d) fn(z) = xv,(z), the characteristic function of the set

where n=2"+k,m=0,1,... and k=0,...,2" —1.

Solution: (a) The functions f,(x) = sin™(z) approach 0 everywhere in the interval
[0,1] since 1 < 7. Hence fol |fn(z)|2dz — 0 and the functions converge to the zero
function in the norm sense, and therefore form a Cauchy sequence.

(b) These functions approach zero everywhere except at 2 = 1, hence they also
converge to the zero function in the sense that fol | fn(z)2dz — 0.

(c) fu(z) =sin"(nz) — 0 at all points = # 7/2k where k is an integer. Hence

1 n
1
/ |sin"nz|dzr = —/ | sin” y|dy = o(n) —0
0 n Jo n

and the sequence converge to the zero function. (d) The function f(n)(x) = 0 except
on a set of measure 27™. The intervals on which f(n)(z) # 0 move back and forth
over the range [0, 1] so that at no point = does f,(z) — 0. However the integrals
fol |fn(z)Pde < 27™ — 0 as n = 2™ + k — oo. The sequence f,, therefore converges
to the zero function and is a Cauchy sequence. In summary, the sequences which
(i) are Cauchy sequences: (a), (b) , (c), (d),

(ii) converge to zero: (a), (b), (c), (d),

(iii) converge everywhere to 0: (a)

(iv) converge to 0 a.e.: (a), (b), (c)

(v) converge almost nowhere to 0: (d).

Problem 13.4 Show that a vector subspace V is a closed subset of
‘H with respect to the norm topology iff the limit of every sequence of
vectors in V belongs to V.

Solution: If V is closed with respect to the norm topology then V¢ = H — V is
open. Hence a sequence u,, € V' cannot converge to a vector u € V¢, for there exists
an open ball

Be(u) ={veH|||lv—ul| <e}CVC
and ||u, — u|| > € for all n, which is a contradiction to ||u — u,|| — 0.
Conversely, if V' is not closed then, since V¢ is not open, there exists v € V¢ such
that every open ball B.(v)NV # (). For each n =1,2,3,... there exists v, € V such
that [|v — v,|| < 1. In other words, if V is not closed then there exists a sequence
vy, € V which converges to a vectors v ¢ V. This proves the if part of the problem.

Problem 13.5 Let /; be the subset of /? consisting of sequences with
only finitely many terms different from zero. Show that /, is a vector
subspace of /2, but that it is not closed. What is its closure /;?
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Solution: 1If
w= (U1, u,...,Un,0,0,...), v=(v1,02,...,0,,0,0,...) € &

then for any complex number a, u+av € ¢ since (u+av); = 0 for all i > max(n,m).
Hence ¢ is a vector subspace of ¢2.
It is not closed, and therefor not a subspace of 2 for the sequence of vectors

u = (1,0,0,...), ug = (1,3,0,0...), ug = (1, 3,30,0...)

has limit
_ 1111
U = (laﬁagaZaga"')'
Furthermore, every vector v = (vy,v2,v3,...) € ¢? is the limit of a sequence of
vectors in £,

vy = (v1,0,0,...), V(2) = (v1,v2,0,0,...), v3) = (v1,v2,v3,0,...), ....

Hence the closure of ¢ is the entire space ¢2.

Problem 13.6 We say a sequence {z,} converges weakly to a point
z in a Hilbert space H, written z,, — z if (z, |y) — (z|y) for all y € H.
Show that every strongly convergent sequence, ||z, — z| — 0 is weakly
convergent to z. In finite dimensional Hilbert spaces show that every
weakly convergent sequence is strongly convergent.

Give an example where z,, — = but ||z,|| / ||z||. Is it true in general that
the weak limit of a sequence is unique?

Show that if z,, — = and ||z,|| 4 ||z| then z, /4 z.

Solution: Lemma 13.3 is essentially the statement that if z,, — z, i.e. ||z, —z| — 0,
then z,, — z.

In a finite dimensional Hilbert space of dimension m, let ey, ... e, be any o.n. basis.
Then if z,, — = we have

(ei|n) = Tni = o1 = (e;|z)  (i=1,2,...,m)

j— m . . — m . .
where z, = Y 1" wnjej, © =3_7" | zje;. hence

lzn = @ll = Vlont = 21>+ + [wnm — 2m|* = 0

That is, in finite dimensional Hilbert spaces, z,, — x implies x,, — .

In /2, let 1 = e; = (1,0,0,...), x5 = e3 = (0,1,0,0,...) etc. Then z,, — 0 since,
for any v = (v1,v9,v3,...) € £2, (z,|v) — (0]|v):

(Tn|v) = (en|v) = v, — 0.
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However, ||z,|| =1 4 [|0]| =0.
The weak limit of a sequence, if it exists, is unique, for if z,, — z and z,, — z’ then
forall y € H

(znly) = (z|y) = (' |y).
Hence (z — z'|y) = 0 for all y € H, and setting y = = — 2’ gives z = 2’ by (IP3).

On setting u, = v, = x, in Lemma 13.5, we have z, - © = ||z, || — ||=||. Hence

lenll 7 Nzl = zn 7 .

Problem 13.7 In the Hilbert space L?([-1,1]) let {f.(z)} be the se-
quence of functions 1, z, 22, ..., f,(z) = 2", ...

(a) Apply Schmidt orthonormalization to this sequence, writing down the
first three polynomials so obtained.

(b) The nth Legendre polynomial P,(z) is defined as

1 d"
(@) = g (7~ 1)

Prove that

1
2

(c) Show that the nth member of the o.n. sequence obtained in (a) is
n+1iP,(z).

Solution: (a) || fol|?> = f_ll 12dz = 2. Therefore set

1
= leol|* = 1.

Ly

en = —— = y
TRV
Now

1 1
N B A

-1

hence we must set

e1(z) = ;m
From
1
(f2leo) = /_le%dgg = g
1
(fale) 2/1w2£zdx:0
we set

g2 = f2 — (e fa)eo — (e1] fa)er
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Since
T G K
e Y T

the normalized function e is

35 1, V5
=0 =35" "3 "33

(b) Since (z? — 1)™ is a polynomial of degree 2m, we have

V5 (322 —1).

damte m 0 for p >m
g~ D= _
dzm+p (2n)! forp=m
and
dmfp(Q—l)" =0 forp=1,2 -1
il T rp=1,2...m—-1L

Hence m repeated integrations by parts (assuming m > n) results in

1 mAE I = il 2n) _lx dgntm o

! (2n)! /1 (2% — 1)"dz0,,y,

~ ontmpln] 1

The change of variables x = sin 6 gives

1 w/2 w/2
/ (% — 1)"dz = (—1)"/ cos? 1 9dp = (—1)"2/ cos? 1 gde.
-1 —/2 0

On integration by parts,

w/2 w/2
/ cos®™ 1 9do = / 2n cos®™ ! fsin® 0d0
0 0
w/2
= 2n/ cos?” 1o — cos® 1 9d6.
0

Hence

/2 /2
/ cos?"tlode = 2n / cos?” 1 0de
0 2TL + ]_ 0

and, continuing by induction,

/2 92my /2 (2nn|)2
2n+1 _ : _ :
/0 cos 9d9_(2n+1)(2n—1)...2/0 costO—in 5

Thus we have

1
2
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For m < n the conclusion holds by reversing roles of m and n.

(¢) The functions ¢y, (z) = y/n + 2P, (z) are an orthonormal set, (¢ | $n) = Gpmn.

Since ¢, (x) is a polynomial of degree n it can be written in the form

Pn(z) = aofo(z) + a1 fi(z) + -+ + anfu(z)
and since a, # 0 these may be reversed,
fn(@) = bodo(z) + brg1(z) + -+ + bugn ().
Clearly eg(z) = ¢o(z) = 1/+/2, and
e1 = Agfo+ A1 f1 = Bogo + Bior.

Since (¢o | e1) = 0 we have By = 0, and (¢1 | 1) = 1 implies we may set B; = 1.
Continuing in this way
en(r) = Aofo(z) + ALfi(z) + -+ Anfr()
= Bogo(z) + Bi1¢1(z) + - + Bndn(x).
Since (¢; |ep) =0 for i =0,1,...,n — 1, all B; = 0 except for B,,, and (e, |e,) =1

implies that |B,|?> = 1. Apart from a redundant phase factor we may set B, = 1
and the Schmidt orthonormalization procedure results precisely in the normalized

Legendre polynomials, e, () = ¢, (z) = \/n + 1 Py (z) .

Problem 13.8 Show that Schmidt orthonormalization in L?(R), applied
to the sequence of functions

fn(x) _ xneme/Q,
leads to the normalized hermite functions (13.6) of Example 13.7.

Solution: From Example 13.7, we define the n-th Hermite polynomial to be

2
n, . —x
xzd €

dam

Hy(z) = (~1)"

a polynomial of degree n with leading term (—2z)™. The related normalized func-
tions on (—o0, 00) are shown in Eq. (13.6) to be

o (1/2)22
$n(z) = Wﬂn(iﬂ),

and form a complete orthonormal set. Since fo(z) = e
at by Schmidt orthonormalization is

—a?/ 2 the first function arrived

o (1/2)22
eo(r) = ¢o(z) = i
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The functions ¢, (z) can be expressed as linear combinations
n n
dn(z) =) aifile) = ful2) =) bidi(e)
i=0 i=0
from which as in Problem 13.7 (c),
enl@) = S Aifi() = 3 Bii(w)
i=0 i=0

and (¢; | en) = 0 implies B; = 0 for i = 0,1,...,n — 1, while it follows from
(en | €n) = 1 that, apart from a phase factor, we must set B, = n. Hence the
functions ¢, (z) are the o.n. set arrived by Schmidt orthonormalization from the set
of functions f,(x) on the full real line R = (—o00, 00).

Problem 13.9 Show that applying Schmidt orthonormalization in
L?([0,00]) to the sequence of functions

leads to a normalized sequence of functions involving the Laguerre poly-
nomials

Solution: The function L,(z) is clearly a polynomial of degree n with leading
coefficient (—z)™. Set 1, = e */2L,(x), and by a similar argument to that in

Example 13.7,

dz™ dz™
_ [exdm_l(wmem) dn(mnefx):|oo
dgm—1 dzn 0

- /000 dmt(zme ") d (emd"(x"e‘””)> dx}

dgm—1 dz dzn

= (=1 /0 T qgm (e da™ )d:z:

after m successive integration by parts. Since the term to be differentiated m times
in the final integrand is the n-th Laguerre polynomial and has degree n, this term

vanishes if m > n. Hence, as the result is similar for m < n on reversing roles of m
and n,

(Ym |Pn) =0 if m # n.
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For m = n, we have

([ 9pn) = (~1)" /0 e L (L g,

dz” dz
o0
= (—1)"/ z"e”*(=1)"nldz
0
00 o0
— ) | e n—1_—x
n.{[ace }0—1—/0 nr' e dac}

= (7‘1‘!)2 /0 ey

= (n!)2

after n integrations by parts. Hence

(Ym |¢n> = (n!)25mn
and the functions
eer‘/Q ex/Z qr

Pn(z) = Ln(z) = (z"e™")

n! n! da”

form a complete orthonormal set on the real half-line [0, c0).
The argument that these arise by Schmidt orthonormaliation on this interval from

the functions f,(z) = z™e */2 is essentially identical to that in the Problems 13.7
and 13.8.
Problem 13.10 If S is any subset of H, and V the closed subspace

generated by S, V = L(S), show that S* = {u € #|(u|z) = 0 for all z €
S} =vV+t.

Solution: If u € V+ then (u|v) = 0 for all v € V, and therefore (u|z) = 0 for all
z €S CV. Hence V- C St

Conversely, if u € S+, then (u|z) = 0 for all z € S. Hence u is orthogonal to all
(finite) linear combinations of elements in S,

n

(u|a1$1+...an:1cn):Zai(umi):0 (z; € 9),
i
i.e. u € L(S). Since V is the topological closure of L(S) (see Problem 13.4), every

element v of V' either belongs to L(S) or is a limit of a convergent sequence of vectors
V1,032, ... = v, where v; € L(S). By Lemma 13.3

(ulv;y =0 = (u|v) =0.
Hence v € V', so that S+ C V. Combined with the earlier result, we have that

St=v+i
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Problem 13.11 Which of the following is a vector subspace of /2, and
which are closed? In each case find the space of vectors orthogonal to
the set.

(a) Vv = {(z1,29,...) € £2|z; =0 for i > N}.

(b)V = [j Vv = {(z1,22,...) € £*|z; =0 for i > some N}.
N=1
(c) U= {(x1,72,...) € L?|z; =0 for i = 2n}.
(d) W = {(x1,%2,...) € £?|1; =0 for some i}.
Solution: (a) Vn is a the finite dimensional Hilbert subspace. It is therefore a

closed vector subspace. Its orthogonal complement consists of vectors whose first NV
components vanish

V]ef = {:Ij = (0707 707$n+17$n+27--')}'

(b) Vi is the space £y discussed in Problem 13.5. Tt is a vector subspace but is not
closed. Its orthogonal complement consists only of the zero vector, V+ = {0}, for if
x € V+ then

(zler) = (zlez) = --- = (z|en) =--- =0
where e; is the vector all of whose components vanish except for (e;); = 1 (i.e.
(zi); = 6ij). Since, z = 322, z;e;, we have ||z|> = (z|z) = 0, whence z = 0 by
(IP3).

(c) U is clearly a closed vector subspace (since limits of sequences of vectors having
even components vanish, must again have these components vanish.
The orthogonal complement consists vectors having odd components vanish,

Ut ={(0,22,0,24,0...) € £?}.
(d) W is not a vector space, e.g. if u = (0, %, %,) € Wandv = (1,0, %, i,...) ew
then u + v ¢ W since it has no vanishing component. It is also not a closed set,
for similar obvious reasons. Its orthogonal complement is W+ = {0} by a similar
argument to that given in part (b).

Problem 13.12 Show that the real Banach space R? with the norm
l(x,y)|| = max{|z|, |y|} does not have the closest point property of Theorem
13.8. Namely for a given point x and one-dimensional subspace L, there
does not in general exist a unique point in L that is closest to x.

Solution: Consider the one-dimensional subspace L consisting of the y-axis:
L={(0,y)] — o0 <y < oo}

and the point x = (1,0). With respect to the maimum modulus norm, the distance
between a point y = (0,y) € L and x is

d(x,y) =[x — yll = max(L, [y]).
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Hence all points on the line L having —1 < y < 1 have the same distance 1 from x
with respect to this norm, while points with |y| > 1 have distance greater than 1.
Thus there are infinite number of points on L which are “closest” to x with respect
to the maximum modulus norm.

Problem 13.13 If A: H — H is an operator such that Au | u for all
u € H, show that A = 0.

Solution: Let u and v be any two vectors in H. Since (Az|z) =0 for all z € H we
have

(u+v)|u+wv
Au+ Av|u +v

Aufu) + (Av|v
Aufv) + (Av]

Similarly setting z = u + iv we have

=(4 )
= { )
= )+ (Aufv) + (Av|u)
= u)

0 = (Au + iAv|u + iv)
= (Au|u) + (Av|v) + i(Au|v) — i(Av|u)
= i((Aulv) — (Av|u))

Combining these two equations we have
(Au|v) =
for all u,v € H. In particular, setting v = Au,
|Au||? = (Au| Au) =0

whence Au = 0 for all u € #H, by (IP3). Thus the operator A is the zero operator,
A=0.

Problem 13.14 The norm ||¢|| of a bounded linear operator ¢ : H — C
is defined as the greatest lower bound of all M such that |¢(u)| < M||ul|
for all u € H. If ¢(u) = (v|u) show that ||¢|| = ||v|]. Hence show that the
bounded linear functional norm satisfies the parallelogram law

¢+ 9[> + 116 — 9l = 2016]1” + 2/l

Solution: From the Cauchy-Schwarz inequality (5.13),

(ou) < lofl[jull
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Hence [|¢]] < ||v||. Furthermore M = ||v|| is the least possible value such that
|p(u)| < M||u|| for all u € H since

(wlv) = [l = [loll]v]l.

Hence ||v|| is the greatest lower bound of such M, so that ||¢] = ||v]|.

By the Riesz representation theorem, Theorem 13.10, we may set ¢(u) = ¢,(u) =
(v|u), ¥ = ¢y, for some pair of vectors v, w. Hence, as clearly ¢ + ¢ = ¢4, and
¢ — 1 = ¢y, we have

I+ 311 + 16 = 917 = llgorwll® + I po-wll?
= |l +w|* + [lv — w||?
= 2||v|| + 2||w||? by the parallelogram law (13.2)
— 262 + 212

Problem 13.15 If {e,} is a complete o.n. set in a Hilbert space H,
and «, a bounded sequence of scalars, show that there exists a unique
bounded operator A such that Ae, = a,¢,. Find the norm of A.

Solution: Let M = sup{|oy,||n =1,2,3,...}. For any u =) upe,, we have by
Parseval’s identity (13.7),

9]
[ull* = Jun|* < oo
n=1

The element
o0

Au = Z(anun)en
n=1
belongs to H for ||Aul|? < M?||lu||?> < oo. Furthermore this inequality shows that
the linear operator A so defined is bounded and therfore continuous. Hence, it is
unique, for if Ae, = A’e,, = ane, for all n then(A — A’)e, = 0 for all n and

N
(A—- A" Zumem =0

n=1

for arbitrary u, € C and integers N > 0. As every u € H is a limit of such finite
sums, and A — A’ is a continuous operator it follows that (A— A")u = 0 for all u € H.
Hence A = A’ and the operator A defined above is unique.

The norm of A is ||A|| = M for ||Aul|?> < M?||lu|? by the above argument, so that
|A|| < M. Furthermore M is the least upper bound of all positive numbers with this
property, for if there exists € > 0 such that ||A|| < M —e, then | Au|| < (M —¢)||ul| for
all w € H. In particular, setting u = e, we have |a,| < M —eforalln=1,2,3,...,
in contradiction to M being the least upper bound of {|ay||n =1,2,...}.

207



Problem 13.16 For bounded linear operators A, B on a normed vector
space V show that

IAA] = XA 1A+ Bl < [[All + (1B, IAB| < [[A[[ Bl

Hence show that ||A|| is a genuine norm on the set of bounded linear
operators on V.

Solution:

INA] = sup{[[AAul| | Jlull <1}
= sup{[All| Aul| | [lu <1} = [A][IA]l

For all u inH such that ||u| <1
I(A+ B)ul| < [|Aull + [|Bull < Al +[|BI],

hence
|A+ B|| = sup{||(A+ B)ul| | [lull <1} <[IA] +B].

Similarly ||AB]| < ||AJ|||B]| since for all |ju|| <1
[A(Bu)|| < [[A[l[|Bull < [IAl[|B]-

[Note that, since ||Au| < ||A]| for all ||u|| < 1, it follows for all v € H that ||Av|| =
[olll[ACw/llvIDI] < o ll|A]l since [|(o/[lo])]| = 1.]

Problem 13.17 Prove properties (iii)—(v) of Theorem 13.13. Show
that ||4*]| = |||l

Solution: (iii) For arbitrary u,v € H
((AB)*u|v) = (u|ABv) = (A" | Bv) = (B*A*u|v)

and since u and v are arbitrary, we have (AB)* = B*A*.

(iv) For arbitrary u,v € H

(A u|v) = (u| A*v) = (A*v|u) = (v]| Au) = (Au]|v)

hence A™* = A.

(v) If A is invertible, there exists a linear operator A~! such that AA~! = I, where
I = idy. Hence, using (iii) and I* = I (since (u|Iv) = (Tu|v) = (u|v)),

I = I* — (AA—I)* — (A—l)*A*
so that (A*) ! = (A H)*.

From the proof that the definition of the adjoint operator in Eq. (13.9) defines a
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bounded operator, we have that || A*u|| < ||Al|||u]|. Hence, for all ||u|| < 1 we see that
[Au| < [|A]l, giving [[A*[] < [|A[|. Using (iv) we then have [|A[| = [|A™*]| < ||A*[],
whence [|A*]| = ||A]].

Problem 13.18 Let A be a bounded operator on a Hilbert space H
with a one-dimensional range.

(a) Show that there exist vectors u,v such that Az = (v|z)u for all z € H.
(b) Show that A? = \A for some scalar )\, and that || A|| = ||ul||]v]-

(c) Prove that A is hermitian, A* = A, if and only if there exists a real
number ¢ such that v = au.

Solution: (a) If Az = au then

(ul Az) = (u] o) = aul?

so that (u] Az) (A )
u| Az u|x
o= = = (v|x)
olZ = Juz
where
Y- A*u
Jul|?”

(b) We now have for arbitrary z € H
A’z = (v| Az)u = (v|(v|z)u)u = (v|z)(v|u)u = (v]u)Az
so that A2 = AA where A = (v|u). Using the Cauchy-Schwarz inequality
|Az|* = (Az | Az) = [lu]]*|(v]2)* < [Jull*|lv]]*[l2].

Hence, if ||z||> < 1 then
1A2]* < flul®|lv]®
while equality is achieved if we set z = v/||v||. Thus ||A]|? = ||u|?||v]|>.
(c) If A = A* then
A*u Au (v]uyu

= = =au

T el T el T Tl

where
o= (v|uyu _ (A*u|u)u _ (Au|u)u
lull® lull* R

whence a = @ since (Au|u) = (u|Au) = (A*u|u).
Conversely if v = au then for all z,y € H

(Az]y) = afv|z)(uly) = alz|u)(u]y),
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while
(A%z|y) = (]| Ay) = (v|yNz|u) = al{u|y)(z|uv) = (Az]y).

Hence A*z = Az for all z, i.e. A is Hermitian, A = A*.

Problem 13.19 For every bounded operator A on a Hilbert space H
show that the exponential operator

A = A"

¢ 7;) n!
is well-defined and bounded on #. Show that
(a) e = 1.
(b) For all positive integers n, (e

A)n — en4,

(c) e is invertible for all bounded operators A (even if A is not invertible)
and e~ = (e?)7l.

(d) If A and B are commuting operators then e4*5 = edeB,

(e) If A is hermitian then e’/ is unitary.

Solution: The proof that e is a bounded linear operator follows along similar lines
to the proof of Theorem 13.12. Let = be any vector in H. Since ||A*z| < ||A[|(AF 1)
it follows by induction that A* is bounded and has norm || A*|| < (||A||)*. The vectors

A? A"
Up, = (I+A+§+ +F)m
form a Cauchy sequence, for
Am+1 A™
e = el = || (G + -+ )]
Am+1 AP
<t e
A+ IIAH"
Al? A|l™
< (eI = (7 -+ 4] + I e

—0 asm — oo.

Since H is complete, u,, — u for some u € H, so there is a linear operator e : # —
H such that u = etz. We write ed = 3°°° | A" /n!, in the sense that

N
lim (4= 4m)z =0
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for all z € H.
(a) If A =0 then A™ = 0 for all integers n > 1, hence

0? o

so that the limit €%z = lim,, o0 up, = = = Iz for all z € H.

(b) and (c) are most easily proved by first showing part (d) (alternatively we can
show them specifically in a completely analogous manner).

(d) Since all operators are bounded and therefore continous, there is no ambiguity
in reorganizing the infinite series,

The p-th term in this sum is
oA BY  Ar-l Bl A pr
TN o T o
Since A and B commute, AB = BA, we have the binomial expansion

p

(a+BP=3 @ A7EB" = plG,
k=0
whence
[o¢] (o0} p
edel = Z C, = Z 7(14 +'B) = eAtB,
p=0 P

Part (b) now follows by induction. For, the case n = 0 is essentially part (a), while
if we assume (e?)” = e then set B = A, which evidently commutes with nA, we
have by part (d)

(eA)n+1 _ (eA)”eA — enAeA — enA+A — e(n+1)A‘

To show (c), set B = —A, and we have

ele =A== 1.

Hence e=4 = (e?)~1.

(e) From Theorem 13.13 (iii) it follows at once by induction that (A™)* = (A*)™.
Hence

()" = o™,
Hence if A is Hermitian, A = A*, then e’/ is unitary, for

. - . ok s .
ezA(ezA) :eer(zA) :eer iA :eer A _ T
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Problem 13.20 Show that the sum of two projection operators P +
Py is a projection operator iff Py;Py = 0. Show that this condition is
equivalent to M L N.

Solution: Py + Py is a projection operator iff

(Pyr + PN)2 = (PM)2 + (PN)2 + Py Py + Py Py
= Py + Py + Py Py + Py Py
= Py + Py
ie. iff
Py Py = —PnPyy. (%)
Multiplying this equation on the right and left by Py gives (using (Py)? = Py)
PnPy Py = —PyPy Py

whence PyPy Py = 0. Multiplying Eq. (%) on the left by (I — Py) and using
(I — Py)Pyx = Py — (Pyn)? = 0 we have

0= —(I — Py)Py Py = —Py Py + PyPy Py = —PyPy.

Hence a necessary and sufficient condititon for Py 4+ Py to be a projection operator
is that Pps Py = 0. Similarly we must have Py Py = 0.

If M and N are orthogonal subspaces then for all u € H,
Py(Pyu) =0

for Pyu € N ¢ M+. Hence Py, Py = 0.
Conversely, if PyyPyu = 0 for all u € H, then for all v € M, w € N we have (using
the fact that Py, is Hermitian)

(v]w) = (Pyv| Pyvw) = (v| Py Pyw) = (v| Pyy Pyw) = (v]0) = 0.

Hence M 1 N.

Problem 13.21 Verify that the operator on three-dimensional Hilbert
space, having matrix representation in an o.n. basis

O Nl
O = O
Nl—= O Nl

i
2

is a projection operator, and find a basis of the subspace it projects onto.
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Solution: The operator is clearly Hermitian, since its matrix satisfies Pt = P.
Furthermore it is idempotent

1 ) 1 )

7 0 3 7 0 3
pP? = 01 0] =(0 10|=P

503 ol

We seek eigenvectors u = ze; + yes + zes, such that Pu = u:

L , ) ,

5 0 3 T 3T+ 52 T

0 1 0 y | = Y =1y

i 1 —i 1
-5 0 3 z Fr+ 52 z

The general solution is z = —ix, so that the space M projected into by P is spanned
by the orthonormal vectors

1 0

1 1
0 and 1] =es.

%(61 — ieg), 0

Problem 13.22 Let w = ¢2™/3, Show that 1+ w + w? = 0.

(a) In Hilbert space of 3-dimensions let V' be the subspace spanned by
the vectors (1,w,w?) and (1,w?,w). Find the vector ug in this subspace that
is closest to the vector u = (1,—1,1).

(b) Verify that v — ug is orthogonal to V.

(c) Find the matrix representing the projection operator Py into the
subspace V.

Solution: w = ei™/3 = 27/3 =5 Hence

2 1
1+w+w2:1—1—2005%:1—2005%:1—2.5:0.

(a) Let up = a(l,w,w?) + B(1,w?,w), then

luo — ull> = |a+ B — 112 + |aw + Bw? + 112 + |aw? + Bw — 1]2
=la?+ |82 +1+af+aBf—a—-a—-pB-7
+ la? +18)? + 1 + afuw@® 4+ afww’ + aw + aw + fw? + fa”
+ |o)? + |82 + 1 + afow? + afwa’ — aw? — aw’ — fw — Bw.

2 2

Using w = w”, w* = w and, from the above identity,

14 w—w?=2w etc.
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we have _
lug — ul|* = 3 + 3|af® + 3|8)? + 20w + 26w + 26w + 2Bw.
This has a minimum at
0 0 0 0

(where a and @ etc. are taken as independent variables), i.e.

da+2w=0
3aa+2w =0
384+2w=0
38+ 2w =0
whence 5 5 5
o = —gw: —§w2, ,6 = —gw

The vector closest to u = (1,—1,1) is thus

up = (—2w?,

(b) Let
er = L(1,&1,&12), eo = L(I,wZ,w)

V3 V3

so that (e; | e;)d;; (4,7 = 1,2). This is an orthonormal basis spanning V. Then

u —ug = (3, %, %) and we have

—_

1
(u—uo|61>=ﬁ(l+w+w2):0,

1
(u—uo|62>=ﬁ(l+w2+w):0,

so that v — ug is orthogonal to V.

(c) The projection operator onto V is (in bra-ket notation)

Py =ler)(e1]| + |ez)(ez|

1 2 w4+ w? wHw?
=— | w+ w? 2 w4+ w
V4w PHw 2

2 _1 _1
I BT L
= 3 3 3
1 1 2

3 3 3
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Problem 13.23 An operator A is called normal if it is bounded and
commutes with its adjoint, A*A = AA*. Show that the operator

b
(o) = (o) + 1 [ Kl p)p)iy
on L?([a,b]), where c is a real number and K(z,y) = K(y,z), is normal.

(a) Show that an operator A is normal if and only if ||Au|| = ||A*u|| for all
vectors u € H.

(b) Hence show that if A and B are commuting normal operators, AB
and A + AB are normal for all A € C.

Solution: The operator A is bounded since,
qun2=1LbZ@Cﬁchwdx
= [ (T + i [ Koy~ ievte) [ K o)
t/m/@/dey VK (@, 2 (2)
—/dﬁ /\w/dﬂrxy WK (. 2)(2))
H/M/@/MK% 2, 2)|) I

Its adjoint is found form (A*y|p) = (| Ap), i

/abA*¢($ dx—/¢ (c(z /ny dy)dz
=/a +z/dx/dyKy, P ()

on interchanging the variables of integration x and y in the double integral. Hence

(@) = H/K% W), dy

ie.
Ap(@) = opto) i [ K
+z/K:ch y)dy = A(x)
Hence A is Hermitian, A = A* and therefore normal since AA* = A*A = A2.
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(a) If A is normal then, using A = A™,
|Au||? = (Au| Au) = (u| A* Au) = (u| A*Au) = (A*u| A*u) = || A*ul/?
Conversely, if ||Au||?> = ||A*u||? then we have for all u € H
(u| A*Au) = (u]| AA™u).
Replacing u by v + w and v 4 ¢w and expanding we find
(v|AA*w) + (w| AA™v) = (v]| A" Aw) + (w | A* Av)
i(v|AA"w) — i(w| AA™) = i(v]| A* Aw) — i(w | A* Av).
and adding and subtracting these equations as in Problems 13.2 and 13.13, we

have (v | AA*w) = (v | A*Aw) for arbitrary vectors v and w. Hence A is normal,

AA* = A*A.
(b) This result is much easier if we assume 7' commutes with Sx,
TS* =8*T
which on taking the adjoint gives
ST* =(TS*)" =(S*T)" =T"S.
Then, since S and T' are normal, SS* = §*S and TT* = T*T,
(TS)TS)" =TSS*T* =TS*ST*
=S*TT*S = S*T*TS = (T'S)*TS
and
(T +XS)(T+MS)" = (T +\S)(T" + XS*)
=TT* + AST* + A\T'S* + A\\SS*
=T*T + AT*S + A\S*T + A\S*S
=(T" + XS*)(T + AS)
=(T+AXS)*(T+ \S)

The tricky part is to show that T'S* = S*T implies T'S = ST. Any operator may
be written 7' = A + iB where A and B are hermitian (A = A*, B = B*), on setting
A= 3XT+7T*) and B = —3i(T — T*). The operator T is normal iff A and B
commute, [A, B] = 0, for
TT* =T"'T <— (A+iB)(A-iB)=(A—iB)(A+iB)
<= 2i(BA- AB)=0.
Using the fact that any commuting pair of hermitian operators have a complete set

of eigenvectors {e;} (see Section 13.5 for definition of complete set of eigenvectors
and Chapter 14, Theorem 14.2) we have

Aei = a;€;, Bei = biei
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where a; and b; are real numbers. Hence
Te; = aye;, a; = a; + ib;,

i.e. we may assume every normal operator is diagonalizable. Set
. _
Sei = E Sijej, S €; — E Sijej
J J

and we have

(TS* = 5*T)e; = Y (Sjiaj — ciSji)ej = 0.
Hence

so that for each pair i # j
Sji =0 or ij = Q4.

This implies that
S;i=0 or aj =

which is equivalent to T'S = ST'. This proves the result.

Problem 13.24 Show that a non-zero vector u is an eigenvector of an
operator A if and only if [(u|Au)| = [|Au||||u||.

Solution: 1If uw is an eigenvector of, Au = Au, then

[Aull = /{Au| Au) = \/ AN u|u) = [A[]|ull

Hence
[(u] Au)| = [(u| du)| = |A[[[ul® = || Aul|||ull.

By the Cauchy-Schwarz inequality (Theorem 5.4), we have

[(u] Au)| < lull]| Aul|

and Corollary 5.13 asserts that equality can only arise if Au is proportional to u, i.e.
there exists A € C such that Au = Au. Hence |[(u| Au)| = ||Aul|||u]| = Au = Au.

Problem 13.25 For any projection operator P,; show that every value
A # 0,1 is a regular value, by showing that (P,; — AI) has a bounded
inverse.
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Solution: To show that Py; — AI has an inverse it is required that for every vector
u € H there exists a vector v such that u = (Pp; — AI)v. Then

v = Pyru = (1 — \)Ppv
u" = (I — Pyr)u = —X(I — Py)v.

Hence, if A# 0 or 1,

1

/:P — !

v VU 1_>\u
”:(I—PM)U:— ull

Hence,

L pyu— (= Py
v=——Pyu— -1 — U
I—x M7 M

and it is simple to verify that (Py; — AI)v = u. Thus

1 1
— -1 _ JE —
(Par = M)~ = =Py — (I = Pap).
To show (Py; — AI) ! is bounded,
1(Pas = AL~ a2 = (Par =AD" (Par — AD) ")

/ " / n

_ < wo_vlw “_>
ERYED RPN TP NP
1 1
= 1 + oz a1
DY R
Since u = u' + " and (u'|u”) = 0 we have
lull? = Jlu'|[* + [la"]1%,

whence ||u'||? < |Jul|? and |Ju"]|? < |Ju]|?>. We conclude that

1

Py — ) 2 < (——
I(Par = A0l < (=5

1 2
+ W)HUH )

so that (Py; — AI)~! is a bounded linear operator on .

Problem 13.26 Show that every complex number ) in the spectrum
of a unitary operator has |\| = 1.

Solution: If U is a unitary operator, U*U = I, all eigenvalues have absolute value
1, for
Uu=Xu = [[Uul® = [lul* = X*]u]*.
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Hence if u # 0 then |jul| # 0 and |A\]2 = 1, i.e. A = e for a real angle 6.

To show that the spectrum lies entirely on the unit circle we must show that all
|A| # 1 are regular values, i.e. (U — \I)~! exists and is bounded. The proof follows
on similar lines to that of Theorem 13.18. Firstly, the operator U — Al is one-to-one
for |A| # 1, since there are no non-trivial solutions of the equation (U — AI)u = 0.
If Uu — Au = v and |\| < 1 then, by the triangle inequality,

Uu =+ = 0ul = el < Wl + ol =l < 72
while if || > 1
du=Uu=v = Allull < Jull + ol = ] < 52
Hence for all |A\| # 1,
lull < % (+)

Let V. ={U — Al)u|u € H}. This vector subspace is closed for if v, = (U — AI)u,, €
V is a convergent subsequence, v, — v then is is a Cauchy sequence, and by the
inequality (x) it follows u, (uniquely defined because U — AI is one-to-one) is also
a Cauchy sequence and therefore converges, u, — u. Since U — Al is a continuous
linear operator (since it is bounded), we have (U — A\)u = v and therefore v € V.
Thus V is a closed subspace. Furthermore V' = H, for if not there exists a vector
w LV, ie.

0= ((U - M)u|w) = (u|(U* - N)w) for all u € H.

Setting u = (U* — Xlw we have (U* — M)w = 0, which is impossible since U* = U~!
is also unitary and |\| = |A| # 1. Thus w = 0, and we conclude V' = #, the operator
(U — AI) is onto and one-to-one, i.e. invertible.

Problem 13.27 Prove that every hermitian operator A on a finite
dimensional Hilbert space can be written as

k k
A= Z NP where ZPi =1, P,P; = PjP; = §;; P..
i=1 i=1

Solution: From Chapter 4 we have that every operator A on a finite dimension
vector space H has an eigenvalue, being a solution of the polynomial equation
det(A — AI) = 0. By Theorem 13.15 all eigenvalues of a Hermitian operator are
real, displayed in ascending order

AL < Ao < -0 < Ay
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and eigenvectors corresponding to different eigenvalues are orthogonal,
Au=Nu, Av=XN\v, (i#j) = (u|v)=0.
Let M; be the i-th eigenspace
M; ={u € H|Au = \ju}

so that M; L M; for i # j.

A Hermitian operator A on a finite dimensional Hilbert space is always complete,
H = My + My +- - -+ My, for if not let W = (My + My +-- -+ My,)". The subspace
W is invariant under A, for if w € W and u € My + My + - - - + M}, then

(Aw|u) = (w|Au) =0 = Aw e W.

Hence the restricted operator Ay has an eigenvalue « with eigenvector w € W, so
that
Aw = Aww = aw.

But this would imply « = \; for some 4, and gives the contradiction w € M;.

Let P, = Py, be the projection operator into the k-th subspace, then P;P; = P;P; =
0 for 4 # j since the subspaces M; and M; are orthogonal to each other (see Problem
13.20). Since (P;)? = P; we have the equation

PiP; = PjP; = 0, P;.

By Theorem 13.8 every v € H has a unique decomposition v = Pju + u’ where
u' € Mi-, and

v =P + 4" = P+ where u" e (My + Mg)L etc.
Continuing in this way we find every vector u has the decomposition
u=Iu=Pu+P+Pyu+ -+ Pu

so that
I:P1+P2—|-+Pk

Since P;u € M; we have AP;u = \; P;u, whence
Au = A(Plu +Pu+---+ Pku) = AMPiu+ XPu+ -+ A Pru,

giving
Au= MNP + P + -+ M\ Py

Problem 13.28 For any pair of hermitian operators A and B on a
Hilbert space 1, define A < B iff (u|Au) < (u|Bu) for all u € H. Show that
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this is a partial order on the set of hermitian operators—pay particular
attention to the symmetry property, A < B and B < A implies A = B.

(a) For multiplication operators on L?(X) show that A, < Ag iff a(z) < B(z)
a.e. on X.

(b) For projection operators show that the definition given here reduces
to that given in the text, Py < Py iff M C N.

Solution: Since A and B are Hermitian operators, (u | Au) and (u | Bu) are real
numbers, e.g.

(u] Au) = (Au|u) = (Aufu) = (u| Au),
and can therefore be compared by <. Referring to the definition of a partial order
in Section 1.3, we must show that the defined relation is symmetric transitive and
symmetric. Reflexitivity, A < A and transitivity A < B, B < C = A < (C are
both trivial, but for symmetry we must argue as follows: If A < B and B < A then
(u| Au) = (u| Bu) for all u € H, i.e. setting C = A — B, (u|Cu) =0 for all u € H.
replace u by u + v and u + v respectively gives
(v|Cu) + (u|Cv) =0

—(v|Cu) + (u|Cv) = 0.
Adding these two equations gives (u|Cwv) for all u,v € H, which implies C' = 0, or
equivalently A = B.

(a) For A, : f — ag where « is a bounded measurable function on X, we have
Ay < Ap iff

[ alfPans [ pirpae oran g e ).
X X

Suppose that the set A = {z € X |fB(z) < a(z)} has positive measure, p(A) > 0,
then set f = x4 and we have, using Problem 11.12 and Theorem 11.8,

/ (o~ B)If2du > 0,

in contradiction with the assumption. Hence a(z) < f(z) a.e. on X.

(b) If P is a projection operator then any vector v can be decomposed u = Pu +
(I — P)u, and we have

(u| Pu) = (Pu + (I — P)u|Pu) = (Pu|Pu) = || Pul?,

and
|ull* = (Pu+ (I = P)u|Pu+ (I — P)u) = ||Pul]” + ||(I - P)ul*.

Thus ||u|| > ||Pu| with equality iff u = Pu.
Assume Py; < Py, ie. (u| Pyu) < (u| Pyu) for all vectors u. If there exists a
vector in M which does not belong to N then Py;u = u and Pyu # u, hence

(u| Par) = [ull® > [Prul® = (Pyu| Pyu) = (u] (Py)u) = (u] Pyu).
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Hence we must have M C N.
Conversely if M C N then for all u € H,

PMU = PM(PNU + (I - PN)U) = PMPNU
since (I — Py)u € N+ € M+, Hence, for all vectors u,
(u| Pru) = [|Pyull® = |ParPrull® < | Pyull? = (u| Pyu),

ie. PM < Py.

Problem 13.29 For unbounded operators, show that

(a) (AB)C = A(BQC).

(b) (A+B)C = AC + BC.

(c) AB+ AC C A(B+ C). Give an example where A(B + C) # AB + AC.

Solution: If A is an operator with with domain D4 and B has domain Dpg, then
A + B is defined on domain D4 N Dp, and AB has domain B~'(Rp N D) =
D N B Y(D4). Also note that for any operator A and subsets U, V#H, we have
ATYUNV) =AY U)N A~ (V) and (AB)~Y(U) = B~1(A~Y(U)).

(a) On the common domains of these operators it is clear by associativity of functions
in general that (AB)Cz = A(BC)z. It is therefore only necessary to show that the
domains are equal:
D(AB)C’ = D¢g N Cil(DAB)
=DcNC Y DpNB YD)
=DcnNC Y Dp)NC 1B (D).

and
Dugey = Dpe N (BC)™H(Da4)
=DcnN C_I(DB) N C_I(B_I(DA)) = D(AB)C-
(b) Since D41 p)c = Doc N C~ (DN Dp) we have

Dacypc =Dac N Dpe
=DcNC YDy NDeNC HDp)
=DcNC H(DaNDp) =Daip)cs
and for all z in this common domain, it is clear that (A + B)Cz = ACz + BCl.

(c) Since Dy is a vector space, then for any z € Dp N D¢ such that Bz € Dy and
Cx € Dy we evidently have Bz + Cz = (B + C)z € Dy, ie. z € (B+ C)~YDa).
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Hence B~ (D) NC 1 (Dy) C (B +C) Y(Dy4), and it follows that

Daptac = Dap N Dac
=DpNB Y DA)NDcNC(Dy)
=DpNDcNBH(DA)NCT(Dy)
C DppcN(B+C) " N(Da) = Dagic).-

Hence AB + AC C A(B + C).

To find an example where this is a strict set inclusion, let A be any unbounded
operator on #? such as the operator A~! given in Example 13.16. This operator has
Ae, = ney, and Dy = {y| >0%  n?|ly,|* < oo}. Let B be the identity operator
on /2, B=1and C = —I. Then B + C = 0, and since 0 € D, it is clear that
(B+C)~YDy4) =H. Hence

DA(B+C’) =DpicN(B+ C)il(DA) =HNH=H

while
Daptac =DapNDac=DaNDy=Dy #H.

Problem 13.30 Show that a densely defined bounded operator A in H
has a unique extension to an operator A defined on all of . Show that
1Al = Al

Solution: Let D4 be the domain of the bounded operator A. Boundedness means
that there exists K > 0 such that |Az|| < K||z|| for all z € D4. Let u be any vector
in H, and u, € D4 a sequence such that u, — u (exists since D 4 is a dense domain
in H). Since u, is a Cauchy sequence, it follows that so is Auy,,

“Aun - AumH < K”Un - Um” — 0.

Hence, by completeness of H, Au, converges to a vector v € H. Set Au = v. This
definition is independent of the choice of sequence approaching u, for if u], € D4 is
any other sequence , u!, — u, then

| Auy, — Aul|| < K|lup — ul, || < K(||un — ul|| + |Jul, — uH) —0+0=0.

Hence Au], — Au, — 0, and lim,, oo Aul, = lim,,_, Aun; Furthermore, if u € Dy,
take u, = u for all n = 1,2,..., and we clearly have Au = Au, so that A is an
extension of A. The operator A : H — H is bounded since, on using Lemma 13.5,

[Aun || < Kllun|| = [la] = lim||Au,[| < K limllu, || = Klul].

Uniqueness follows from the fact that every bounded operator on H is continuous,
so the limit of Au, is unique.
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The norm of A is defined as the least upper bound of all K such that ||Aul| < K for
all u € Dy with |Jul]| < 1. Consider any v € H such that ||ul| < 1. We may take a

sequence u, — u in D4 such that all ||u,|| = ||u||: e.g. for any sequence u, — u set
, U, u
uy = T llull = —=llull =
"l il
and clearly ||u,|| = ||lul| for all n. Thus

1 Aul| = Tim Aun, < [ Allunll = [1A] lu] < [1A]-

Therefore ||A|| < ||A|l. On the other hand it is impossible that ||A|| < ||A|, else for
all u € Dy C H with ||ul]| <1 we have ||Au|| = ||Au|| < ||A]|. This contradicts || A|l

being the least upper bound of all values of ||Au|| with € D4 and ||lu]| < 1. Hence
1Al = [[All-

Problem 13.31 If A is self-adjoint and B a bounded operator, show
that B*AB is self-adjoint.

Solution: Since A is self-adjoint we have D4 = D4+ and (u| Av) = (Au|v) for all
u,v € Dy. Now since Dp = H,
Dp-ap = DN B (Dp+2a)
=HNB Y DsnAHDg-))
=NB Y (D4)NB (AT H))
=NB~Y(D4)NNB~Y(Dy)
=NB~Y(Dy).
Hence
uw € Dpayp <= Bu€ Dy =Dy~
<= (Bu|Aw) = (ABu|w) Yw € Dy
<= (Bu|ABv) = (ABu|Bv) Vv € B YD)
<= (u|B*ABv) = (B*ABu|v) Vv € Dp-ap
<< uc D(B*AB)*
We have then for all u € Dp~ap = D(p+ aB)*,

(B*AB)*u = B*ABu

giving the desired result.

Problem 13.32 Show that if (A, D4) and (B, Dg) are operators on dense
domains in H then B*A* C (AB)*.
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Solution: Let x € Dp«a« = D« N (A*)"Y(Dp+). Then 2 € Da~ and A*z € Dp-.
Hence for all y € Dp
(B*A*z|y) = (A"x| By)

In particular, for all y € Dap = DN B*I(DA) we have By € D 4, and
(z|ABy) = (A"z|By) = (B" A"z |y)

whence z € Dyp)- and
(AB)*z|y) = (B A"z |y).

Thus, Dp~ 4« € D4py- and (AB)*r = B*A*z for allz € Dp-4+;i.e. B*A* C (AB)*.

Problem 13.33 For unbounded operators, show that A*+B* C (A+B)*.

Solution: For all x € Dg«1p« = Dy« N D+« and y € Dyyp = Dy N Dp we have
(z|Ay) = (A"z|y),  (z|By) = (B"z|y),

since z € Dy+,y € Dy and x € Dp+, y € Dg. Hence

(z[(A+ B)y) = (z]| Ay) + (x| By)
= (A"z|y) + (B"z|y)
= (A"z + B*z|y).

Hence z € D(A+B)*, ie. Da-ip C D(A+B)*a and
(A*+ B )z = A"z + B*z = (A+ B)'z

for all x € D g~;p-. This is the required conclusion A* + B* C (A + B)*.

Problem 13.34 If (A,D,) is a densely defined operator and D4~ is
dense in H, show that A C A**.

Solution: Ifv € D4 and u € D 4+« then
(u| Av) = (A%u|v).

Using (IP1),

(Av|u) = (v] A*u)

and taking complex conjugate
(v]|A*u) = (Av|u).

Hence v € D, i.e. Dy C Dy«~, and A**v = Av for all v € Dy. In summary,
A C A**,
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Problem 13.35 If A is a symmetric operator, show that A* is symmetric
if and only if it is self-adjoint, A* = A**.

Solution: Let A be a symmetric operator,
(Au|v) = (u| Av) Vu,v € Dy.

From Theorem 13.23 we have A C A*.

If A* is self-adjoint, A* = A**, then it is symmetric by Theorem 13.23, since A* C
A**,

Conversely, if A* is symmetric,

(A*u|v) = (u] A*v) Yu,v € Dy~

then by Theorem 13.23 that A* C A**. Setting B = A* in Theorem 13.22, we have
A C A* = A* C A*. Combining these two, A* = A**, A is self-adjoint.

Problem 13.36 If Ay, Asg, ..., A, are operators on a dense domain such
that
n
D ArA; =0,
i=1
show that A1 :A2 ::An = 0.

Solution: Let B =73  A¥A; =0 on a dense domain Dp. For any operator A on
a dense domain Dy and u € Dg-g = Dy N (A*)"(D4) we have u € Dy C D g
and A**u = Au (see Problem 13.34). Hence

(u| A" Au) = (A™ | Au) = (Au| Au) = ||Au||2
Hence, for all u € Dpg,

n
(u|Bu) = | 4jul* =0
=1

whence, since all summands are non-negative, ||A;u?> = 0 for all i = 1,2,...,n.
Thus A;u = 0 for all v € Dpg, and since Dp is a dense domain, we have A; = 0 on

H.

Problem 13.37 If A is a self-adjoint operator show that
(A + iD)u|l? = || Aul* + [|ul|?

and that the operator A + iI is invertible. show that the operator U =
(A—iI)(A+iI)~! is unitary (called the Cayley transform of A).
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Solution:

(A4 iDul|> = (A+iDu| A+ il)u)
= (Au|Au) — i(u| Au) + i(Au|u) + (—1)i{u|u)
= || Aul)? + [Jul®

The proof that A + 4I is invertible follows along similar lines to that of Theorem
13.18. Let V = {(A+il)u|u € D4}, a vector subspace of H. It is in fact a closed
subspace, for if v, = (A + il )u, is any convergent sequence of vectors in V', v, — v,
then it is a Cauchy sequence, ||v,, — v,|| — 0 as m,n — oo. Hence, by the above
identity,

[ At = Aun || + [lum = un||* = [lom — va]> = 0

and it follows that both u, and Au, are Cauchy sequences, |[um, — u,|?> — 0,
| Ay, — Aug|? — 0, so that there are limits u,, — u, Au, — u' = v —iu. Since A is
self-adjoint it is a closed operator (use A = A* and Theorem 13.21), hence v’ = Au,
and v = (A + il)u. Hence V is a closed subspace of H.

In fact, V =H, for if w L V, then

0=((A+il)u|w) =iu(A —il)w Yu € Dy.

As Dy is a dense domain, (A — il)w = 0, and by the argument for the identity at
the beginning of this problem,

lAw|® + [lw]]* = 0

so that w = 0. Hence V = H, and the operator A + i[ is invertible—for any v € H

there exists a unique u € Dy4 such that (A + iI)u = v (uniquencess follows from the
fact that ker(A +4I) = {0}.

For any pair of vectors u,v € H,

(Uu|Uv) = (A —il)(A+ i) tu] (A —iI)(A+iI) " to)
= (A4 D) tul(A+iI)(A —il)(A + i) o)
= ((A+ i) tu| (A —il)(A+il)(A+iI) o)
= ((A+iI)tu| (A —il)v)
= (A4 iI)(A+iI) " ulv)
= (u|v)

Thus U is a unitary transformation of #.
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Chapter 14

Problem 14.1 Verify for each direction

n = sin @ cos ¢e, + sin O sin pe, + cos fe,

< cos@ sin 0e“¢>
On =

sinfe'®  — cosh

the spin operator

has eigenvalues +1. Show that up to phase, the eigenvectors can be

expressed as
19 it _ gin Lge—id
_ cos 50e R sin 5 0e
[+m) < sin%@ >’ ) < cos %0 >

and compute the expectation values for spin in the direction of the various
axes
<0i>in = (:|:n|oi|:i:n).

For a beam of particles in a pure state |+n) show that after a measurement

of spin in the +x direction the probability that the spin is in this direction
1

is 5(1 +sinfcos ).
Solution: Figenvalues A\ are solutions of the equation
det(oq — M) = (cos@ — \)(—cosf — \) —sin®0 =\? —1 =0,

ie. A ==£1.
The +1 eigenvector,

|+n) = (i;) ,  Opl+n)=|+n)

has _
Y1 = cos Oy + sinfe Pep,

ie. ” ) ) ”

sinfe™" 2sin 50 cos F0e™" Lo i

1= 1—cosf > 2sin? 16 Y2 = cot ybe i
2
Normalizing,
2
[l al? = P+ cot? 30) = 122~y
sin” 50
gives, up to an arbitrary phase factor,
1y = sin %0, 1 = cos %He*w.

228



For the —1 eigenvector, op|—n) = —|—n), we have

—ginfe~ ¢

— — tan LPe?
1+ cosf ¥ an 30 4,

P =
and normalizing gives (up to a phase)
i1 = —sin %He_w, 1o = COS %0.
The expection direction in the z-direction in the |+n) direction is

(01)4n = (+nlo1[+n)

) lpn—id
= (cos %Oe“z’ sin%@) ((1) é) <COZ§19§0 )

= cos %9 sin %Hew + sin %0 cos %Oe*”5

= sin f cos ¢.
Similarly
(02)4n = (+nloz[+n)
= i(—cos %9 sin %Hew + sin %0 cos %He_w)
= sinfsin ¢,
and

(03)4n = (+n|o3|+n) = cos® 10 — sin? 10 = cos 6.

The expection values in the |—n) direction are

(01)—n = (—n|o1[—n) = —sinf cos ¢,
(02)—n = (—n|oz[—n) = —sinfsin ¢,
(03)—n = (—nlos|—n) = —cos 6.

For a beam of particles in a state |+n) the probability P that the spin is in the
z-direction after a measurement of spin in the +xz direction is

P = [(er|+n)|?

where (setting 8 = 7/2, ¢ = 0 for the +z direction)
I /1 cos e
= — = 2
=5 (1) = (M%)

1 . 1 2
coS %He_m’ + ——sin %9‘

P=|—
V2 V2
(cos? 160 + sin® 10 + sin 16 cos 10(e ™% + ¢'?)

Hence

(14 sinf cos ¢)

N =N =
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Problem 14.2 If A and B are vector observables that commute with
the Pauli spin matrices, [0;, A;] = [0;, B;] = 0 (but [A4;, Bj] # 0 in general)
show that

(0-A)(c-B)=A-B+i(AXxB)-o
where o = (01,09,03).

Solution: A straightforward computation shows that

0109 = —0201] = 103
0903 = —0309 = 101
0301 — —0103 — iUQ

(01)* = (02)* = (03)? = I
which may be summarized in the single equation
005 = 5ijI+ ieijkgk-
Hence, using the Cartesian summation convention,
(0-A)(o-B)=0;A;0;B;
= 0;0;A;B;
= ((5@'[ + iez’jkak)AiBj
= A;B; + ieijkAiO—kBj
= A;B; + iez’jkAiBjUk
=A-B+i(AxB)-o

Problem 14.3 Prove the following commutator identities:

[A,[B,C]]+[B,[C, A]l + [C,[A,B]] =0 (Jacobi identity)

[AB,C] = A[B,C] + [A,C]B
[A, BC] = [A, B]C + B[A,C]

Solution:
t [A,[B,C]] + [B,[C, A]] + [C,[A,B]] = A(BC — CB) — (BC —CB)A

+ B(CA— AC) — (CA — AC)B
+C(AB — BA) — (AB — BA)C
=0
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as all terms cancel in pairs.

[AB,C) = ABC — CAB = A(BC — CB) + ACB — CAB
— A[B,C] +[A,C]B

[A,BC] = ABC — BCA = (AB — BA)C + BAC — BCA
= [A, B|C + BIA, C).

Problem 14.4 Using the identites of Problem 14.3 show the following
identities:
[Q", P] = nih@Q""",
(Q, P™] = mihP™ ",
[Q", P?] = 2nihQ" "' P + n(n — 1)A2Q" 2,
[Lim, Qk] = ihemi; Qj, [Lin, Py] = ihemp; Py,

where L, = €,,;;Q);P; are the angular momentum operators.

Solution: The first three identities are all assumed to be one-dimensional. We
prove the first and second identities by induction. For n = 1 and m = 1 both reduce
to Eq. (14.7), [Q, P] = iAl. Assume the first identity holds for n — 1, i.e. assume

[@"~", P] = (n— 1)ih@Q" 2.
Then, using the second pair of idenities in Problem 14.3,
[Q", P =[Q"'Q, Pl = Q"7'[Q,P] +[Q"", PIQ
= ihQ" ! + (n — 1)ihQ"2Q
= nihQ™ L.
Similarly, assuming [Q, P™ '] = (m — 1)iAP™ 2, we have
Q. P™ = [Q, PP = [Q,P™ P+ P [Q, P]
= (m — 1)ihP™ ! 4 ihP™ ' = mihP™ L,
[Q", P?] = [Q", PP] = [Q", PP + P[Q", P]
= nihQ" 'P + nihPQ" !
= nih[Q" ', P] + 2nihPQ™ !
= nik[Q"~", P] + 2nih([P,Q" '] + Q"' P)
= —nih[Q" ', P] + 2nihQ" "1 P
=n(n — 1)A2Q"? + 2nihQ" ' P.
In three dimensions we have
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Hence
[Lin, Qk] = [emi; Qi P}, Qk]
= emij (Qil P}, Qk) + [Qi, Q5]1F))
= €mij (—ih5iji + 0)
= —ihemikQi
= ihemk; Q;
and
[Lm, Pr] = [€mij Qi Pj, Pi]
= €mij|Qi, Px] P
= ihemijoir P
= ihem; Pj.

Problem 14.5 Consider a one-dimensional wave packet

i zpprt/Zm)/h\If(p)dp

1 00
(
e
V 27Th /oo

¢($7t) =

where
T (p) oc e~ (PP0)*/2(Ap)*,

Show that [¢)(z,t)|*> is a Gaussian normal distribution whose peak moves
with velocity p/m and whose spread Az increases with time, always sat-
isfying AzAp > h/v/2.

If an electron (m =9 x 10°28 g) is initially within an atomic radius Azy =

1078 cm, after how long will Az be (a) 2x 1078 cm, (b) the size of the solar
system (about 104 cm)?

Solution: A Gaussian normal distribution with peek at y = yy and root mean
square deviation o is

1

oV 2

N2/ 2
e~y yo)/ZU,

fly) =

where

0’ = /OO (v — y0)* f (y)dy

7io o0 2 2
/ (y —yo)’e W 027y,

oV 2

The wave packet

’l/)(:l?,t) x \/21—h /00 ei(:Ep—pzt/Zm)/he—(p—po)z/Z(Ap)zdp
™ —00

o ,
izpo/h ,—ipdt/2mh 22 it 1 . E o tpi
xe e”'Po /_ooexp[ s (2mh+72(Ap)2)+zs(h mh)]ds
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where p = s 4+ pg. Now

/OO e—a52+bsd8 — /OO e—a(s—b/Qa)2+b2/4adS — ﬁeb2/4a-
—00 —00 \/a

Setting
1, it 1 T tpo
=Gt PTG
we have
P(z,t) = eitPo/he=ipgt/2mh VT o—(@/h—tpo/mh)? /2(it/mh+1/(Ap)?)
(it/2mh + 1/2(Ap)2) '/
whence

|,¢|2 _ 'l/Jg x ef(gr,‘fvt)z/Z(Ax)2
where v = py/m is the velocity of the packet and

1 1 -1
itfmh 1 1/(Ap)? | —itjmh 11 /(Ap)2>

h 1 t?
:EA—p\/Hm(N’)Qv

i.e. the spread Az increases with time, and

(Az)? = 712(

h
AxAp > —.
2
At t =0,
h
Axy =
VTN
whence

$2
Az = Axo\/l + W(AP)Q'

It follows that the spread grows with time and Az = AAz( at time

‘o 2m(Axg)? 1

h
=1.7x10710y/A2 — 1 sec if Azg=10"% cm.

(a) We have A = 2 after time ¢ = 1.7 x 1076 x v/3 = 3.0 x 107'° sec.
(b) A=1.0 x 10?22 at t ~ 1.7 x 10° sec = 20 days.

Problem 14.6 In the Heisenberg picture show that the time evolution
of the expection value of an operator A is given by
d 0A'

Sy = AL H Dy +

dt prl
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Convert this to an equation in the Schrodinger picture for the time evo-
lution of (A),.

Solution:
d d
. Al , = IAI /
(A = 2 (1A))
_ g / 1ot /d_A, / 1Al g /
! ]‘ !/ ! aAI !/
= —[A"H
Wl AL H + S y)
since d d
— / = — / =
~(| = 2l = 0.
Hence
g ! _ i nr Al . /a_A, !
(A = - AL ) + (| )
I TV 0A
= (A H Dy + ()
In the Schrédinger picture we have, using [A’, B'] = [A, B]' and (A')y = (4)y,
d d
el A - AII
A = A0y
1 , dAy\/
= w41 +((F) ).,
1 dA
= wAam, +((F)),
Problem 14.7 For a particle of spin half in a magnetic field with

Hamiltonian given in Example 14.4, show that in the Heisenberg picture

(04(t))n = sinf cos(¢p — wt),
(oy(t))n = sinfsin(¢ — wt),
(0,(t))n = cos .

Solution: From Example 14.4 we have

0 e~ iwt
04(t) = coswtoy + sinwtoy = (eiwt 0 >

. 0 —je wt
oy(t) = — sinwtoy + coswtoy = (z’em 0 )
1 0
O'Z(t):a'3: <0 _1>
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From Problem 14.1 we have

1pa—id
+n) = (cos 20e )

|
sin 50
and
(o2(t))n = (+nfoy(t)|4+n)
; 0 e ™ [cosife i
_ 1 1
= (cos §9ez¢’ sin 50) (eiwt 0 > ( Si?l %9
= cos %Qei‘z’ sin %Oe*m + sin %9 COoS %ge*i(dﬁ*wt)
= sin 36 cos 30 sin(e! (97wt 4 o mid—wh)y
= sinf cos(¢ — wt).
Similarly

ib 0 —tie ™"\ [cos the i?
(oy(t))n = (cos 30 sin 16) (z’e“"t 0 ) ( 2 )

sin %0
= cos $0sin $0(—ie'(?"“") + sin 0 cos 30e (¢~
=sini6cos 16 sin(—ie' (@@ 4 je i o—wh))
= sin#sin(¢ — wt),

and from Problem 14.1
(0(t))n = (+n|os|+n) = cos .

Problem 14.8 A particle of mass m is confined by an infinite potential
barrier to remain within a box 0 < z,y,z < a, so that the wave function
vanishes on the boundary of the box. Show that the energy levels are

1 72h?

FE = %7(7112 +n22 +n32),

where n1, no, n3 are positive integers, and calculate the stationary wave
functions v¢g(x). Verify that the lowest energy state is non-degenerate,
but the next highest is triply degenerate.

Solution: Let 1p(x) be a solution of the time-independent Schrodinger equation
with energy F,

_52
Hw:ywwzmg
m

Look for a solution by separation of variables, ¥ (z,y,2) = X (2)Y (y)Z(2), (i.e. a
common eigenfunction of the commuting hermitian operators (P;)?, (P)? and (P3)?.
This results in an equation

—n? d’X

%W = EIX (E1 = COHSt),
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whence

[2mE [2mE
X = Asin %(II-FBCOS %x

For an infinite potential barrier the eigenfunctions 1r vanish on the boundary of
the box, so that X (0) = X(a) =0, i.e. B =0 and

2mE’1
h2

a=mnym
where ny is a positive integer (> 1). Thus

1 nym o
E, = —(—"h)".
! 2m( a )
Similarly for Y (y) and Z(z), resulting in

nnTxr . N2TY . MN3TZ
sin sin

’ng = Asin

a a
where, on substituting in the original time-independent Schrodinger equation

7.{.2

1
— _ 2 2 2 2
E=E +E+Ey=5h %(nl +ng +ng).

Normalizing the wave function,

a a a a2
Yp|Pdedydz = |[A]? (=) =1
[ et asaus = par (5)

results in the normalized wave function

22 . mimz . NomY . N3MZ
YEp = sin sin sin .
2372

a a a

The lowest energy state is
3 2h?

- 2m a2

which arises from n{ +nd 4+ ng = 1. This is non-degenerate, since it can only arise
from ny = ng =n3 = 1.
The next energy level is n +nf +nd = 1,

_ 371'277,2

m a?

E

which arises from the three possibilities, n1 =no =1, n3 =20rn; =ng =1, no =2
orng =n3=1,n =2.
Problem 14.9 For a particle with Hamiltonian

2

p
H=—
2m-i—V(r)
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show from the equation of motion in the Heisenberg picture that

Lop) = (E) e vm).

This is called the Virial theorem. For stationary states, show that
2(T) = (r-VV)

where T is the kinetic energy. If V' « r” this reduces to the classical result
(2T —nV) = 0.

Solution: In the Heisenberg picture we have for H = p?/2m + V(r), where r =
(1, %9, x3) are the position and p = (p;, p2, p3) the momentum operators,

dz; 1. pjp; 0x;
T~ ahT gy TV LT m)l+
1
= ——([zi,pjlpj + pjlzi,pj]) by Problem 14.3
2ihm
1 .
= 57— (2ihdi;p;)
_bi
m

and d | oV
pi ) _
a PVl = 0z;

i
The last step is most easily seen in the Schrodinger representation where p; =
—ihd/0x;, so that for arbitrary wave functions

0 A~
o, (V) + ihV s =~

[pi, V(x)]y = —ih Y.

Hence, in the Heisenberg representation,

d d b oV p’
—(r-p)= —(z:n:) =Zp — g =2 _¢r.VV.
]t(r ) ]t(xlpl) mpz Dy m r

and
e D)y = Ll BlY)
= W (e P

_ P
= Wl —~ —r-VVy)
= (P
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For a stationary solution ¢ = e *#¥/"¢(r) we have

or-p

d 0
S0l Bl) = £ (6l Bld) = (8] 2l) =0.

Hence, since the kinetic energy is T' = p%/2m,

2(T) = (r-VV).
For V = Ar™,
VV = a—Vf' = Anr" 't = Anr" %r
or
and

r-VV = An’l“niZI' = A.’rL’)"niQ’)"2 = Anr"™ = nV,

which gives the desired result,

2(Ty —n(V) =0.

Problem 14.10 Show that the nth normalized eigenstate of the har-
monic oscillator is given by

1 n
Show from A*1)y = 0 that
_ o JEma2/2h _ (W 1/4
Py = ce where c (—Wh> .

and the nth eigenfunction is

Yn(z) = ﬁ (%)1/45’"‘“2/%1{” (@$>7

where H,(y) is the nth hermite polynomial (see Example 13.7).

Solution: In the discussion of the harmonic oscillator in the text, the normalized
energy eigenstates |1),,) are related by

1
vn—+1

|tns1) = Altpn)

where

A= ﬁ(ﬁpﬂ@@),
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so that, inductively,
1

Vn!

where A*|¢pg) = 0. In the Schrodinger representation the 0 eigenfunction is thus
determined by the differential equation

Ay = IO [Ee

|¢n> = An|"/)0>

which has solution
2 2
'Q[)O(x) ce” kmax*/2h co” MW /2h‘

Normalizing,

T

mw

1= / o (@) 2de = / efe e g = |

— ()"

gives, up to a phase,

From the above discussion,
1
vn!

1 1 —ih d kE \n/mw\1/4 5
= — P —mwz? /2h
vn! (Wﬁ)n/Q (\/2m dx + l\/;:E) ( wh ) ¢ ’

Set y = \/mw/hz and this can be written

inte) = 2= (20) " iy g (g )

Now for any function f(y),

n(x) = —=A"|ho)

simd , df
P i) = (3~ v) ).

Hence, applying the right hand operator again,

2
(S ) 1) = 2 L (2 ),

dy dy
and continuing n times we find
df n . y2/2 d” 7y2/2
(5, ) 7o) ="V 1 ),
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Applying to the function f(y) = e ¥’/2 results in

Af ez — w2 o gyt
(G, ) =P e = (1) ()

where H,(y) are the Hermite polynomials defined in Example 13.7.Expressing in
terms of x we have

ot mw\/4 a2 on mw
(@) = o () e Haly) =)
Problem 14.11 For the two-dimensional harmonic oscillator define

operators A, As such that
[Ai, Aj] = [A], A7] =0, [Ai, AT] = =0y, H = hw(2N + 1)
where 7,7 = 1,2 and N is the number operator
N = %(AIA’{ + Ay A%).
Let J;, J> and J; be the operators
Ji=5(A AT+ ALAD), o= Fi(A2AT - ALA), Ty = S(AuA] - AzA3),

and show that:

(a) The J; satisfy the angular momentum commutation relations [J;, J2| =
1J3, ete.

(b) J2=J2+ J2+ J?%=N(N +1).

(c) [J?,N] =0, [J5, N] = 0.
From the properties of angular momentum deduce the energy levels and
their degeneracies for the two-dimensional harmonic oscillator.

Solution: The Hamiltonian of the two-dimensional harmonic oscillator is
H= L(P12 +P22) + E(Qz +Q22)-
2m 2

Set

1 1 .|k .
Ai:E<\/ﬁPi+l\/;Qi> (i=1,2)

where w = y/k/m, which, just as in the one-dimensional case, can be shown to
satisfy
[Ai, A5] = —04.
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Set N; = A;Af for i = 1,2, and N = %(Nl + N3), then the Hamiltonian can be
written
H = hw(2N +I).

a
( )[JI,JQ] = Ti[As A} + A1 A5, As AT — A A3
= Li([A9A}, — A A5) + [A) 45, A,47))
= i (—A2[A], A1]AS — Ai[Az, ATJA] + A1[A5, A2) AT + Ao Ay, A7]A3)
Li(—Ag Al + AL AT + AL A — AgA3)
= 1J3.
The identities [J2, J3] = iJy and [J3, J1] = iJ; follow in a very similar manner.
(b)

TP =J7 + J7 + I8 = (A AT As AT + A1 A5 AL Ay + Ay AT AL Ay + A1 A5 As A
— AgATA AT — Aj A3 A A + A ATAL A + A1 A5 AR AT
+ A ATALA] + Ap A5 AR A — A AT A AS — Ag AG AL AT)
= 1(2(N1 + 1)Ny + 2Ny (N3 + 1) + Ni? + N> = N1 Ny — NoINy)
= 1(N? + N5 + 2Ny + 2N; + N1N,2 + N3 Ny)
%(N1 + No) (N1 + Na + 21)
=12N(@2N +2I) = N(N + )
(c) It is immediate that

[J?,N] =[N?+ N, N]=0

and also that
[J3,N] = 1[A1 A — Ay A5, A1 AT + A A5) = 0.

There is therefore a common set of eigenvectors to J2, J3 and N. From the discussion
of angular momentum the eigenvalues of J2 are j2 = [? + [ where [ = n/2 (n =
0,1,2,...), and common eigenvectors to J2 and .J3 can be labelled |Im) where m =
—l,..., L

JAim)y =11+ 1)[Im),  J3|lm) = m|lm).

We then must have N|lm) = A|lm) where
AN+ D)|im) =1(1 + 1)|im)

giving that either A = [ of A = —(I + 1). The latter possibility is out, since N is
positive definite

(WINil) = (¥l A A7) = || A7) * > 0.

Hence A = n/2 and the degeneracy is n + 1. The energy level corresponding to this
value of A is E = hw(n + 1).
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Problem 14.12 Show that the eigenvalues of the three-dimensional
harmonic oscillator have the form (n + )hw where n is a non-negative
integer. Show that the degeneracy of the nth eigenvalue is E(n +3n+2).
Find the corresponding eigenfunctions.

Solution: The Hamiltonian of the 3-dimensionsal harmonic oscillator is

P2

phar-yo

where, each H; represents a one-dimensional harmonic oscillator,
H; = wh(N; + 31)

where

. _ NS SR _ |k
N; = A AF = N7, Az—m(Qsz—i-Z\/;QZ) (w=1/=).

From the discussion of the one-dimensional harmonic oscillator in the text, we have
that the eigenvalues of each N; are n; = 0,1,2,.... Hence, since the operators N;
(and therefore H;) commute, the eigenvalues of H are

wh(n + %) where n =mny + no + ng.

As there is a unique |1,,) = A™|1)o) of H; corresponding to each eigenvalue wh(n; +
%), the eigenstates corresponding to eigenvalue wh(n + %) of H can be written as a
linear combination

[Uy) = Z Crynang [Py Y ¥ns ) [Png)-

nit+nz2+ns=n

Hence the degeneracy of the eigenvalue wh(n+ %) is number of ways an integer n. > 0
can be decomposed as a sum of three non-negative integers, n = n; + no + n3. For
such a decomposition, ny may take any value from 0 to n, while the number of ways
in which ng +mn3 = n—mny is n —ny + 1 (since ng may range from 0 to n —n). Hence
the total deneracy of this eigenvalue is

n+1)(n+2) n?+3n+2
2 B 2 '

m+1)+n+nm—-1)+---+1=
The general eigenvalue |¥,,) may be written as the wave function

\Ifn(:L‘, Y, z) = ¢n1 ("L‘)r‘/)nz (y)¢n3 (z)

where the 1,,(z) are the eigenfunctions of the one-dimensional harmonic oscillator
in terms of Hermite polynomials, described in Problem 14.10. Alternatively, solve
the Schrodinger equation

—VQ\II( )+ ];rQ\If(x):E\If(x)

2m
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by separation of variables, 1 (z,y, z) = X (2)Y (y)Z(z), which leads to three separate
one-dimensional equations

1 d®X(z) &k ,
— —z°X(x) = Eh X
2m  da? 27 (z) 1X (@),
1 d2y(y) koo
— —y°Y (y) = EY
om 4 +5y Y (y) = EY (y),
1 d°Z(z) k ,

This will again lead, with the help of problem 14.10, to the same eigenfunctions.

Problem 14.13 If the operator K is complex conjugation with respect
to a complete o.n. set,

K(Z aile;)) = Zﬁﬂez‘),

show that every anti-unitary operator V can be written in the form V =
UK, where U is a unitary operator.

Solution: The operator K is anti-unitary, since (i) it is antilinear,

(|’gb>+0{|¢ Z"/’z|ez +0‘Z¢z|6z
= K(Z(% +C¥¢z’)|€z’>)

= Z (Vi + agi)le:)
= Z%M) +EZE|%>

= K|¢) +aK|p),
and (ii) for any vectors [¢) and |¢)

(K |K¢) = ZZ Piei| pje;)
ZZZ%%’ eilej)
i

= Z Vidi since (e; |e;)0;;
= (¢1¥)
by Parseval’s identity, Theorem 13.6 (Eq. (13.7)).
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If V is anti-unitary operator,

(Vp|Ve) = (s]¢),
then U = VK is unitary for

(VKy|VEK$) = (Kp|K¢) = (¢ ).

Hence
V=UK '=UK

since it is immediate from the definition of K that K ! = K.

Problem 14.14 For any pair of operators A and B show by induction
on the coefficients that

P AP = A+ a[B, A + 5 [B. [B. Al + S [B[B.[BAI + ..

Hence show the relation (14.32) holds for T'(a) = e?®P/%,

Solution: Expanding as a power series in a,

(12 a3
eB Ae™B = <I+aB + EBZ + 533 +...)A.
aQ. 2 ag‘ 3
(I—aB+EB - 5B +)
a2 a3
:A+T1(A,B)a+T2(A,B)§+T3(A,B)§+...
where
T\ (A, B) = BA— BA =B, 4]
and

T,(A,B) = B"A —nB" 'AB + (Z) B"2AB% — ...

This implies that
[Ba T, (Aa B)] = Tn+1 (Aa B)

since for each r = 0,1,...,n + 1 the coefficient of B"*!="AB" in [B, T, (A, B)] is

B(_l)r <n> B" " AB" — (_l)rl( n >Bnr+1ABrlB
T

r—1

- (_1)’“B"+1""AB’"{ (:) + (T i 1) }

= (=1)"B"*TAB" (” + 1)

r

244



as

CL) " <7“i1> 7“'(”ni 7)! * rli(n +ni -l r!(nn!(j:j—l)r)! - (”jl>

Therefore, by induction we have

T,(A,B) = [B,[B.[B,...[B.A]...].

If T(a) = e'P/" we have, setting B = —ia;P;/h and using [Q;, Pj] = ihd;; in the
above relation,
T*(a)QiT(a) = Qi — [ , Qi +
=Qi— az
since [Pj,0kil] = 0pi[Pj, 1] = 0 etc. Hence Eq. (14.32) follows, T*(a)QT'(a) =
Q —al.

2'ﬁ2 [ [Pka Qz”

Problem 14.15 Using the expansion in Problem 14.14 show that R(0) =
e'fls/h satisfies Eqs. (14.33)—(14.35).

Solution: Using [Q;, Pj] = ihd;; we have the commutation relations
[L3, Q1] = [Q1 P> — Q2P1, Q1] = Q1[P, Q1] — Q2[P1, Q1] = ihQ2,
[L3, Q2] = [Q1 P> — Q2P1, Q2] = Q1[P, Q2] — Q2[P1, Q2] = —ihQ,
[L3, Q3] = 0.

Setting J = L3/h we have
[J, Q1] =iQ2,  [J, Q2] =—iQ1,  [J,Q3]=0
and, using the expansion in Problem 14.14 with B = —iJ,
R*(0)Q;R? = e~i07 e’

2 93 94
= Qi =04, Q] = L[ Qill + 57 4 4 [ Qilll + 55
Now, using
[Ja Ql] = iQ)2, [J7 [Ja Ql]] = Z[‘]a QQ] = Q1, [Ja [‘L [Ja Ql]” = 1Q2, etc.
[Ja QZ] = —iQ1, [J7 [Ja QZ]] = _i[Ja Ql] = @2, [Ja [‘L [Ja QZ]” = —iQ1, etc.
we have

. 0_ _9_2 P,
R (O)Q1R” = Q1 +0Q2 — Q1 30 Q2 + 1 Qi1 +...

a(-2-2 ) roie-5e.)
= Q1 cosf+ Qasinb,
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and

2 3
R*(0)QsR’ = Qu — 6Q; — %QQ + %Ql L

:Q1<—9+§—?—...>+Q2(1—Z—?+...>
= —Q1sin0 + Q2 cosb.

The final identity (14.35), R*(0)Q3R’ = 0, follows trivially from [J, Q3] = 0.

Problem 14.16 Show that the time reversal of angular momentum
L=QxPis ©°L;0 = —L;, and from the commutation relations [L;, L;] =
ihe;jr L, show that © must anti-unitary.

x* NOTE: rewording of last part of question.
Solution: For the time reversal operator © we have from Example 14.10,
0*Q;0 = Q;, ©*P;0 = —P; 00 =00" =1.
Hence
L; = @*Lz@ = @*Giijij@
= —€ijkQ; Py = — L.
From this transformation law it follows that
[Li, L}] = [~ Li, —Lj] = [Li, Lj] = iheijp Ly, = —ihegp L.
Thus the commutation relations are not invariant under time reversal. However
[L;,L;- =[0"L;0,0"L;0]
= 0*[L;, L;]©
= @*iﬁeijkLkG
= €;,0" 100" L,0
Comparing this with the previously derived commutation relation, we have

010 = —il,

i.e. © is anti-unitary.

Problem 14.17 Show that the correctly normalized fermion states are

\/% Z(—l)PP|‘Pa1>|‘Pa2> o | Pan)
P
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and normalized boson states are

1
TNt & TIoalleea) )

Solution: The states |¢,) are defined as the one-particle energy eigenstates,

hi|‘Pa> = 5a|90a>

and states |®;) which are linear combinations of |@g, }|@a,) - - - [@ay ) are eigenstates
of the entire system

o )
H|®) = E|®y), where E, = Zna&‘a, N = Zna'
a=0 a=0

Since the occupation numbers n, can only take values 0 or 1 for fermions we must
have

|Pr) = aAlpa )| @ay) - - - [Pay)

and
(Pa; |‘Paj> = 5ij-

Hence

« ’

1= (@10 = s 3 D () Pl (o Pl o)
P P

of? . laP

(N1)? N!
since P and P’ must be identical permutations of 1,2,..., N for a non-zero result

in the sum, and there are precisely N! such permutations. We can therefore take
a = /NI, so that

26) = VI S (1) Pl ) - o),
-

as required. For bosons we take

|®k) = BS|Pas ) Pas) - - - [Pan)

" I
1= (B |By) = N SN Ploay] - (0ay | Pllgay) - [@ay)-
P P
For each permutation P of 1,2,..., N the identical permutation P’ provides a value
1 in the sum on the right-hand side. If we fix ay,...,ay all further permutations P’

which permute the ng states |¢p,) having energy €y among each other are permitted
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and contribute a value 1 to the sum. Similarly permutations among the n; states
|¢p;) having energy e; have a similar effect, etc. This gives rise to an additional

no'nilng!. .. values of 1 for each permutation P among the (¢,,|. Hence
18]

so that we may take

VN!

16 - vV ’rl()!\/ nl!\/ TLQ! e
whence )
. 0 - p
Problem 14.18 Calculate the canonical partition function, mean en-

ergy U and entropy S, for a system having just two energy levels 0 and
E. If F = E(a) for a parameter a, calculate the force A and verify the
thermodynamic relation dS = £(dU + Ada).

Solution: The canonical partition function is
Z=1+e"F
and the mean energy is

07 Ee PE E

9B 1+ePE  FE1

U =

Setting

e
wi = wy +wyp =1,

1
wy = —
0= 7 Z

we have

S = —k(woInwy + wy Inw)
— T (—an—BE‘))

BEe=BE
=k(InZ 7)
kz(n +1+e—f3E

:—k( nZ e PE

BEe B )
1+eBE)

This result is also simple to obtain from the displayed equation after Eq. (14.50),
namely S = k(In Z + pU).

If E = E(a) the force can be obtained from Eq. (50), or more directly from

OE,, dE e PP dE
A=) gy = TN T T e

= kz(ln(l +ePE) +
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We now compute

4s — k(—ﬁeﬂEdE pdEe FE 52EeﬂEdE>
B 1+eBE l+eBE (146 BE)2
_ kB’Ee PPdE
(14 e=BFE)2
while
1 dEe PE Epe PEAE  Ee ?PEdE
AU = KB (s 5e_E+5e_E2)
T 1+e P 1+e P (1 +eBP)
-BE -BE
B kﬁ( e B Efe )dE
l+eBE  (1+4eBE)2
and 51 51
1 —e” dE e~
—Ada =k —_— k dE.
7% Bl—l—e*ﬂEd 51+efﬂE
Hence ) s
1 kB FEe~
dS = —=(d Ada) = dE.
5 T( U+ Ada) (14 e PE)?
Problem 14.19 Let p = e ! be the unnormalized canonical distribu-

tion. For a free particle of mass m in one-dimension show that its position
representation form p(z,z’; 5) = (z|p|z’) satisfies the diffusion equation

Op(w,a’sf) _ 1 &

T = %Wp(ﬁaﬁl;ﬁ)

with ‘initial’ condition p(z,z’;0) = d(z — 2'). Verify that the solution is

p(z,'; B) = (—2 ?;1125>1/2e_m(5”_’”')2/2h25.
™
Solution: If p = e P then
o _
op

Hence the position representation function p(z,z’; 8) = (z|p|z') satisfies

—He P = —Hp.

0 0
3P a'sB) = <w|a—g|w'> — (2| — Hpla').

0
For a free particle the position representation wave function ¢ (z) = (z|1) satisfies
B> 9%p(x)
Hip) = ——
(al ) =~ TV
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and setting 1)) = p|z’) we arrive at the diffusion equation

dp(z,a'sB) _ I* 0*(zlpla’) _ h* Pp(z,a'; )
o 2m 0x2  2m 0x?

The function

1/2 .
p(z,z'; B) = (—2 ?;1125> 2 gmma—a'y? (2025,
T

is easily verified to be a solution by direct substitution (see also Problem 12.16,

where this is essentially the solution which gives rise to the Greens’ function for the
diffusion equation). For this solution

/oo p(z,'; B)dz = 1

and subsituting n = y/m/28k? in the functions g, (z) of Problem 12.4 we have

p(z,z'; B) = d(z — ') as 8 — 0.

Problem 14.20 A solid can be regarded as being made up of 3N
independent quantum oscillators of angular frequency w. Show that the
canonical partition function is given by

e~ Phw/2 | 3N
- (1 — e*ﬂhw> ’

and the specific heat is given by

oTo/T

To\2
= 3Nk(?> m where kT() = hw.

dU

=1

Show that the high temperature limit 7 > Tj is the classical value Cy =
3NE.

Solution: The hamiltonian of a harmonic oscillator is

Pl e
' 9m 2

and the energy levels are (n; + 1)hw,
The energy levels of the 3N oscillator system H = Z?ivl h; are

H|’I’L1> N |n3N> = E'n|n1> N |n3N>
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where
3N
B, =hw) (ni+3).
i=1

Hence, the canonical partition function is

Z = Ze*ﬁEn
n
oo o0
= Z Z e*ﬂﬁwziivl(nﬂr%)

n1=0 ngn =0
3N oo

_ H Z o Bhw(n+})

1=1 n=0
—Bhw/2 | 3N
- (=)

The average energy is

0lnZ 1 1
= — —3Nhw| -+ —
U 5 =° hw[ R =
and the specific heat at constant volume is, using kT = 1/,
oy~ _ 1 dU
V7 Aar — kT2 dg
_ 3Nhw [—eﬂhwhw]
O kT? L1 —e P
2 —To/T
- 3Nk(@) S
T/ (1—eTo/T)2

where KTy = hw.
For T > Ty, we have Ty /T < 1 and

21— (Ty/T) + 3(To/T)* + ...
(To/T) — 5(To/T)? + ... )2
1—To/T +...
(1-3To/T)2+...)2

~ 3Nk(1 +0(%)2)

Cy = 3Nk(%>

Problem 14.21 Show that the average occupation numbers for the
classical distribution, Zpoitzmann are given by
1 0 _
(na> = _B aé‘a In ZBoltzmann = e ﬁga-
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Hence show that

(na>Fermi < (na>Boltzmann < <na>Bose

and that all three types agree approximately for low occupation numbers

(ng) < 1.
Solution: Dividing by the standard Gibbs factor N! we take
1 1 1
w(nOanI, [ ) == —eazana_ﬁzaaana__ L
n()! nl!

in the Botzmann grand canonical ensemble,

Zoo Zw 11
« Ng— EaN
ZBoltzma.nn: ...€ 2ana—=B2, ca a_'_'
ng: 11
nog ni

a—Beo)no X ola—Be1)n1

el
e
- nzo n()! Z n1!

ni

= exp (ea*ﬂgo) exp (eo‘*ﬁgl) -
= exp (eo‘_’BEO A )

so that
0
In Zgoltzmann = e” Z e_ﬁga .
a
Hence 1 9nZ
11 ZBoltzmann —Be
T4 ) Boltz =—————""" = )e Pt
( a) oltzmann B 8{:‘@
where A = e®. From the text we have
o 1 B e Pea
(na>Ferm1 - Afleﬁga 1 - 1+ Ae*ﬁ’fa
and
1 e~ Fea
(na>Bose =

X lefee —1  1— e Pea’
Since Ae #%« > 0 it follows immediately that

(na>Fermi < (na>Boltzmann < <na>Bose-

In the limit (n,)Boltzmann — 0, We have that e #%¢ < 1, in wheich case

<na>Fermi ~ <na>Bose ~ )\e—ﬂéa = (na>Boltzmann-

Problem 14.22 A spin system consists of N particles of magnetic
moment 4 in a magnetic field B. When n particles have spin up, N —n
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spin down, the energy is E, = nuB — (N —n)uB = (2n — N)uB. Show that
the canonical partition function is

_ sinh((N +1)BuB)

N sinh SuB ’

Evaluate the mean energy U and entropy S, sketching their dependence
on the variable = = SuB.

Solution: The canonical partition function is, setting z = SuB,

N
7 = Ze—ﬁEn — Nz +e(N—2)m 4. +e—N1’
n=0

=e V(1 +e* + .- +e2V7)
eZ(NJrl)m -1

e?® — 1
N+laz _ o—(N+1)z

— e—Nx

el

em —_ e*l’
_ sinh(N + 1)z
~ sinhz

The mean energy and entropy are given by

kEIn(N +1)

_8an B _8an

U= 0B oz

pB = [—(N +1) coth(N + 1)z + cothz|uB
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and
S =k(lnZ+UpB) = k[Insinh(N+1)z—Insinhz+z(—(N+1) coth(N+1)z+coth z)].

At z =0 (i.e. B8 =0 or temperature T' — oo, or B = 0) we have U = 0, while as
£ — F00 the mean energy has limits FNuB. The entropy S has maximum value
EIn(N + 1) at z = 0, and approaches 0 rapidly as x — £oo. The latter is deduced
from the limits

Insinhy ~y —In2+e~ %, cothy~1+2e % as Yy — 00

which gives that the dominant term in the behaviour as |z| — oo arises from the
z cothz term and results in S ~ 2|z|e~ 2%l as |z| = oo.
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Chapter 16

Problem 15.1 Show that the group of unimodular matrices SL(n,R) =
{A € GL(n,R)| det A =1} is a differentiable manifold.

Solution: By Example 15.5 the group GL(n,R) is an open submanifold of R™
and therefore has dimension n?. Given any matrix A = [a;;] we may expand the
determinant by the first row,

det A =aj;det Ay —ajodet Ay + -+ - + aq, det A, (*)
where A; is the minor corresponding to the element ay;; i.e. the matrix formed by
removing the first row and ith column from A. For each ¢ = 1,2,...,n define the
set

U; = {A € SL(n,R) | detA; # 0} C SL(n,R).

If SL(n,R) is given the relative topology induced by GL(n,R) (necessarily Hausdorff
by Corollary 10.6), then each subset U; is open in this topology since it is the inverse
image 1; * (R of the open set R = R— {0} under the continuous map t; : SL(n, R) —
R defined by 1;(A) = det(A;). Define the map ¢; : U; — R"’~! by

¢Z(A) = (a'ila' sy Aji—1, QLG4+l -+ 5 Gln, G21, A22,- - -, ann)-

These maps are all continuous and one-to-one onto the image ¢;(U;) C R"Q_l, since
a1; is uniquely determined by Eq. () since det A; # 0. Every element belongs to
at least one Uj; for if det A; = 0 for all s = 1,...,n then by Eq. (%) detA =0 # 1.
The transformation functions ¢; o ng;I are trivially continuous. Hence this is a
differentiable structure, making SL(n,R) into a differentiable manifold of dimension

n?—1.

Problem 15.2 On the n-sphere S™ find coordinates corresponding to
(i) stereographic projection, (ii) spherical polars.

Solution: The unit n-sphere is defined as
S — {(;131’;1;2’ - ,;Ijn-l-l) c Rn-l—l | ($1)2 + (5132)2 S (xn)Z — 1}

(i) Let N = (0,0,...,1), and define the map Sty : S" — {N} — R" by Sty :
(zt, ..., 2" ) — (X1,..., X™) where

)

x .
:W (z:l,...,n).

xi
This map is one-to-one since it is reversible, i.e. the the inverse St' : R” — S"—{N}

exists, since
n

Z(XZ)Q _ 1+5L'n+1
P S l-an+1
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so that R_1
1 - .
"t = Brl where  R=4/>" (X%
Hence .
. . 2X?

gt = X1 - 2" = .
( ) 1+R
(ii) There are more than one logical ways of extending polar coordinates to S™, but
the most natural is the following: Since |x"+1| < 1 there exists an angle 6y such that
" =cosh; (0 <0 < 7). As |27 < /1 — (z"1)2 = | sin ;| there exists an angle
0y (0 < 6y < 7) such that ™ = sinf; cos #. Continuing in this way we find

2"t = cos 6,

7" = sin 6y cos O

2" = sin 6 sin 6y cos O3

z? = sinf; sinfsy . ..sinb,_; sinb,

z' = sinf; sinby . . .sinf,_1 cos y,.

The change in the last step, where sin,, and cos 6, are reversed, is not compulsory
but agrees with the usual convention whereby the final angle 6,, is measured from the
x'-axis. For example in three-dimensional spherical polars take § = 6; and ¢ = 65

(otherwise we could set ¢ = 03 + 7/2 and retain the same order of cos and sin in

the above sequence). The ranges of angles are 0 < ¢; < w fori=1,...,n —1 and
0<0, <2r.
Problem 15.3 Show that the real projective n-space P" defined in

Example 10.15 as the set of straight lines through the origin in R"*! is a
differentiable manifold of dimension n, by finding an atlas of compatible
charts that cover it.

Solution: On R™*! define the equivalence relation

($17$27' . 7$TL+1) = (27117]7127' . 7$In+1)

iff there exists A # 0 such that z; = Az} for i = 1,2,...,n 4+ 1. The projective space
P™ consists of the equivalence classes, [(z1,z2,...,2Zp4+1)], which can be thought of
as the set of all lines through the origin.

Set U; to be the set of lines with z; # 0, (: = 1,2,...,n 4+ 1). These are clearly
open sets in the topology induced on P™ from R"*! by this equiavlence relation (see
Section 10.4). Define the maps ¢; : U; — R" by

¢i([(x1ax2a I vwn-i-l)]) = (y(li)vy(Zz')a cee ay?i))

where




In other words, the ratio z;/z; = 1 is omitted. The coordinates y' are clearly
independent of the choice of representive in [(z1,z2,...,Typ+1)], for if z; = Az} for
i=1,2,...,n+1 then 27 /2] = A\v;/A\z; = xj/z; for all j. Since at least one z; # 0
on every line every representative lies in at least one U; and the charst (Uj, ¢;; y{z))
cover all of P". If [(z1,22,...,%nt1)] € Ui NU; (so that x; # 0 and z; # 0) the

coordinate transformation functions ¢; o ¢;” ! are given by

k Tk _ Tk ¥i _ ki
YO = g T mz,  YOY0)
which are clearly C* and invertible, since
k _ .k ,J
Ya) = Y)Yy
This is therefore a differentiable structure making P™ into an n-dimensional differ-
entiable manifold.

Problem 15.4 Define the complex projective n-space C'P" in a similar
way to Example 10.15 as lines in C"*! of the form \(2°,z!,...,2") where
M\2%...,2" € C. Show that CP" is a differentiable (real) manifold of
dimension 2n.

Solution: Since C is identical with the manifold R? (the complex plane (z,y) =
T + 1y, it is clear that C" is a manifold of dimension 2n. The complex projective
plane C'P" is defined similarly to the real case in Problem 15.3, with some differences
of notation. Points of CP" are denoted [(2°,2!,...,2")], and again we define open
sets U; by 2% # 0 which cover all of CP™. Set ¢; : U; — C" = R?" to be the maps

¢i : [(zovzla"' ’zn)] = (C(lz)vga)aagg)) Where

0 i—1

2 n

. A S
oy = S0 =

1 _ T
iy = 8o =

PO

The coordinate transformation maps C(kj) = C(]fi)g“("j) are again C*° and invertible,
making C'P" into a manifold of dimension 2n.

Problem 15.5 Let R’ be the manifold consisting of R with differentiable
structure generated by the chart (R;y = z?). Show that the identity map
idp : R' — R is a homeomorphism, which is not a diffeomorphism.

[** NOTE: In the text, the word ‘differentiable’ before ’homeomorphism’
should be omitted. Alternatively we could define the chart as R;y = /3
and the sentence stands.]

Solution: The chart defining the manifold R is (R, ¢;y) where y = x3. The map
f=idp : R’ — R has coordinate representation

Ffly) = fod~l(y) = foyll3 = y/3.

257



This map is one-to-one with inverse f 1(y) = y3. Both f and f (y) are clearly
continuous and therefore f is a homeomorphism. However f is not differentiable at
the origin, for

L(y):ly*Z/3—>oo as y — 0.
dy 3

Had the original differentiable structure been defined as y = z'/3 then f would
have coordinate representation y3 and it would have been a differentiable homeo-
morphism. However in that case its inverse f~! would not be differentiable at y = 0,
so it again would not be a diffeomorphism.

Problem 15.6 Show that the set of real m x n matrices M(m,n;R) is
a manifold of dimension mn. Show that the matrix multiplication map
M(m, k;R) x M(k,n;R) — M(m,n;R) is differentiable.

Solution: Just as in Example 15.5 the manifold structure is defined by the one-to-
one surjective map ¢ : M (m,n; R) — R™" defined by

H(A) = (11,010,022, - -+, G20, Q31,5+ -« s Gy )«

The product map isdefined by

(AB) = [5_, airbr]
where we take indices 7,5 = 1,...,m, indices r,s = 1,...,k and indices u,v =
1,...n. The product manifold M (m, k; R) x M(k,n;R) is a manifold which can be
identified with R™¥**7 using the standard coordinates

(A,B) — (a11, -+ mks b1y -+, bin) -

in these coordinates, the product map 7 is differentiable for

rju(A, B) = Z]::lajsbsv

are continuous functions which are differentiable, since

k
= Zszlaij(ssrbsv = 5ijbrv

b = lezlajsésrauv = ajréuv-
ru

Problem 15.7 Let v : R — R? be the curve z = 2t + 1, y = t*> — 3t.
Show that at an arbitrary parameter value ¢ the tangent vector to the
curve is X, =7 = 20, + (2t — 3)9, = 20, + (v — 4)9,. If f: R*> - R is the
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function f = 22 — y?, write f as a function of ¢ along the curve and verify
the identities

d
Xy f = % = ((df)y)> X)) = CLHAS)y() @ Xyt)-

Solution: If f:R? — R is any differentiable function then

df o
Xyp(f) =4(f) = fdt i
_df(2t+ 1,62 - 31)
N dt
_,of of
=25+ (@2 -3)5

Hence
Xy = 20, + (2t — 3)0y = 20, + (z — 4)9,

since 2t =z — 1.
If f =22 — y? then
X'y(t)(f) =2 - 2z + (2t — 3)(—2y)
= 2(4t +2) — 2(2t — 3)(¢* — 3t)
= —4t> + 18t — 10t + 4.
The bracket product is
((df)yy, Xo() = (2zdz — 2ydy, Op + (x — 4)9y)yr)
= (4z — 2y(z — 4))7@)
= 4(2t 4+ 1) — 2(t* — 3t)(2t — 3)
= —4t3 + 182 — 10t + 4,
as above. The tensor T' = (df), ;) ® X,(;) has basis decomposition

T = [(2zdz — 2ydy) ® (20, + (z — 4)0y)]
=4(2t 4+ 1)dz ® 9, — 4(t* — 3t)dy ® 9,
+2(2t + 1)(2t — 3)dz ® 9, — 2(t* — 3t)(2t — 3)dy ® 0.

v(t)

Hence

CHAS )y ® Xopy =T + T3 = 4(2t + 1) —2(2 = 3t)(2t — 1) = X5 f-

Problem 15.8 Let z' = z, 2> = y, 23 = 2z be ordinary rectangular
cartesian coordinates in R3, and let z/! = r, 2/2 = 0, 2/ = ¢ be the usual
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transformation to polar coordinates.
(a) Calculate the Jacobian matrices [0z'/0z'/] and [0x!/027].

(b) In polar coordinates, work out the components of the covariant vec-
tor fields having components in rectangular coordinates (i) (0, 0, 1), (ii)

(17 07 0)’ (iii) (177 Y, Z).
(c¢) In polar coordinates, what are the components of the contravariant
vector fields whose components in rectangular coordinates are (i) (z, vy, z2),

(ii) (0, 0, 1), (iii) (-y, =,0).
(d) If g;; is the covariant tensor field whose components in rectangular
coordinates are ¢;;, what are its components g;j in polar coordinates?

Solution: We have

2z = rsinf cos ¢ 2t =r =22+ y2 + 22
o z
22y = rsinfsin ¢ 2’2 = 0 = arccos =
r
Y
232 =rcosf 7’3 = ¢ = arctan 2.
x

(a) The Jacobian matrices are easily computed:

sinfcos¢p rcosfcos¢p —rsinfsing

[6636,]} = | sinfsing rcosfsing rsinfcosp
o cos 6 —rsinf 0
and
z/r y/r z[r

o 19
[aij}: wz[r?\/z? +y? yz/ri\/a? +y? —a? 4y fr?
0

—y/(@*+y?) 2/ +y?)

sinf cos ¢ sin 0 sin ¢ cos 6
= | (cosBcosp)/r (cos@sing)/r —sinf/r
—sing/rsinf  cos$/rsinf 0

(b) (i) If a; = (0,0, 1) then

| g, 000 _ 0z
A = Qo T Gt
Alternatively, o = dz = cos 0dr — r sin 0d6.
(ii) If a; = (1,0,0) then

= (cos#, —rsinb, 0).

, ozl
T gt

(iii) If @; = (x,y, z) then

= (sinf cos ¢, r cosf cos ¢, —rsinf sin ¢).

o = xzdx + ydy + 2dz = %d(ac2 +y? 4+ 22) = %drz = rdr.
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Hence o = (r, 0, 0). Of course, these components could also be found from the
covariant transformation law of components as in (i) and (ii).

(¢) (i) If X* = (=, y, ) then

X'l — 8x,'1Xj:$_2+y_2+Z_2:7«

ox? r r r ’
X Ox'? i — %z y2z B /22 +y? 0

OxJ r2/r2 + 42 r2\/22 1 2 r2 ’
PR B + g

oxJ 2+ y2  x? 4+ y? '

(ii) If X* = (0,0, 1)then
. b 14 in@
X" = % = (cos ¥, _— , 0).
z

(iii) If X* = (—y, =, 0) then a similar calculation to part (i) results in X'* = (0, 0, 1).
(d) If gij = 5z’j then

or' 0xd 3 ort Ot

o — Tt
gi’j’ = Gkl 8$’i' 8[L‘lj, - 8$’i' 8[L‘lj, .
1=
Hence
gi, = sin? @ cos® ¢ 4 sin® A sin? ¢ + cos® H =1
Gho = 12 cos? 0 cos® ¢ 4 1% cos® Osin® ¢ + r’sin® @ = r
2

ghs = 2 sin? Osin? ¢ + % sin” f cos? ¢ =r2sin?6

2

and all non-diagonal elements vanish,

9’12 = 951 = 9’13 = 9&1 = 953 = 9&2 =0.

Problem 15.9 Show that the curve
222 + 2% + 2zy = 1
can be converted by a rotation of axes to the standard form for an ellipse
z'? +3y"? = 1.

If 2/ = cosv, y = % sin1) is used as a parametrization of this curve, show
that

—cos + LSinq,/;).

wz%(coszp—i-isim/;), 7

1
V3 v="(
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Compute the components of the tangent vector

dz dy
X = —0; + —=0y.
dy " + dy Y
Show that if f = zy then X(f) = (2/V3)(2? — y?).
[** NOTE: ‘If f = 2y’ was accidentally omitted in the text.]
Solution: A rotation
x=a cosa+ 1y sina
y = —2'sina+ 1y cosa
converts the equation 2x? + 2y? + 2zy = 1 to

2

22'%(1 — cos acsin ) + 2¢"%(1 + cos asin ) + 22"y (cos® a — sin o) = 1.

Setting o = 7/4 we have cos @ = sina = 1/v/2, and the equation becomes
z'? + 3% = 1.

In parametric form z’ = cos, ¢y = %sinzp substitution in the transformation

equations with cos @ = sina = 1/v/2 results in

T = L(cos¢—i— Lsinq,[;),

V2 V3
1 1 .
y:ﬁ(—comp—i—ﬁsm@b),
and
_dz dy
X—@&E%—@@y
1 . 1 1 7. 1
:E(—smvﬁ—i—ﬁcosqﬁ)ame%(smzpr%coszp)By

so that, if f = zy then

(—sim/; + icos¢)y + i(sinq,/J + Lcos¢)ac

Xf= Ve V2 V3

Sl

sin ) cos ¥

W >~

on sustituting for z and 5. A simple calculation gives that z2—y? = (2/v/3) cos ¢ sin ),
so that

X(f) = 2/V3)(=* - y?).
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Problem 15.10 Show that the tangent space T(, ,) (M x N) at any point
(p,q) of a product manifold M x N is naturally isomorphic to the direct
sum of tangent spaces T,(M) & Ty(N).

Solution: The tangent space T,(M) is the set of all maps X, : F,(M) — R
which are linear and satisfy the Leibnitz rule, Egs, (15.3) and (15.4). In partic-
ular T, oy(M x N) is the set of all maps A, ¢y @ Fpq(M x N) — R such that if
fyg: M x N — R are differentiable functions at (p,q) then

Apglaf +bg) =ady g f +bApq0g (1)

A(p,q)(fg) = f(pa q)A(p,q)g + g(p, q)A(p,q)f' (2)

We wish to show that T(, ;) (M x N) = T,,(M)®T,;(N). From Sec. 3.4 T,(M)®T,(N)
consists of all pairs (X,,Y;) where X, € T,(M), Y, € T;(N) with the addition laws

(Xp, Yy) +a(X,Y)) = (X, +aX,, Y, +aY)).
For each (X),Y,) € T)(M) ® Ty(N) define the action F, (M x N) — R by
(Xp, Yo)f = Xpfq +Yefp
where functions f, : M — R and f, : N — R are defined by
fa(p) = fpla) = f(p, 9)-

It is straightforward to show that these functions are differentiable at p and ¢ re-
spectively. Furthermore, if f and g belong to F;, ,y(M x N) then

(af+bg)q =afq+ fgq and (fg)q = fq9¢>

for
(af +bg)q(p) = (af +bg)(q,p)
= af(p,g) +bg(p,q)
= afq(p) + bgy(p)
and
(f9)q(p) = (f9)(p,a) = f(p,1)9(p,q) = f4(p)gq(p)-
Similarly,
(af +bg)p = afp+ fop and (f9)p = fpgp-
Hence

(Xp, Yo)(af +bg) = Xp(af +bg)q + Yy(af + bg)p
= Xp(afq + bgg) + Yq(afp + bgy)
=aXpfq+bXpg, +aY,f, +bXqg,
= a(Xpfq+ Yo fp) + b(Xpgq + Xqgp)
= a(Xp, Yo) f +b(Xp, Yy)g
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and

f9q+Y(f9)p

p(fa9¢) + Yq(fogp)

= fo(P)Xpgq + 94() Xpfo + Fo() Y9 + 9p(@) Yy fp
= f(p, 0)(Xpgq + Yo9p) + 9(q,p) (Xp fq + Yy fp)
f(p,0)(Xp, Yg)g + 9(p, a) (X, Yy) f

Hence A, q) satisfies (1) and (2). Furthermore the correspondence between T),(M) ®
T,(N) and T{, (M x N) is a vector space isomorphism, for

((Xpay)+a( p? q))f prq+quP+aXll7fq+aY‘Ipr
= (Xp+ GX;IJ)fq + (Yo + an,)fp
= (Xp—i—aXI'],Yq—l—an')f.

It is a one-to-one correspondence since (0,0)f = 0, and must therefore be onto, since
dim T, (M x N) = dim(M x N) = m +n = dim(T,(M) & T;(N).

To construct the X, Y}, corresponding to any A, 4) € T(p,q)(M x N), let f € Fp(M)
and g € Fy(N) be any differentiable functions at p € M and ¢ € N resp. Set
f>9 € Fgp)(M x N) be defined by

fp,q)=f) Vo,  glp.a)=g(q) Vp

and set X, and Y, to be tangent vectors at p € M and ¢ € N defined by

Xpf = A(p,q)fv Y9 = Apg)9-

These operators are linear and satisfy the Leibnitz rule and must of necessity be the
tangent vectors such that A, ,) = (Xp,Yy) in the above definition.

Problem 15.11 On the unit 2-sphere express the vector fields d, and
Jy in terms of the polar coordinate basis dy and J;. Again in polar coor-
dinates, what are the dual forms to these vector fields?

Solution: On the unit sphere
= sin 6 cos ¢, y = sin @ sin @, z = cos 6.

Expressing 0, and 0, in polar coordinates

060 0 00 0
Oy = — 0 + ¢3¢, 3y:—3g+ ¢

Ox oz oy Ay %,
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Using Problem 15.8 with » = 1 we have

%:cos@cosgﬁ a—y:cos08in¢
0¢  sing 09 _ cosé
dr  sinf dy  sin@’
so that
sin ¢
Oy = cos 0 cos ¢pOy — L
. cos ¢
0y = cos fsin 0y + i d 0.

The dual basis €' = a1df + azde, €2 = b1df + bad¢ satisfy

(51,(%) =1, (51,3y> =0, (52,31;) =0, (52,8y) =1.

Hence
a1 cosfcos ¢ — a251‘n¢ =1
sin 6
a1 cosfsin ¢ + a2c?s¢ =
sin 6
which solves for
cos ¢ . .
a = , as = — sinfsin ¢.
cos 6
Similarly,
b1 cosOcos ¢ — ngl,ngZS =
sin @
b1 cos Osin ¢ + bQC(,)SQS =1
sin 6
has solution .
b1 = sm¢’ bs = sin @ cos ¢.
cos 0
Thus the dual basis is
el = %P0 _ sinbsin pdg,
cos 6
e2 = 509 4 | in0cos pdg.
cos 6

Problem 15.12 Express the vector field J, in polar coordinates (6, ¢)
on the unit 2-sphere in terms of stereographic coordinates X and Y.
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Solution: On the unit sphere

x o % __ sinflcos¢ QSin%HCOS%H
1—2z 1—cosf 2sin2%0
Yzlzz:---:cot%Osingb
Hence
0X oY
0y = —0 —
b 06 x + 8¢8Y
= —cot %0 sin ¢pOx + cot %9 sin g0y
= -YOx + X0y

1
= cot 56 cos ¢

Problem 15.13  Show that if p, = r;(dz"), = a*w,(,) then the components

are given by
ay®
- Ot

Ty Wgq,

#(p)

where wa(p) = Wgq (dya)a(p).

If o is a diffeomorphism, define a map «, : T,Sl’l)(M) — Ta}

setting »
T (Wa(p)s Xa(p) = T (@ wapy, @ Xap)

and show that the components transform as

(@)% =T oy

Solution: From Eq. (15.18) we have that p, is defined by

(ppa Xp> = (wa(p)a a*Xp>'

Setting p, = r;(dz'), and

i 0
X =X'(5),
we have, by Eq. (15.16)
- Oy® 0
X, = XX .
He e dz* lp(p) (3ya)a(p)
Hence P
riXi = waXi y.
0z" l¢(p)
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and, as X' are arbitrary, it follows that
ay®
T B o)
If is a homeomorphism then the inverse map o~
functions ' = z'(ya). Set

' is represented by differentiable

_ a 0 b
T = (a*T) b(aya>a(p) ® (dy )a(p)

and we have

a*T(wa( ) Xaf )) = (o, T)%we X

p p

where 5
— yb(_Z
Xa(p) - X (8yb)a(p)
Using the inverse form of Eq. (15.16) we have
ox' ;0
~1 _ b9
(@), Xap =X By (3xz‘)p'

Using the transformation of components of w derived above, the defining equation
for «,T is thus represented in components by

o oyt 0xd
a b _ i, b
(0 T)%we X7 = T 5w, o Oy
and since w, and X" are arbitrary, we have the required formula
- Oy® 0!
() =T 57 50

Problem 15.14 Ify:R —- M isacurveon M andp=+(tp) anda: M — N
is a differentiable map show that

QYp = Oq(p) where c=aovy:R— N.

Solution: Let f: N — R be an arbitrary differentiable function. Then
o () = 0],
= Lo,
= L oa) ()

—§(foa)]

=Y(foa)
= a*'yp(f)-

t=to

t=to
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Hence
@Yp = Oalp):

Problem 15.15 Is the map o : R — R? given by z =sint, y = sin2¢ (i) an
immersion, (ii) an embedded submanifold?

Solution: The map z = sint, y = sin 2t can be represented graphically as a figure
of eight, shown below. (i) It is an immersion, for

Y

1 t:71'/4

Ktzﬁ/2
1

ay—~ = cost0; + 2 cos 2t0,

dt

is equal to the zero vector if and only if cost = cos2t = 0, i.e. t = (n + %)71’ and
2t = (m + %)71’ for some integers n and m. This is clearly impossible for it would
imply 2n+1:m+%.

(ii) The map is not an embedding, as it is not injective for «(0) = a(7) = (0,0).

Problem 15.16 Show that the map «: R* = R?® defined by
u =z 419>, v = 23y, w=z%—y?

is an immersion. Is it an embedded submanifold?
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Evaluate o*(udu + vdv + wdw) and a.(9;)(p)- Find a vector field X on R’
for which o, X is not a well-defined vector field.

Solution: The Jacobian of this map is

ou/dx Ou/dx 2r 2y
ov/dx Ovfox | = |2y 2z
ow/0x Ow/dz 2c -2y

Thus . : T(y ) (]RQ) — T(u,v,w)(]R?’) is not injective at (z,y) only if the two columns
of this equation are linearly dependent, i.e. there exists a, b not both zero such that

ax +by =0 (1)
ay +bxr =0 (2)
axr —by =0 (3)

If y # 0 then taking Eq. (3) from Eq. (1) gives b = 0. From Eq. (2) we then have
ay = 0, whence a = 0, so that a and b are not both zero. If y = 0 then = # 0 (else

(z,y) =(0,0) ¢ RQ), and Eqns. (1)and (2) give that @ = b = 0. Hence the map « is
everywhere injective on R”, and « is an immersion. It is not however an embedded
submanifold since a(—z, —y) = a(z,y) for all z,y.

o (udu + vdv + wdw) = (22 + y?)(2zdz + 2ydy)
+ 22y (2ydz + 2xdy)
+ (2% — y?)(2zdx — 2ydy)
= 4z(2® + y?)dz + dy(2? + y?)dy.

ou ov ow
0 (0n) 0,y = (%>(a,b)8“ + <%>(a,b)8” + <%>(a,b)aw
= 200y + 2b0, + 200y,
The vector field .0, is not well defined, for «(a,b) = a(—a, —b) but

Oy (Gx)(a’b) # oy (8$)(—a,—b)'

Problem 15.17 Show that the components of the Lie product [X,Y]
given by Eq. (15.25) transform as a contravariant vector field under a
coordinate transformation z'7(z").

Solution: The formula for the components of the Lie product [X,Y]* given by Eq.
(15.25) is . .
(X, Y]F = X'vk, —vixk,
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The contravariant transformation law of components gives

. .aq;’i, ' afII’k,
X' = xt Y/k _ Y/f
ozt ’ Oxk
so that
[X, Y]/k’ _ X/i’Y/k”i, _ Y/z"X/k’,il
o' ox'* ot o' ox'* O1J
=X ;i (Yk axk ) aw'i’ -V axi (Xk axk ) aw'i’
T xk /.jox T "t /.,jox
) or'* 924K ) ) o't 924K .
— X (Y’“- Y* .)51. _yi (Xk X .)51
T Oxk + Oxkoxi /"I T Oxk + Oxkozi/ I
»b st axk
oz'¥
=[X,Y]*
X, Y] oxk’
where we have used y ,
o't 04’ T
Ozt ox't
and
) ) 92+ ) 924+ 92k
Xiyk — yixk .:X’Yk( _ ):0
( ) Oxkoxi Oxkoxi  Oxiozk

Problem 15.18 Show that the Jacobi identity can be written
E[X,y}Z =LxLyZ — ﬁyﬁxz,
and this property extends to all tensors T':

L[X,Y}T == LXLYT - EYEXT

Solution: Using the fromula (15.31) for Lie derivative, LxY = [X,Y], the Jacobi
identity
[(X. Y], Z] +[[V, Z], X] + [[Z, X],Y] =0

reads
E[X,Y]Z = _[[Yv Z]vX] - [[Zv X]’Y]
= [X’ [Y, Z]] - [Y’ [X’ Z]]
— Lx(LyZ) — Ly (LxZ)
=LxLyZ — Ly LxZ.
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(i) For tensors of type (0,0), T = f : M — R, the definition Lxf = Xf, Ly f =Y f,
gives
(LxLy — LyLx)f =X(Y[)-Y(X[) =[X,Y]f

by definition of Lie bracket, Eq. (15.20).
(ii) For tensors of type (1,0), the result follows from the above on setting T'= Z.
(iii) For tensors of type (0,1), T = w, a covector field on M, we use Eq. (15.38):

(LxLy — LyLx)w,Z) = X{(Lyw,Z) — (Lyw,Lx Z)
- Y{Lxw,Z) — (Lxw, Ly Z)
=XY(w,Z) = (w, Ly Z)) = Y{w,LxZ) + (w, Ly Lx Z)
- Y(X(w,Z) — (w,Lx Z)) + X{w, Ly Z) — (w, Lx Ly Z)
= [X,Y[{w,Z) — {w, L1x,v1Z)
= (Lix,yw, Z),

by Eq. (15.38). Since Z is an arbitrary vector field we have
ﬁ[X,y]UJ = (ﬁxﬁy - ﬁyﬁx)w.

(iv) Every tensor T of type (r,s) with ’order’ r + s > 1 can be made up of a sum of
tensor products A ® B where A and B have lower orders. Assume that the relation
holds for A and B, and we prove the result for A x B, using Eq. (15.35):

ﬁx(A(X)B) =AQ® (ﬁxB) + (ﬁxA) ® B.

The inductive prove proceeds as follows:

=AQ® (»CX»CY — ﬁyﬁx)B + (ﬁX,CY — ,CY,C)()A ® B

by the induction hypothesis

= ﬁX(A X ﬁyB) —LxAQ Ly B — ﬁy(A ® ﬁXB) +LyvAQ LxB
+Lx(LyA®B) —LyA® LxB - Ly(LxA®B)+ LxA® LyB

using Eq. (15.35)

=Lx(A®LyB) - Ly(A® LxB)+ Lx(LyA® B) — Ly(LxAQ B)

=LxLy(A®B) —Lx(LyA®B) — LyLx(A® B)+ Ly(LxA® B)
+ LxLy(A® B) = Lx(A® LyB) — LyLx(A® B) + Ly (A® LxB)

=2LxLy(A®B) —2LyLx(A®B) — (LxLyA - LyLxA)® B
_A® (LxLyB— LyLxB)

=2LxLy(A®B) —2LyLx(A® B) — (Lix,y)A) ® B - A® (Lix,v|B)
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by the induction hypothesis. Hence, using Eq. (15.35) with X replaced by [X,Y]
QE[X’Y](A ®B)=2LxLy(A®B) —2LyLx(A® B)

which gives the result on dividing by 2.

Problem 15.19 Let a: M — N be a diffeomorphism between manifolds
M and N and X a vector field on M that generates a local one-parameter
group of transformations o; on M. Show that the vector field X' = o, X
on N generates the local flow o} = aooy;o0a™!.

Solution: First of all, we must show the local flow conditions (i’) and (ii”) hold for
the transformations o} = a0 oy 0 a1
(i) Since oy is a diffeomorphism of an open neighbourhood U — 04(U) and « is a
diffeomorphism, it follows that the composition o} = aooyoa*
a(U) = aooy(U).
(ii’) For all t,s,t + s € I. = (—¢,€), from o445(p) = 04 0 05(p) it follows that

is a diffeomorphism

ob1s(0(p) = wo o0 0 (a(p))
= a o0y 004(p)
=aoo;0a toaoa,a(a(p))
= o} 0 0} (alp)).

Finally this local one-parameter group generates X' in a neighbourhood of any point
a(p) where p € U, for

X;(p)f = (a*X)a(p)f
- %(7 o)

Gl eao)]
(foaoatoa 1(oz(p)))‘
- (o i(alp))|

t=0

t=0

Problem 15.20 For any real positive number n show that the vec-
tor field X = 2"0, is differentiable on the manifold R* consisting of the
positive real line {z € R|z > 0}. Why is this not true in general on the
entire real line R? As done for the case n = 2 in Example 15.13, find the
maximal one-parameter subgroup o; generated by this vector field at any
point z > 0.

Solution: X = x™0, is C® on R* for if f is any differentiable function on R™ then
X f(x) = 2" f'(x) is C™ since it is a product of two C* functions on R, since all
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derivatives of 2" exist

dm
dx—mwn =nn—-1)...(n—m+1)z" ™.

If n is not an integer then x™ is not differentiable at x = 0. For example, if n = %
then

d 1
a(]ﬂ/?f’(;[;)) — 2]:1/2 f’(:lj) + $1/2fll($)

which approaches +oo as z — 0 if f'(z) # 0. Henc X is not smooth on all of R.
Solving the differential equation

dx
—ndz
dt

dz n
=2" =

P
can be achieved by integrating both sides from 0 to ¢,

t 1 d$_n+1
/ dt = t,
0 1—n dt

1.e.

wl—n]t
1—mnlo

and for any point zy, writing x = o;(z¢) we have

1 1-n -n
m[(gt(flf@)) —ZE(I) ] =t.
Hence

or(z) = (1 —n)t+ xlfn)l/(lfn).
It is straightforward to check that

d o dO’t _ nopt
“fo@)| _ =@ = ().
The case n = 1 is slightly different, and has the solution

oi(z) = zet.

Problem 15.21 On the manifold R? with coordinates (z,y), let X be
the vector field X = —y0, + 20,. Determine the integral curve through
any point (z,y), and the one-parameter group generated by X.

Find coordinates (z',4') such that X = 0.
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Solution: The integral curves of X are defined by the differential equations

dx %_

a- Y "

From these equations d?z/d#> = —z and the solution which passes through (zo, yo)
at t=01is

T = zgcost — ypsint

Yy = xsint + yp cos t.
The one-parameter group of transformations generating X is therefore
oi(x,y) = (zcost — ysint, zsint + ycost).

It is simple to check that

d 0 0
Gleta)|_ = -vgk+a

The streamlines tangent to X with yo = 0 have the form

T = % cost, Yy = xosint.

Hence 22 + y? = r? = 12, i.e. r = 1z is constant along the integral curves, and ¢t is

the angular coordinate 6. The required coordinates are therefore ' = 6, y' = 0, and

. or 00 or 00
X=—r sm9($8r + %80 + TcosO(a—ya,« + a—y@g).
Since
J O(z,y) _ (cosf —rsind
~ 0(r,0)  \sin@ rcosf
we have
o(r,0) J-1_ cos 0 sin @
o(z,y) - \—(1/r)sinf) (1/r)cosf
and
) sin 6 ) cos 6
X=-r sm9(cos 00, — 69) + rcosO(smO@,« + 69)
r T
= 0y = Oy
Problem 15.22 Repeat the previous problem for the vector fields,

X =y0; + 20y and X = 20, + y0y.
Solution: The equations for integral curves of X = yd, + z0, are

dzx %_

a =Y @

T,
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having solution

x = zg cosht + yg sinh ¢
y = zosinht + yg cosh t.

Hence the one-parameter group of transformations generating X is
oi(z,y) = (z cosht + ysinht¢, zsinht + y cosht.

The streamlines tangent to X with yo = 0 have the form

x = xgcosht, y = xg sinht.

If |z| > |y| set ' = ¢, y = /2% — y? so that
xz =1 cosha', y =y sinha’.

and

) ox' oy’ ox' oy’
X =y smhx'(%&c/ + %81,/) + coshx'(a—y(’)mf + a—y(’)yr)
;. ,/ sinhz’' , , , /cosh z’ ) ,
=y sinhx (— " 0y + cosh z 3yf> + 1y coshz <78xr — sinhx 8y1>

= Og!.

For |y| > |z| the transformation is z = y'sinhz’, y = 3’ coshz’. These transforma-
tions still do not cover the lines y = +z. It is possible, for example to cover y = =z,
x >y, by setting zo — yo = 2, To + yo = 2y’ and ' = ¢ in the above one-parameter
group of transfs.,

mI

1 —
z=ye" +e
ml

y=ye’ —e"
etc.

For X = z0, + y0, the integral curves are given by
dx dy

E_xa dt_y’

having solution z = zge’, y = yoe'. Hence

O-t(a:a y) = (xeta yet)'

In this case x/y = zo/yo = const., and setting initial conditions z@ + yZ = 1 we
may set

Yo = cosy, o=y =3 In(z? + %)

ie.
U ! /
z =e" siny’, y=-¢e" cosy'.
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Using

Nz, y)

o —x . ey
o, y') e ¥ siny e ¥ cosy
- . - ! ! .
e ¥ cosy —e ¥ siny
we have

!

X =¢e” siny’ (e_x, siny'0y + e~
= 0y

x! / z/ r{.—z' / —x' s
cos Yy ay/) +e" cosy (e cosy Oy —e™ 7 siny 6y/)

Problem 15.23 On a compact manifold show that every vector field
X is complete. [Hint: Let o, be a local flow generating X, and let ¢ be
the least bound required on a finite open covering. Set o, = (O’t/N)N for
N large enough that [¢| < eN.]

Solution: By Theorem 15.2, for each p € M there exists a neighbourhood U, and
real number €, such that there is a local one-parameter group of diffeomorphisms
o(p)t o0 Up which generates X ‘ - By the uniqueness theorem of differential equations

dr’ ;
d—:ff = X'zt ..., 2")

the action of the groups o(,); and o(,); on any intersection U, N Uy is identical. Since
M is compact there is a finite subcovering which may be labelled Uy, Us, ..., Uy,
with corresponding positive numbers €, ..., €x. Let € = min{e, |1 < a < k}. Define
the map o : (—€,€) x M — M by

oi(p) =o(t,p) =o@ul) for  pel, [t|<e
For any real number ¢ let N be any positive integer such that |t|/N < €, and set

a1(p) = (o)™ (0)

where
N —_—
(Ut/N) = O0y/NOOyN O " O0N -

e

N times
This extends o to all values of ¢ is independent of the choice of N. For any ¢t and s
pick N such both |t|/N < € and |s|/N < ¢; then
) N

Ot 0 0g = (Ut/N)N(Us/N)N = (Ut/N+s/N = Ot+s-

Hence 0 : RxM — M is a global one-parameter group of diffeomorphisms generating
X, which is therefore a complete vector field.
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Problem 15.24 Show that the Lie derivative L£x commutes with all
operations of contraction C’; on a tensor field 7',

LxCjT = CiLxT.

Solution: If w and X are arbitrary covector and vector fields then, since ¢ is an
invertible map, the fields pw, o X ranges over all possible covector and vector fields
resp. Now by the equation before Eq. (15.33)

P(CIT) (pw', ..., pw", 6X1,...,pX, 1)
=¢(CiT(W ... w X, X))

j

n
(ST T (W) i—1_k -1 x X X, X
= (why.ow e W W X X e, X, X 1)

:( T (Bw, ..., Geb,  gw ™Y BXe, .., Bk, 5Xs_1)

since {pe;}, {pe’} are a basis and dual basis at each point of M by (15.32):
(Pel, Bei) = Pl ei) = &,
Hence, as the pw® and ¢ X, are arbitrary covector and vector fields,
$(CiT) = CipT.
Using Eq. (15.34)

. d@C;ﬁT
L:XCjT:_ dt ‘t:O
_dC’}&tT‘

_ dt t=0
= CiLxT.

Problem 15.25 Prove the formula (15.39) for the Lie derivative of a
general tensor.

Solution: Let

o, 0 o 0 ko dat
T=T"Y kl,,,@(@@@“-@dx Rdr'®...
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By eq. (15.35)

g o
LxT =Lx (T )—® - @df®...

o’
g P
ij... k
+7T kz...ﬁx(—(%i)@ dr*®... +...
g )
+T”"'klm@®"'®£X(d(L‘k)®... +...

Now

£x() - Xl

Lx (TP ) =X(TP %) =Ty mX™.

As seen in the text

Ozt O
and
(LxdzF, 0,:) = Lx(dzF 0;) — (A2, LxD,i)
= X (6%) + (dz*, X ;0pm)
= X" 6% = xk;
Hence

Lyda* = X*;da’
and, after some relabelling of summation (dummy) indices,

(LxT) 4. = T X = Ty, Xy = T Xy =
Ty X+ T X 4

Problem 15.26 Let D; be an involutive distribution spanned locally
by coordinate vector fields e, = 9/0z“, where greek indices «, 3, etc. all
range from 1 to k. If X, = Aﬂaeg is any local basis spanning a distribution

D*, show that the matrix of functions [Aﬂa] is non-singular everywhere on
its region of definition, and that [X,, Xg] = C’gﬂXy where

Cls = (AaaAng,(s - AJﬂAna,(s) (Ail)yn-

Solution: If the vector fields X, span D* then, since eg lie in D, we must have a
set of functions BA,YB such that
e = B'YﬁXv.

Multiplying both sides of this equation by AP, (summation convention), we have

Xo = Aleg = A5, B X,
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whence
A5 B = ¢,
and the matrix A = [A] is non-singular, having inverse B = [Bvﬂ] =AL

For any f € F(M)

[Xa» Xplf = A% 0,5 (A" £ ) — Al50,s (A", £.)
= A%A"ﬂ’ sfn+ AJaAnﬁ Fns
- A%A"a’ s — A%A" fons
= (AéaAn,B,é - AaﬁAna,é)f,n

since f,5 = fsy. Hence

[XomX,B]f = (AéocAnﬂj - AdﬁAna,é)enf

= (A% A5 — AGAT ) (A1) XA S,

which gives the desired result.

Problem 15.27 There is a classical version of the Frobenius theorem
stating that a system of partial differential equations of the form

of° B (.1 kgl r
w:Aj(x oo (), f (:E))
where 7,7 =1,...,k and «,8 = 1,...,r has a unique local solution through

any point (a',...,a*,b',... ") if and only if

0A”, 4] Aqu@ - quﬁi Y
oxrt  Ozd L Oy T Oy

where A@ = Aﬁj (z',...,2% 4%, ...,y"). Show that this statement is equiv-
alent to the version given in Theorem 15.4. [em Hint: On R" where
n =r + k consider the distribution spanned by vectors

0 489

-+ A

Yi= or’ NG

G=1,....,k)

and show that the integrability condition is precisely the involutive con-
dition [Y;,Y;] = 0, while the condition for an integral submanifold of the

form ¢ = fB(z',... zF) is A[j- = fi]
Solution: On R™ let D* be the distribution spanned by vectors

0 0
- = AT
ox* A oyP

Y;
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where Aﬁi = A’i(w,y). This distribution has local integral manifolds of the form
yP = fP(z',...z"), if there is a map ¢ : U C R¥ — R™ defined by

¢($1,...,$k) = (wl,...,wk,fl(x),...f’"(w)).

In this case the distribution D* is spanned by Y; = ),0,:, having the property that
for every differentiable function g = g(x,y) on R",

0 3}
g <1/) BIE’)w(p)g a7 °¥ p=(z")
_ 09 | ;0 99
Ot +J "oy’
ie. 3 3
Yi:@_i_AC;a—ya where A5 = f.

By the Frobenius theorem, Theorem 15.4, and the remarks preceding it, a necessary
and sufficient condition for the distribution D* to have such integral manifolds is
that the Y; are an involutive set of vector fields. however, because of the requirement
Y; = 1.0, they must also commute:

0 0 0o 0
[Yi, Y;] = W*ﬁa@/’*@] :@/’*[@’@] =0.

the last step follows from

0 0 0 (Of o 0 (0f o
w*%’lp*@]f N 8$i( oxJ OT'/)) B ij(

o 2(22) - (220

=0.

Thus the functions AC; satisfy the partial differential equations

O _ aa(at.. b f o), (@)

ord T

if and only if [Y;,Y;] = 0, i.e.

— V. V.l — 9 o 9 0 B8 0
O—Many]—[@‘*‘Aia—ya,@+Aia—yﬁ]
_<3A@)i_3f4%)i
“\ ozt ) oyP  Oxi ) oy~
L4509 5049 0
L Oy Oyb I Oy Oy
_<‘9A@_3A§+AaaA@_AaaA§>i
N R
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on relabelling summation indices o and § in some places. This is essentially a
reformulation of the Frobenius theorem as an integration condition on first order
partial d.e.’s.
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Chapter 16

Problem 16.1 Let 2! = z, 2°> =y, 2 = 2 be coordinates on the manifold
R3. Write out the components a;j and (da);;, etc. for each of the following
2-forms:

a=dy Adz +dz Ady,
B=xdzANdy +ydx Adz + zdy A dx,

v =d(r’(zdz + ydy + zdz)), where 72

=22 +y* + 22
Solution: From Eq. (8.10) we have

a=dy Adz+ dz Ady,
=1(dy®dz —dz®dy) + +(dz @ dy — dy ® dz).

Hence
0 3 0
ol =1 -3 0 3
0 —3 0

0 —%z %y
[/674] = %f 10 _%‘II; )

and

vy =d(r}(zdz 4+ ydy + zdz))
= d(r?)(zdz +ydy + 2dz)) + r’(dz A dz + dy A dy + dz A dz)
= (2zdx 4+ 2ydy +22dz)) A (zdz + ydy + 2 dz))
=0.

For differentials of these 2-forms we have

do = d®y Adz +dy Ad%z + 2z Ady 4+ dz Ad®y =0
dB=dzAdzAdy+dyAda Adz+dz Ady Adx
= —3dx Adz Ady
dy =0.
Hence
-3

(de)ije = (dv)ije =0 and (dB)ijk = 3y ik = _%6'

282



Problem 16.2 On the manifold R” compute the exterior derivative d
of the differential form

n
o= Z(—l)iilacidx1 Ao ANdz A AT A A da
i=1
Do the same for f = r "a where r? = (z1)2 + ... + (2")2.
Solution: Using the antiderivative law (ED4)

n
da =) (~1)7'dz' Adz' A AdeT AT A A de”
i=1
=ndz' Adz? A - Adz”
since i — 1 interchanges are needed to bring the 1-form dz’ to the ith place, between
dz’~! and dz'*+.

Using
13,
dr = = I dg
r=- Zm dz
7j=1
and (ED4) we have
dg =d(r "a) = —nr """ ldr A a4 r"da

n n
= —pr "2 {Z ijdmj A(=D gt dat Ao AdeT A dE T A A dw"]
i=1 j=1
+r "ndzt Adz? A - A dz”

n
= —pr "2 Z(wi)2d$1 A Adz” +r "ndzt A - Adz™
=1
=0

for in the double sum only terms with j = 4 survive, and 7 — 1 interchanges are
needed to bring dz’ to the ith slot in the wedge product.

Problem 16.3 Show that the right-hand side of Eq. (16.6) transforms
as a tensor field of type (0,3). Generalize this result to the right-hand
side of Eq. (16.7), to show that this equation could be used as a local
definition of exterior derivative independent of the choice of coordinate
system.

Solution: The transformation of the components (da);j; = %(aij,k + ki + Qi j)
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given in Eq. (16.6) is given by

1
(da,)i’j’k’ = g( ik + 0[ Gk i + O[k/z/ /)
1 ozt oI
- §<8x’k' (aij ox' (9:17’3"> *e )
1 ort Ord 02zt oI
=5 706Gk 7 /+azﬁ =7
3<8 e i L Loz Ox'k Ol
ot 92%gd
+ g ox'" 9x'' Ox'F + )
ozt ozt Oxk

(Qijk + kg + Qi j) 227 917 D

- 0%zt 0 ort  0%z7
+ (8x’i'3$’k' ox!d’ + ox'? Bx’j'ax’k')

. &2zl Oz orl 0%z
+ ajk((?x’j'ax’i' Ox'*' + ox'7’' Ox’k'(?x’i'>
o%zk  ox ok 9%z )]

Lol =

+ Qi (Bx’k'ax’j' ox'? + ox'k 9z 07’

ort 0xd Ox*

= (da)z]k a{L‘li’ 3x’j' ax,kl

as the second derivative terms cancel in pairs (e.g. the first and fourth, second and
fifth, third and sixth).

For an r-form we have Eq. (16.7), which transforms as

_ (_1)1" T !
@)y g, = SO0 S

cyclic m

where all (—1)" =1 for r even (r + 1 odd) and (—1)" = %1 alternately for r odd.
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Thus

0 Oz Ozt
(1 (4 D))y, = (i o o)
1 r41 8IE’ZT+1 8:5”’1 827 Ly
(—1)" 0 Ox™ Ox'r+
+ (-1 —(zzz e )
835”'1 2030y 41 aIL‘”,? 3$”,T+1
F(en 0 oz"
8:5”:,2 2304121 8:5,2% .
I 1 r2 0 Ox'r+1
( ) —8:5’1’7- alr+l7fl~~~7'7‘—1 8xli’r+1— e
oz Oxlr dxir+
= (. i + (=D ". 4 T SR - -
( L1y ybpg1 ( ) 2293...0p 41,01 )81‘”’1 635’19 (9£EIZ’T+1
92z Oz Oz
+ oy ( - - — ... - )
N 9ttt Gttt Ot o'
+ ...
Each second derivative term )
%I
Oz dz'ta’
with say p > ¢, arises in two places as
(<17 Ox'»+1 0%zl Oz'»—1
- Qi) ig.ip_1 . 7 R 7
PR gttt Q0! T 9yt
+ (=1 Ox'at! 0%z Ox'a—!
- Qjooqip.dg—1 -7 s -7 T e -7 .
q+ pe-tq 8$,Zq+l ax”p &'Jc”q a$,zq71

Replacing the dummy summation 4, in the second expression with ¢, the two terms
are seen to differ in sign by (—1)"®*+%9) multiplied by the sign of the permuation

= tg+1 --- lp—1 g lpt1 ... lg—1 ‘
p+1 .- lg—1 tq tlg+1 --- lp-1

p—(g+1) interchanges will bring the i, to the first place in the top line, then (p —q)
r-cycles will bring the top line to the bottom line, so that

(=1)™ = (=1)P=0-1H0=D-9) — (_1)rP-0)-1
The two terms therefore differ in sign by
(=Drp+q) +r(p—q) —1=(-1)""" = —1,

and all second order derivative terms cancel in pairs. Thus the components given in
Eq. (16.7) transform as a covariant tensor of type (0,7 + 1),

ozh Orir+t

1o lpil TR 7
t ox'™ Ox''r+1

(dav)

(dal)i’l...i’

r+1 -
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and (16.7) can be used as a local definition of exterior derivative independent of the
choice of coordinate system.

Problem 16.4 Let ¢ : R? — R? be the map
(z,y) = (u,v,w) where v =sin(zy), v =z +y, w = 2.

For the 1-form w = w;du+wsdv+wsdw on R? evaluate ¢*w. For any function
f :R® = R verify Theorem 16.2, that d(p*f) = p*df.

Solution: For each 1 = 1,2,3 we have

o w;(x,y) = w; o p(z,y) = wi(sin(zy), z + y, 2).

Hence
O w = e witdu + p*wep*dv + *wsp*dw
= p*widp*u + @ wadp*v + P wzdp*w
= p*wirdp*u + @ wadp*v + P wzdp*w
Now
de*u = du o ¢ = dsin(zy) = y cos(zy)dx + x cos(zy)dy
dp*v=dvoyp=d(z +y) =dz+dy
de*w =dwo p =d2 =0.
Hence

P w = p*wi(z,y)(y cos(zy)dz + x cos(zy)dy) + ¢ wa(x, y)(dz + dy)
= (w1 (sin(zy), z + y, 2)y cos(xy) + wa(sin(zy), v + y,2))dz
+ (wy (sin(zy), z + y, 2)x cos(zy) + wo(sin(zy), z + vy, 2))dy
For any differentiable function f : R* — R,
d(¢*f) =d(f o p) = d(f(sin(zy),z + y,2)
= fu(sin(zy), z + y,2)(y cos(zy)dz + x cos ydy)
+ fo(sin(zy), z + y,2)(dz + dy)
= fuopd(p*u) + fuopd(p™) + fuwo pd(p w),
where f,, = 0f/0u etc. Hence
‘P*df = ‘P* (f,udu + f,vdv + f,wdw)
= fuopd(p*u) + fuopd(p*v) + fuwo pd(p*w)
=d(¢*f)

by the above discussion.
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Problem 16.5 If « is an r-form on a differentiable manifold M, show
that for any vector fields X, Xo, ..., X;41

1 r+1

r+1 [Z(—l)i+1Xia(X17X2, e Xy, Xog1)
=1

r r+1

e F I oy )]
1=1 j=i+1

da(Xl,Xg, e ,Xr+1) =

where X; signifies that the argument X; is to be omitted. The case r =0
simply asserts that df(X) = Xf, while Eq. (16.14) is the case r = 1.
Proceed by induction, assuming the identity is true for all (r — 1)-forms,
and use the fact that any r-form can be written locally as a sum of tensors
of the type w A where w is a 1-form and  an (r — 1)-form.

[** NOTE: Correction in last sentence. In the text it was stated that g
was an r-form.]

Solution: For r = 0 there is no double sum, and the required expression reads
1 2
da(Xl) = I(—l) Xla
which reads df(X) = X f if we set « = f and X; = X.
For r = 1, the expression reads

da(X1, Xy) = §(X10(X3) — Xoa(X1) + (1) ([ X1, X3]))
= L (X1(Xa, ) — X2(X1,0) — ([X1, X3), @)

which is identical with Eq. (16.14) if we set « = w, X7 = X and Xy =Y.
To prove for general order r, assume it true for all (r — 1)-forms £,

r

1 ) .
AB(X1, Xay o Xp) = —[ S () XB(XL, Xy, K, X))
i=1
r—1 r
+3° 3 (~)MB(XL X1, XZ-,...,XJ-,...,XT)]
=1 g=i+1

We will prove that it now holds for any r-form « of the form o = w A 8 where w is
a l-form. This implies the result for arbitrary r-forms by linearity, since every « is
a sum of forms of this type.

In what follows we make use of the forms version of Egs. (8.2) and (8.9): If v is an
r-form and 8 an s-form then

(04 A B)(Xla . -Xr-i-s) = .A(CM ® 5)(X1, N Xr—l—s)
1
= o) > a(Xn1ys s X)) BXn(rt1ys -+ Xn(rvs))-
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From a = w A 8 we have
da=dwAB—-—wAdp

and
da(Xi,..., Xpp1) = (dw A B) (X1, ooy Xig1) — (W AAB) (X1, - vy Xign)-
Now
(dw A B) (X1, Xois) = %1)!Zﬁjdw@@ﬁ(xﬂ(”,...,xﬁ(rﬂ))

r r+l1

Z Z +1+jdw(Xian)/8(Xla--'aXia"'ana"'aXT-i-l)
i=1 j=i+1
r+1i—1
r—i—l SO (-1 dw (X, X)B(Xy . X, X X))
1=2 j=1
r r+l .
= ’)”+]_ Z Z l+1+]dw(Xi7Xj)/6(X17"'7Xi7"'7Xj7"'7XT+1)
=1 j=i+1
r r+l
- r+1 SN ()T Xw(X;) - Xjw(X) - w((X, X))
i=1 j=i+1
B(Xye s iy Xy Xpg1)
(1)
and, from the induction hypothesis for dj
1 r+1 - .
—(wAdB) (X1, Xpp1) = > (1) w(X)dB(Xy, .., Xy, Xpgr)
r+1 Pt
] r+1 - i—1 . . .
= 5 (D)X [Z(—l)]“Xjﬁ(Xl,...,Xj,...,Xi, o Xo1)
i=1 j=1
r+1 . .
+ Z ]X/BXla --aXia"'ana"'aXT-i-l)
j=i+1
i—1 i—1
33T (CVRB(XG, Xl X X K K Xg)
J=1 k=j+1
i—1 r+1 . . .
+ 03T (COIRB(XG X, X X X X, X
=1 k=i+1
r r+1 . . .
+ 303 (C0IRB(XG, X, X X X K X))
§=1 k=i+1
(2)
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Of course ¢ cannot have the value 1 for the first, third or fourth line of this equation
to make sense, or the value 2 for the third line to make any contribution. Using

a(YIa"'aY;“):C‘)/\B(Yla"'ay)

:—Z Z+1 (YI,...,Y,..-,}/T)

we have that the RHS of the required equation for da is

1 r+1 _ i—1 . . .
S [ (D () B X o K K, X))
r(r+1) paet st
r+1
X(Z (Xl,...,X-,...,Xj,...,XTH))]
Jj=i+1
r r+l
l+]|: XZaX])B(Xla"'aXia"'7Xj7"'7X7‘+1)
i=1 5= z—|—1
+Z ([XZ,X]Xl,...,Xk,...,Xi,...,Xj,...,Xr+1)

+ Z D (X)) B([Xa, X1, X1y oy Kooy Xy ooy Xy ooy Xog1)

k=i+1
r+1

+ > (- )B([Xi, X1, X1,y Xy, Xy oo, Xy oo, Xog1)
k=j+1

To show that this is equal to da(X7, ..., X, 1) it is a straightforward matter to check
that these terms match those in Egs. (1) and (2) term by term, after expanding

X (w(X;)B(X1,- .., Xp41)) = Xi (w(X;)) B(X1, - -, Xog1) +w(X;) Xi (B(Xq, - - ., Xrg1))

etc. Hence the result follows by induction.

Problem 16.6 Show that the Laplacian operator on R®> may be defined
by

2 2 2
dxdp=V2pdr Ady Ads = (8 $,0¢ 09

—+ =+ == )dzAdy Ad
072 + 912 + pp 2) z Y z
where * is the Hodge star operator of Section 8.6.

Use this to express the Laplacian operator in spherical polar coordinates
(r, 0, ¢).
Solution: If o = ajdz’ is a 1-form then, from Problem 8.12 we have

(xa)jk = il

2

~——€jp0’ where o' =g (%)
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In rectangular cartesian coordinates dz' = z, dz? =y, dz® = z we have gij =g =

d;j. Hence, setting o = d¢ = ¢ ;dz’, we have

(xdo)jk = €k,

so that 9 9 9
xd¢p = ¢d Adz —i—a—qsdz/\d +8—¢d$/\dy
Thus
92 2 2
d*xd¢ = aqsdx/\d /\dz—l—ydy/\dz/\d:ﬁ—{—ydz/\d:p/\dy
y?
9*¢ 32¢ 2¢

= V2 dz Ady A dz.
In polar coordinates
z = rsinf cos ¢, y = rsinfsin ¢, z=rcosf

it follows that

dx = sinf cos ¢ dr 4+ rcos 0 cos pdf — rsinfsin ¢ do
dy = sin@sin ¢ dr + r cos O sin pdf + rsind cos ¢ do
dz = cos @ dr — rsinf db.
Hence a straightforward calculation gives
G=dr®@dr+dr®dr+dr®@dx
=dr @ dr + r?df ® 6 + r?sin? 0d¢ ® dé,

and the components of the tensor gijdaci ® dz? in polar coordinates are

1 0 0 - 1 0 0
lgi]={0 0, [g"]=[0 r? 0
0 0 r%sin0 0 0 r2sin 20

45in? @, so that for any function f

f of of

The determinant is g = r

df = 5, dr+ 5540+ 22 49
and from Eq. (%) above
*df:r2sin9<gfd9/\d¢+ 2‘;£d¢/\d + QOgi;d /\d0>.
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Hence

0 0 0 0 0
dxdf = [8r(r Sm@a—f)—i-%(l O—f) 8_¢(

=V3fdzAdy Adz

1 of
sinf 0¢

=) ]ar nao nag

where

1 g0 of 1 of
V2f— [5(2 1n0—)+—(1 0 8¢(s1n08¢)}

r2sinf or 00
10, ,0f | af 1 9,1 9f
- (5in056) + 7 a¢(sin9 8¢)

8f)

ﬁar( 8r)+r28in080
_82f+28f 1 &f  cot@df 1 9%f

T o2 T ror 120602 2 00 r2sin20 0¢2

Problem 16.7 Let w = yzdz +x2zdy+3dz. Show that the Pfaffian system
w = 0 has integral surfaces ¢ = z%¢™ = const., and express w in the form

fdg.

Do the same for w = yzdz + zzdy + 22dz.

[** NOTE misprint in first w given in text. The second case is suggested
as an additional or alternative exercise.]

Solution: If w = yzdx 4+ xzdy + 3dz then

dw =ydz Adz + 2zdy Adz + xzdz Ady + zdx A dy
=ydz Adz + xdz Ady

Hence
dw Aw =z2zydz Ade Ady + xzydz Ady Adx =0

and by the Frobenius theorem there exist local functions f and g such that wfdg.
These functions satisfy the differential equations

99 _ .
6m_y
@—xz
6y_
dg
Ew 3.

Hence
ey y@y - f
which has solution ¢ = G(lnz + Iny, z) = G(In(zy), z) for arbitrary differentiable

funtions G. Thus
g=F(u,z) where u=1xy



and substituting in the dg/0z equation gives

OF _3:_30y _oF
0z f yor =~ Ou’
Hence
F=H(nz+ ju)

3v

for any function H. Taking H(v) = e°¥ we have

g= eSlanrmy — z3emy

which gives the desired integral surfaces. The function f is

_ 3 1w
f_ag/az_22€ '

It is straightforward to check that w = fdg.

The discussion of the 1-form w = yzdz + zzdy + 22dz follows along very similar
lines. Again dw Aw = 0 and an argument similar to that above shows that w = fdg
where

z
g=72"+2y,  [=3.

Problem 16.8 Given an 7 xr matrix of 1-forms (2, show that the equation
dA = QA — AQ
is soluble for an r x r matrix of functions A only if
BOA = A0

where © =dQ — QA Q.

If the equation has a solution for arbitrary initial values A = Ay at any
point p € M, show that there exists a 2-form « such that ©® = al and
da=0.

Solution: The matrix equation dA = QA — AQ is shorthand for
dA;j = Qi Ak — A
where summation convention over the repeated index k is adopted. Hence

O0=d?A=dOA-QAdA —dAAQ—AdQ
=dOA - QA (QA — AQ) — (QA — AQ) A Q — AdQ
= ([d2A-—QAQA+AQAQ—dQ)
= 0OA - AO
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where © = dQ — Q A Q. [Note that (Q A Q);; = Qi A Qi # 0 in general.] Thus
OA = AO.

If the matrix of functions A can take arbitrary values Ag at a given point p, then at
this point
Oik(P)(Ao)k; = (A0)ikOk;(p)

and setting (Ag)x; = Oked;p for fixed a and b gives

Ok (P)Okadjp = 0ia0kpOrj(P),
i.e.
Oia(p)djp = 0iaOj(p).

Setting b = j gives O;4(p) = ;O (p) (N0 summation over b), whence O (p) =
Ow(p) for all a,b =1,...n. Writing a = Oe(p) we have then 0;;(p) = ad;; and as
p is an arbitrary point there exists a 2-form o« : M — R such that ©® = al. Therefore

dQ-QAQ=al
and, since € is a matrix of 1-forms

dal = 2Q - dQAQ+QAdQ
=—dOAQ+QAdQ
=—(ad+QAQDAQ+QA (al + QA Q)
=—alANQ+QAal
=0.

The last step follows from

(Otl VAN Q)i]’ = adjr N\ ij

=al Qz’j
= Qi N (since « is a 2-form)
= QA a5kj
= (Q AN ozl)ij.
Hence da = 0.
Problem 16.9 For a reversible process o : T' — K, using absolute

temperature T as the parameter, set

00 = c¢dT
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where ¢ is known as the specific heat for the process. For a perfect gas
show that for a process at constant volume, V = const. the specific heat

is given by
(57)
cv = | =) -
v oTr /v
For a process at constant pressure show that
cp=cy+ R,

while for an adiabatic process, o*0 = 0,

pV7 = const. where v = %
cv
Solution: If U = U(T,V) then
oU ou
= (=) 4ar il
W = (57), 47+ (57) 4V
and U oU
a*ozzcdr::a(dUﬁ+pdV)=:(§f)vd72+(p+—(5v)T)dV
For a constant volume process V =const. we have
x vy _(oUu
c'dV=0 = ocO=cydl — cy= (3_T>V
For a perfect gas,
oU
) —o
(8V>T ’
i.e. U=U(T), so that for a constant pressure process p =const.
ou
a*o__%dT__(ET)Vdr+pdV
ov
._chTh+p(5T)pdT.

Since pV = RT, where R is the perfect gas constant, we have
ov
) =R
p(aT>p

cpdT = (cv + R)dAT

whence

ie.
¢ = (cv + R).
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For an adiabatic process o*0 =0, i.e. ¢ =0,

0= CvdT + pdV.
From pV = RT we have

4T — pdV + Vdp

R
so that

0=pdV + %(pdV + Vdp)

1

=% (cppdV + cVVdp) since R = ¢, —cy
vl

= R d(pV7) where vy = cc—z.

Hence pV7 = const. for adiabatic processes.
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Chapter 17

Problem 17.1 Show that in spherical polar coordinates

dz Ady Adz = r?sinfdr A dO A dé,

and that ¢?sin#ddAd¢ is a volume element on the 2-sphere 22 +y?+22 = a?.

Solution: In polar coordinates
z = rsinf cos ¢, y = rsinfsin ¢, z=rcosf
we have

dx = sinf cos ¢ dr 4+ rcos @ cos pdf — rsinfsin ¢ do
dy = sin@sin ¢ dr + r cos @sin pdf + rsind cos ¢ do
dz = cos @ dr — rsinf db.

Hence, after a straightforward calculation

_ 1 0,y 2)
dz Ady A dz = det 3, 09) dr AdO Ado

= rZsinfdr A df A dé.

On the 2-sphere 224132 +2% = a2, polar coordinates 6, ¢ are defined everwhere except
on the region 0 < 7, 0 < ¢ < 2m. On the this region it is clear that the 2-form
w = a?sinfdf Ad¢ # 0. This 2-form is undefined at ¢ = 0 (or equivalently ¢ = 27),
but has a unique continuous limit at these points, for the coordinate transformation
¢ = ¢ —m, 6 =6 results in

w=a’sin@ddAd¢' #0  at ¢ ==£m, 0 #£0, 7.

To see the behaviour at § = 0, 7, consider rectangluar coordinates z,y for z > 0 and
z < 0 respectively. Since

z = asinf cos ¢, y = asinfsin ¢, z=acost

we have zdz + zdz 4 ydy + zdz = 0, so that

Csinfdf = L4, - _Fdztydy
a az
and, from tan ¢ = y/x,
dy — yd
SeCZ¢d¢:7$ Y 2y $.
x
Hence dy —ydz  azdy—ydz  ady —yd
dp = cos? ¢° W —yde _ ady —ydw _ ady —ydz

2 a? sin’ 6 a? — 22
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and

zdz +ydy ady —ydx
a A

W = B}

z a?—z
a(r +y)’dz Ady
2 a2ty
adz A dy
Y
At 0 = 0,7 we have z = a and z = —a resp., i.e. £ =y = 0. Hence the limiting

values of w at these points are =dz Ady # 0. Thus w defines a non-vanishing 2-form
on the entire 2-sphere.

Problem 17.2 Show that the 2-sphere 22 +y? + 22 = 1 is an orientable
manifold.

Solution: Steregraphic projection coordinates from the north and south pole are
given in Example 15.4

x=-—"_ vyv=Y
1-=2 1-=z
r_ 7T : y! — Y )
1+=2 1+=2

These coordinates cover the 2-sphere. From

2 4,2 2
+y 1—-2 1—=2
x2yy2=2 = =

+ 1-2)2 (1-2)2 142

it follows immediately that
1 X 1 Y
_X2+Y2’ _X2+Y2
and the jacobian matrix is

J_oxLY) 1 (Y2 - X? —2vX
T I(X)Y)  (X24Y2)2\ —2YX X?-Y?

and the jacobian determinant is

det: | (X2 -Y?)? 4X2%y? -1
e = — — =
(X2+Y2)4  (X2+4Y2)4  (X247Y?2)?

so that these coordinates are oppositely oriented throughout their region of intersec-
tion (X,Y),(X',Y') # (0,0). Choose X" = X" and Y"” = —Y" and the coordinates
are positively oriented throughout their region of intersection,

3(X", YII) 1

o xy) Xy
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Hence S? is an oriented manifold.

Problem 17.3 Show that the definition of the integral of an n-form
over a manifold M given in Eq. (17.1) is independent of the choice of
partition of unity subordinate to {U,}.

Solution: If g, and h, are partitions of unity subordinate to {U,} and a any n-form
on M, then

-3(2 | g

since the support of each n-form hpg,« is included in U,. Hence the definition of
integral of a over M is independent of the choice of partition

/Ma:;/Mgaa:;/Mhba.

Problem 17.4 Let o = y?dz + z?dy. If v, is the stretch of y-axis from
(x =0,y =—1) to (x =0,y = 1), and 2 the unit right semicircle connecting
these points, evaluate

/a, /a, and /a.
71 2 St

Verify Stokes’ theorem for the unit circle and the unit right semicircular
region encompassed by v; and 7.

Solution: If 7y is a curve given parametrically by z = z(t), y = y(t) we have, by

Example 17.2,
o [0
a= Y dt.
t dt

For «; the parametric representation is x =0, y = ¢, t1 = —1, {2 = 1, so that
1
/ o= / (2.0 + 0.1)dt = 0.
71 -1
The curve 2 has the parametric representation is x = cost, y = sint, t; = —7/2,
to =m/2:

w/2
/ a= / (—sin? t.sint + cos? t. cos t)dt.
Y2 /2
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71

Since
cos® t —sin® t = (cost — sint)(cos® t + cos tsint + sin? t)
= (cost — sint)(1 + cos tsint)
= cost — sint + cos? tsint — sin® ¢ cos ¢
we have
) cos’t  sin®t77/2 4
a:[smt+cost— - ] =_—.
o 3 3 1 ap 3

For y3 = S'! the parametric representation is the same as for 2, but t; = 0, t5 = 2,
giving

=0.

. cos>t  sind 12w
o= [smt—i—cost— - }
v 3 3 lo

The exterior derivative da is
da = 2ydy A dz + 2zdx A dy = 2(z — y)dz A dy.
Using polar coordinates, x = rcosf, y = rsinf,

da = 2r%(cos 6 — sinf)dr A df
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and the integral over the the unit disc D is

1 2w
/ rda = / / 2r?(cos @ — sin@)dr A d
D o Jo

= [2] sind + coso]

0
/a.
&

If D' is the right half disc then

2 m/2 4
/ rdaz—[sinﬁ—i—cos@] :—:/a—/a.
D 3 77r/2 3 Y2 7

Since the boundary of D' is D' = v — 7, we have Stokes’ theorem satisfied

/ rda:/ Q.
D’ oD’

2
0

Problem 17.5 Ifa=2dyAndz+ydzAdz+2zdz Ady compute fm «a where
Q is (i) the unit cube, (ii) the unit ball in R®. In each case verify Stokes’

theorem,
/ a:/da.
o0 Q

Solution: (i) On the face x = 0 the outward normal is n = (—1,0,0), and a
correctly ordered pair of tangent vectors is (e = (0,0,1),f = (0,1,0), so that (n,e,f)
is a correctly oriented triple with respect to the standard basis e;, e, e3 of R3. A
parametric description of this face is x = 0, y = A2, z = Ay, so that

oz ox'
e=_-—e;, f=_"e¢€;,

01

1 1 8y (}z /fljrl
a= —r————dA1d)\y = —0.1.1dA\;d Xy = 0.
/:1::0 /0 /0 o ox T o o e

Similarly, the face = 1 has parametric representation y = Ay, z = A2 and

1 1 ay (92 /1 /1
a= r————dM; d)\y = 1d\id X =1.
/le /o /o ox o o e

The other faces are dealt with in a completely analogous fashion:

/ a:/ a=0
y=0 z=0
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and

1 1
/ / / yd>\1 d>\2 = ]_,
1 0 JO
1 1
Jo

Zd)\l d>\2 =1.
o
To verify Stokes’ theorem,

1,1 pl
/da:/?)dw/\dy/\dz:?)///d:z:dydz:?).
Q Q o Jo Jo

(ii) Setting r, 6, ¢ to be spherical polar coordinates

S—

Hence

R

1L = f
Y
f

rz=1

\// e
x /

n
x = rsinf cos ¢, y = rsinf sin ¢, z=rcosf

we may use f, ¢ as parametric coordinates on the boundary 09 = S?, positively
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oriented since 0, is an outward normal. From Example 17.3

Ozt OxJ
- 2T 494
/m“ //,«:1““89 op 017

7 2 Oy 0z 0z dy 0z 0x Ox 0z
_/0 dO/0 d¢fﬁ(%a—¢_@3_¢>r:1+y(%8_¢_%3_¢)7“:1
Oy 0z 0z 0y
+Z(%a_¢_%a_¢)r:1

T 27
= / d9/ d¢ sin® 0 cos? ¢ + sin® Osin? ¢ + sin® O sin® ¢
0 0
+ cos 0(cos 0 sin @ cos® ¢ + cos O sin O sin? ¢)

T 2m
= / d0/ d¢ sin® 0 + cos? @sin f
0 0

™ 2
= / sin 6§ do / d¢
0 0

= 4.
In polar coordinates the exterior derivative is (see Problem 17.1)

da = 3dz Ady A dz = r?sinfdr A dO A dg,

1 T 2T
/da:3/ 7«2d7«/ sin0d0/ d¢ = 4r
Q 0 0 0

in agreement with Stokes’ theorem.

so that

Problem 17.6 Let S be the surface of a cylinder of elliptical cross-
section and height 2/ given by

x=acosf, y=bsinf, (0<6<2m), —h<z<h.

(a) Compute [, where o = zdy Adz +ydz Adz —2zdz Ady.
(b) Show da =0, and find a 1-form w such that o = dw.
(c) Verify Stokes’ theorem [,a = [, w.
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Solution: (a) Set Ay = 6, Ay = z on the surface S, and use Example 17.3

[l
j I oz’
//[<————><————>
2(635814 8y8x>]

00 0z 00 0z
2m
:/ d9/ dzacos.bcosf — bsinf.(—asinf)

2T h
:/ dH/ dz ab
0 —h

= 4rhab.

(b) da=dzxAdyAdz+dyAdzAdz—2dzAdxAdy =0. To solve for o = dw
where w = Adz 4+ Bdy + Cdz, i.e.

a=dAANdz+dB Ady+dC Adz,

we read off the components of dy A dz, dz A dz and dz A dy resp.:

r=-B,+C, (1)
y=-Cr+ A, (2)
—2z2=-Ay+ B, (3)

where B, = 0B/0z etc. Try C =0, and (1) and (2) give

B=—zx+g(z,y)
A=zy+ f(x,y)

for some functions f and g. Substituting in (3) results in
—2z2=—2+fy—2+gs

i.e.
fyy + g,LL‘ — 0

The functions f = g = 0 satisfy this equation and a suitable 1-form w is
w = zydx — zzdy.

(c) The boundary of S consists of two ellipses at z = +h. We may take as parameter
A= —0onz=h (i.e. aclockwise direction), for n = 9, is the outward normal to the
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boundary ellipse and n,dy has negative orientation w.r.t. the positive orientation
on S. Similarly, on z = —h we take A = —@ (i.e. anticlockwise direction). Hence

/ w= / —h(ydz — zdy) + / h(ydz — zdy)
oS z=—h z=h
2
= / —h(bsinf.(—asinf)dd — a cos 0.b cos HdH)
0

27
—/ h(bsinf.(—asin)df — a cos .b cos 0d0)
0

2w
=2 / habdf
0

=4mhab = / Q.
S

Problem 17.7 A torus in R? may be represented parametrically by
x = cos ¢(a + beos ) y = sin ¢(a + bcos ) z = bsin

where 0 < ¢ < 27, 0 <9 < 27w. If b is replaced by a variable p that ranges
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from O to b, show that
dz Ady Adz = p(a+ pcostp)de A dy Adp.

By integrating this 3-form over the region enclosed by the torus, show
that the volume of the solid torus is 27%ab?. Can you see this by a simple
geometrical argument?

Evaluate the volume by performing the integral of the 2-form a = zdyAdz
over the surface of the torus and using Stokes’ theorem.

Solution: For each fixed ¢ the curve

Z —acos¢ = bcos¢cosy

Yy —asin ¢ = bsin ¢ cosy
z = bsiny

describes a circle centre center (a cos ¢, asin ¢, 0), radius b,
(z —acosg)?® + (y — asin$)? = b cos® ¢p = b% — 2.

As ¢ varies from 0 to 27 these circles describe the surface of a torus (donut). Re-
placing b by a variable p and forming differentials, we have

dz = —sin¢(a + pcosp)de — p cos ¢ sinpdiy + cos ¢ cos pdp
dy = cos ¢(a + pcosp)de — psin ¢ sinpdy + sin ¢ cos 1pdp
dz = pcospde + sinpdp
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Hence
dz Ady A dz = d¢ A dy A dp[psin® ¢(a + pcosp) sin® 1
sin? (a + pcos ) cos® ¢hp + pcos? ¢ sin® 1 (a + pcosp)

cos® ¢ cos” (a + pcos ) p]
=d¢p Ady Adp(a+ pcosyp)p

The volume of the region D enclosed by the torus is therefore
2T 2T b
V:/dx/\dy/\dz:/ d¢/ dq,[)/ dp(a + pcosp)p
D 0 0 0
2m b2 b3
_27r/0 d¢(a5+§cos1jj>
= 2n2ab?.

As this volume is generated by a sequence of discs of area mb? sith centres strung
along a circle of circumference 2ma, the volume may be expeceted to be their product
21a.mb? = 2m%ab?. Since da = dx A dy A dz, Stokes’ theorem gives

V:/dx/\dy/\dz:/da:/ Q.
D D oD

V:/ xdy A dz
oD
Oy 0z 0z Oy

= /aDcosgb(awchoszp)(a—gb% — 875%>d¢/\d¢

= /27T d¢ /27T dip cos ¢(a + pcos 1)) cos p(a + pcosip)bcos
0 0

Hence

27 27
= / cos? ngdgb/ (a4 pcosip)?bcos hdep
0 0

/27r cos2¢ + 1
0

2w
5 d¢ / (a? 4 2ab cos ¢ + b? cos? 1h)b cos pdep
0

2w
=7 / 2ab? cos? o dyp
0
= 1.2mab® = 2r2ab?,

as required.

Problem 17.8 Show that in n dimensions, if V' is a regular n-domain
with boundary S = 0V ,and we set « to be an (n—1)-form with components

a = Z(—l)i"rlflidm1 Ao ANdztTEAdZ A - A da®,

=1
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Stokes’ theorem can be reduced to the n-dimensional Gauss theorem

/---/A{idxl...dx":/---/Aidsi
\%4 S

where dS; = (—1)"tldz!...dz*"1dz'T!...dz" is a ‘vector volume element’
normal to S.
[**Note: Term (—1)**! should be included in definition of S;.]

Solution: Suspending the summation convention

n n
da = z:(—l)i"'1 ZAi,jdwj Adzt A AdgTEAds T A A de,
i—1 j=1
=) (1) Ade' Adet A AdeTE AT A A da”,
= (=) (=) Ada Adat A et A Ada A A da”
i=1
after performing 7+ — 1 interchanges
=A'; Adz' Adz® A+ Ada”,

on reinstating the summation convention on the index i. Hence, in a coordinate
chart (U, p;z"), by Stokes’ theorem

/---/Ai’idwl...dwn:/ da
14
o(V)
:/ (0%
ov

n
= Z/ (1) Aidzt A+ Adzt A da A - A da”
=170V

_ / » / AldS; (S = (V)
S

where
ds; = (—1)""'1dac1 ode ettt da”

_ (1)t Ozt Ori—1 gritl ox™

- oM T M1 O\

Jidntdnt At

ONn—1
in parametric form. dS; is “normal” to the surface dV in the sense that if
PO L
. oN
J=1
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is any vector tangent to the surface then it is straightforward to verify that B‘dS; =
0.

Problem 17.9 Show that any tetrahedron may be divided into ‘cubical’
regions.

Describe a procedure for achieving the same result for a general k-
simplex.

[Note: the caption to Fig 17.4 should read Dividing a cube into “trian-
gular” cells |

Solution: For a 2-simplex (triangle) pick any point inside the triangle, which we
call its “centre” and join to the centres of the edges. This divides the 2-simples
into three quadrilateral regions, or 2-cubes. For a 3-simplex or tetrahedron pick a
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point or centre in the interior of the 3-simplex and join to centres of all four faces.
Retaining the divisions of these faces relative these centres divides the 3-simplex into
four 3-cubes as shown in the Figure. An n-simplex has n + 1 faces. Join a central
point pg to centres py, ..., pn41 of these faces and cubulate each face with respect to
these centres. This inductive process cubulates the n-simplex into n + 1 n-cubes.

Problem 17.10 For any pair of subspaces H and K of the exterior
algebra A*(M), set H A K to be the vector subspace spanned by all a A 3
where o € H, € K. Show that

(a) ZP(M) A Z9(M) C ZP+I(M),
(b) ZP(M) A BI(M) C BP+I(M)
(c) BP(M) A BY(M) C BP*I(M).

Solution: (a) Let « € ZP(M), B € Z%(M), so that da = 0 and d3 = 0. Then a A 3
is a (p + ¢)-form and

9

dlaAp)=daAp+(-1)’aAnds=0.

Hence a A 8 € ZPT4(M) and we have shown that

ZP(M) A Z9(M) C ZPTI(M).
(b) If « € ZP(M), B € BY(M), then da = 0 and 8 = dy where v € C9~1(M). Hence

dlaAy) =daAy+ (-1)’aAdy = (-1)PaAp.

Thus a A 8 = (—1)Pd(a Avy), so that « A B € BPTI(M), and it follows that

ZP(M) A BY(M) C BPTI(M).
(c) Since BP(M) C ZP(M) it is immediate from (b) that

BP(M) A BY(M) C ZP(M) A BY(M) C BP+4(M).

Problem 17.11 Show that for any set of real numbers aq,...,a; there
exists a closed r-form o« whose periods fCi a = a;.

Solution: This is a direct corollary of de Rham’ theorem (Theorem 17.4). Let
{[C;]} be a basis of the rth homology space H,(M) where C; € Z.(M) are 7-
cycles (i = 1,...,b.). Theorem 17.4 implies that there exists a dual basis {[¢/]}
(j =1,...,b,) of the cohomology space H" (M), where each ¢/ is an r-cocycle (closed
r-form), such that

(c1.1 = [ & =4
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The closed r-form o = ajej then has periods

_ =y 8T — .
/a—/aje = a;j0; = a;.
C; C;

Problem 17.12 If S' is the unit circle, show that ' = b! = 1.

Solution: Since S! is a connected topological space (see Problem 10.19) we have
by Example 17.5 that H°(S') = R, i.e. b = 1.

Let w be any 1-form on S', expressed locally in angular coordinates as w = f(6)d#,
where z = cos ), y = sinf. Then w is a closed 1-form (w € Z'(S')), since

dw = f'(0)d0 A do = 0.
w is exact if there exists a function F' € F(S!) such that w = dF,

dF 0w
w=—d6, where F(0) = f(e)de'.
do 0
While this equation is true locally for any 1-form, it is not true globally in general
since the function must be continuous on S, i.e. we require peridocity F(27) =
limy o, F(#) = F(0) = 0. This condition may be expressed

/Slwz/ohf(O)dH:O.

If w and w’ are any pair of closed forms dw = dw’ = 0 and «’ is not exact, [¢; w # 0,
then there exists a unique a € R such that w' — aw is exact, for

!
lw
/ W —aw=0 where a = fS
Sl

fslw'

The a with this property is uniquely defined, for if w’ — a'w is exact then

(a—a')/Slwzo

where is only possible if a = a/. Hence w’'—aw = dF and every closed 1-form w' ~ aw
for a unique a € R, i.e. H'(S') = R or equivalently the first Betti number is b' = 1.

Problem 17.13  Let o= Ty —yds
.’,52 + y2

310



Show that « is a closed 1-form on R? — {0}. Compute its integral over the
unit circle S' and show that it is not exact. What does this tell us of the
de Rham cohomology of R? — {0} and S'?

Solution: The 1-form « is clearly defined on R? — {0} and closed, for

dor — de Ady —dy Adz  (2zdz + 2ydy) A (zdy — ydz)

ZL'2+y2 ($2+y2)2
_2dz Ady  2(z% 4 yP)dz Ady
- $2+y2 (x2+y2)2

=0.
The 1-form « is not exact for if & = df then we would have

[ a=tem -0 =0
Sl

where we parametrize the unit circle as in Problem 7.12 (z = cos, y = sinf).

2T 2 2 2T
/ a:/ cos” 6df + sin 0d9:/ 40 = 27 £ 0,
st 0 1 0

However

Hence « is not exact.
The map ¢ : R? — {0} — S' defined by
@ : (rcosf,rsinf) — (cos@,sin@)
induces a homomorphism
" AY(SY) = AN(R? - {0})

which has the properties * (wAwW') = p* (W) A p* (') and p*dw = dp*w. Tt therefore
induces a map

0" ZY(S") — ZY(R* - {0}) and  ¢*:BY(S") — B'(R* - {0}).

The map is non-trivial for @ = ¢*(df) as § = arctan(y/z) so that

zdy —ydzx 1  zdy—ydx z?

d9 — = =
x2 sec2 0 x2 z? + y?

Q.

Since H'(S') is one-dimensional we thus have
HY(R? - {0}) = HY(S!) = R

and by Problem 17.12, b' = 1.
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Problem 17.14 Prove that every closed 1-form on S? is exact. Show
that this statement does not extend to 2-forms by showing that the 2-
form

a=r3(zdy Adz+ydz Adz + zdz A dy)

is closed, but has non-vanishing integral on S2.
[** NOTE: Coefficient »~3 in « incorrectly given in text.]

Solution: Let N = (0,0,1) and S = (0,0, —1) be the north and south pole on the
unit sphere S?. By stereographic projections Sty and Stg (see Example 15.4) we
have §2 — {N} = §? — {S} = R?. If w is a closed form on S2, dw = 0, then by
the Poincaré lemma there exist functions f : $? — {N} - Rand g: S? — {S} - R
such that w = df and w = dg on the domains of definition of these functions. On
U =5%2—-{N,S} we have dfdg and since this is a connected open set we must have
f = g+-const. on U. Since either function may be modified by an arbitrary constant
we may pick f and g to be equal at some point p € U. It then follows that f = g on
U. Let h: S? — R be deined by h = f on 2 — {N} and h(S) = ¢(S). Then since h
is identical with g on §% — {S} it is differentiable at the south pole S and therefeore
f € F(S?). It is clear that w = dh on all of S?, and w is an exact form.

2

Since 72 = 2% + y% + 2%, we have

2rdr =22 dz + 2y dy + 22 dz
and
do = =3r Y Yzdz+ ydy + 2d2) A (zdy A dz + ydz A dz + zdz A dy)
+r73(dez Ady Adz +dy A dz Adz + dz A dz A dy)
—3r (22 + 9% + 22)dz Ady Adz + 3r~3dz Ady Adz
= 0.

Thus « is a closed 2-form. Evaluating its integral over S? in spherical polar coordi-
nates (see Problem 17.1)

/a:/ r=3(xdy Adz 4+ ydz Adz + zdz A dy)
S2 S2

= / sin f cos ¢ sin @ cos ¢pd¢p A (—sin#df) + sinfsin ¢p(— sin #dh) A (— sin b sin ¢pd)
r=1
+ cos 6(cos 0 cos pdf — sin @ sin pdp) A (cos € sin ¢pdf + sin 6 cos pd¢)

= / df A de(sin® 6 cos? ¢ + sin® @ sin? ¢ + cos® @sin @ cos? ¢ + cos? 0 sin O sin? ¢)
r=1

s 2w
:/ de sin0/ d¢
0 0

=4 # 0.

Hence « is not exact, for if @ = dw then by Stokes’ theorem

/a:/dw:/ w=~0
S2 S2 052
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since the compact manifold S? has no boundary.

Problem 17.15 Show that the Maxwell 2-form satisfies the identities

© A xp = xp A p = 4(B% — E?)Q
eANp=—xpA*xp =8B -EQ

where Q = dz! A dz? A dz? A dz?.

Solution: The Maxwell 2-form and its dual are given by (see text)

¢ = 2(Bsdz' A da® + Byda® Ndz' + Bidz® A dz?
+ Erdz! Adz' + Eyda? Adz' + E3)

and

*p = 2(—E3d:131 Adz? — Eyd® A dz' — Evdz? A da?
+ Bidz' A dz' + Bodz? A dz* + Byda® A dzt),

where E = (Fy, Es, Ej3) is the electric field, B = (Bj, By, B3) the magnetic field.
In calculating ¢ A #¢ the term dz' A dz? only couples in a non-trivial way with
dz3 A dzt, dz® A dz' with dz? A dz? etc. The result is

0 Ao = 4((B3)? + (B2)? + (B1)? — (E1)? — (E»)? — (E3)?)da! Adz? Ada? A da?
= 4(B? - E?)Q.

Similarly,

xp N p = 4(—(E?,)2 — (E2)2 — (E1)2 + (31)2 + (32)2 + (B;»,)Q)da:1 Adz? A dz? A dz?
= 4(B? - E%)Q.

In the same way

¢ A =4(B3Es + BoEy + B1Ey + E\By + E»By + E3Bs)dz!' Adz? Ada® Adz?
=8B - EQ.

and since *¢ can be formed form ¢ by replacing B by —E and E by B, we have

xp A xp = 8(—E) - BQ = —8B - EQ.
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Chapter 18

Problem 18.1 Show directly from the transformation laws (18.1) and
(18.11) that the components of the covariant derivative (18.6) of a vector
field transform as a tensor of type (1,1).

Solution: The components of covariant derivative (18.6) are
Vi =Y’ +T5,Y7,
which in transformed coordinates read
YV =Y + T Y7

Using the vector transformation law we find Eq. (18.1) for the first term on the
RHS, _ _

836". awk’ P 4y axk’ (92.51,‘,2 ’ (1)
ozt o'k Oz'F Ozt ok

and from the transformation law of F§k given in Eq. (18.11) the second term is

1i!
Yl/:
b

oz* ozl ox'"

" ~, . 02zt '\ ox'T
3 — T l
Ly <8$’k' oz'7" dgi Ik + 0x'k 0z’ Oxt ) Ox! Y
_0aF jox'" pioyl, 9 ort dz'"\ oz, o' 9 0"\ 9z -
T ox'F Tl ot Ik + ox!'7’' <8x’k' Oxt ) Ox! — 0x'% Og!T ( Oxt ) Ox!
ozk o' D ozt oz 9 0z

_ Yr Y ] Y (s I l
- ox'k Ort UjeY™ + &Isl( k,)Y ox'k ozl oz’ ( or? )Y
. 8.'L'k 8.’1)”1 i Y-] _ 8.'L'Z an'il 1
T ox'k 9y IF 0x'*" orl ot

After a relabelling of dummy summation indices the second term on the right hand
side cancels the second term on the RHS of (1), and we have

2/ 3$'i, 3$k

)

-1
oz'" 9zF _,
oxt or'k R

¥ = 5o g Vi + DY) =

J

as required.

Problem 18.2 Show that the transformation law (18.11) can be written
in the form

ozk 9z oz O*z'" 9z Ozk

Ox'% 9z dxt T Ik 9w dzk 9217 Ox'K

[** NOTE: the second term on the RHS is incorrect in the text.]

-/
Fl;/k/ -

Solution: The argument is essentially the same as in the previous problem. In
Eq.(18.11),

ozk 9x7 o' _, Pzt 9z'"

oz'* 9x'" Oxt Fjk + oz'* 03" Ozt

-
F,;’k’ =
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the second term may be rewritten

92zt oz’ o ox' 9z’ ort 9 /0"
Or'F 97 ozt ox'¥ (axu" ozt ) " 9z oz'F ( a:m‘)
[ or) dz* o 0z
= 57 ) = 5077 5 90 (507 )
B 02" 9zl Oz
~ 02i0zk 0x'7 oK

Problem 18.3 Show directly from (Covl)—(Cov4) that DyxT = fDxT
for all vector fields X, tensor fields 7" and scalar functions f: M — R.

Solution: For T a scalar field, T = g we have

Dyxg = (fX)g = f(Xg) = fDxg.

For T" a vector field, T' = Y the desired condition is DyxY = fDxY is identical
with the requirement(Con2) for a connection. If T is a covector field, ' = w then
by (Cov2),

(Dixw,Y) =Dyx(w,Y) — (w,DsxY)
= fDx(w,Y) — (w, fDxY)
= fDx(w,Y) — f(w, DxY)
= f(Dxw,Y) by (Cov2)
= (fDxw,Y).

Since Y is an arbitrary vector field we have Dyyw = fDxw.

Let T be a tensor of type (r, s) with total order m = r+s > 1 of the form T = A® S,
where A is a tensor of either type (1,0) or type (0,1) and the total order of S is
m — 1. Assume the statement is true of all tensor fields having total order less than
m, then by (Cov4)

Dfx(A(X) S) = Dfo® S+A®Dfxs
=fDxA® S+ fA® DxS
= fDx(A®S).

Since every tensor T of with total order m = r + s > 1 can be written locally (in
any coordinate neighbourhood) as a sum of tensors of this form,

T:ZAZ'@)SZ"
i
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it follows from (Cov3) and the above that
DyxT = ZDfX(A,» ® S;)
=Y fDx(4;®S))
i
= fZDX(Ai ® S;)
= fDZXT-

The result now follows for all tensors by induction on the total order.

Problem 18.4 Verify from the coordinate transformation rule (18.11)
for %), » that the components of the covariant derivative of an arbitrary
tensor field, defined in Eq. (18.14), transform as components of a tensor
field.

Solution: Writing Eq. (18.14) so as to only include one index of each type

T g =T pp + Doy T A = T, T
we have
N N N ;0 ! N
TZ J mk’l’...;p’ — TZ 7 mk’l’,,,,p’ + F,Z/p/Tla 7 Wk:’l’... + . Fla/p/le 7 ma’l’... — ..
N !
(Tij'“ dz'" oOx' oz oz ) oP
= kl... 5 — ...
Oxt OxJ ox'k oz ) pox'?

oz 9z ozF oz
dze Oz " O’k ox'V
o' 9z’ oz® Oz
"0zt Oxd T 9x'd 9z
Expand the the first term on the RHS by the Leibnitz product rule of derivatives,

substitute the transformation law derived in problem 18.2 for the I" terms associated
with contravariant indices,

, .
+ FIZ/pITa]'"kl...

, .
- Fla'p/TUmal..

! !
i dz® 0zP 0z’ _, 9*z'" 9z OxP
“P rld §z!v drt P Qxedzp dx'Y dx'

etc., and the transformation Eq. (18.11) for the I' terms associated with covariant
indices,
oxP oxk oz'v _, O’z Ox'

’
e = .
R Y Y T A VT P Y P
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All second order derivative then cancel and we arrive at

L 3 o 3
T gy = (T”"'kz...,p R R FZ,,T”“'az...)'

ox'" 9z'7’ ozk ozl OxP
Ozt Oz~ Oz'K Ox'V Ox'P

oz'" 9x'1’ ozk ozl OxP
P gt Oxd T Ox'K O Oz’

=Ty

Problem 18.5 Show that the identity (18.18) follows from Eq. (18.16).
Solution: The definition of covariant derivative DT of a tensor field T is the tensor
field of type (r,s + 1) defined by

DT(w',w?,...,w",Y1,Ys, ..., Y, X) = DxT(w',w?, ..., 0", Y1,Ys,...,Y}).

If S is any tensor field of type (r,s) we may write S(w',...,w", Y7,...,Y;) as a
multiple contraction of a tensor of type (r + s,r + s):

S(wl,...,wr,Yl,...,Ys):CT®w1®...®wT®YI®...®YS
where
C=Cl,..crcrtt. ..o

Assuming the result in Eq. (18.16) that covariant derivative commutes with con-
tractions,

D(CfS) = C DS,
we have, using (Cov4), that

X(T(wh,...,w",Y],..., 7))
=Dx(CTRuw' ® - 0w Y1 ®---QY)
=CDx(T®w' ® - W RY;® - ®Y)
=C[(DxT)®w' ® - ®uw QY1 ® - ®Y,
+TR®Dxw)® W RYI® - 1Y,
+...
+TRW' ® W Y1 ® - ®(DxY;)]
= DxT(w',..., 0", Y1,...,Y;)
+T(Dxwt,..., 0", Y1,....Ys) + -+ T(w',..., Dxw", Y1,...,Y;)
+T(w,...,w", DxYq,....Ys) + -+ T(w',...,0", Y],...,DxY;).

This proves Eq. (18.18).
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Problem 18.6 Let f be a smooth function, X = X’0,; a smooth vector
field and w = w;dz* a differential 1-form. Show that

(D;jD; — D;Dj)f =0,

(D;D; — D;Dj)X = X°RF ,;;0,+,

(D;D; — D;Dj)w = wy R";;dz".
Why does the torsion tensor not appear in these formulae, in contrast

with the Ricci identities (18.27)—(18.29)7
[NOTE: interchange i and j in RHS term of last (w equation given in text.]

Solution: If T is a tensor field of type (r,s) then in a local coordinate chart

DyT =Dy, (T7 1.0, ® 0y ® - @dzF @da’ ®...)
=Ty 0, @0y @ ®drf @drl®...

Note that the RHS is a tensor of type (r,s) for each fixed value p = 1,...n. Thus
for any scalar field f (type (0,0))

D;Dif = Dj(fs) = (i) = [ij
and
(D;D; — DiD;) f = fi5 — fji = 0.

There is no torsion tensor in this result since components f; are treated as scalars
here, not as components of a covector as in Eq. (18.27).

If X = X*0,, is a vector field then

(DjD; — DiDj)X = Dj(X*:8,) — Di(X";0,+)
= D;((X*; + T5X ")) — Di((X* + T4, X )0, )
= ((X*i +TEHX) 5 + Flbcj(XlZz' +T0,X%) 0,
— (X*5 + T8 X)) s+ T (X0 +T0;X)) 0,
= (X" + Tk X+ TE XY + T8 X0 + TF T X
— XF =Tk X* —Th X% Ty X% —TyTh X") 0

aj,t
= (Flgi,j - FI;j,z' + Flgjrgi - F’ging)X‘lamk
= X“R’“ajiaxk.

In Eq. (18.28) the components X*; = X%, + T* X are treated as components of
a tensor field of type (1,1), whereas in the above they are components of a vector
field. It is this difference which leads to the lack of torsion tensor in the result.
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They case of a covector field w = wydz* is copmpletely analogous:
(D;D; — D;Dj)w = D;(wk;dz*) — D; (wy,;dz")
= Dj((wk,; — Tijwa)dz") — Dj((wp,; — Thjwa)dz”)
= ((wk,i — jiwa)) j — sz(wb,i - ngwa))‘hk
— ((wk,j — szwa)),i + in(wbyj — I‘gjwa))dac"C

= (X" + Tk X +Th X% + Ty, X" + Tf;Th, X

al’] ’-]
k k a k a k yvb k b a
— X" ji =g X® = Tg; X% =Ty X0, = TyT0; X ) O,
_ a a a b a Tb
= (Tf;; — Thij + 5Tk — DTk ) wa Oy
= ’waRakide?k.

Comments regarding torsion are similar to those above.

Problem 18.7 Show that the coordinate expression for the Lie deriva-
tive of a vector field may be written

(LxY) = [X, Y] =Y X7 - X\Y7 + T XFy9. (18.30)

For a torsion-free connection show that the Lie derivative (15.39) of a
general tensor field S of type (r,s) may be expressed by

(EXS)ij"'kz... = Sy X = Sy X — STy X —
+ S XM+ ST, XM (18.31)

Write down the full version of this equation for a general connection with
torsion.

Solution: From Eqgs. (15.25) and (15.37) and Eq. (18.6) we have
(LxY) = [X. Y] =Y XT = X'¥T 4 T X*y?
- (Yi;j - chjyk)Xj - (Xi;j - FZij)Yj
=Y X7 — X0V 4 T YIXE
where (see Eq. (18.21)) ) , .
}k = ;cj - ;'k‘
From Eq. (15.39)
(LxS) 7 . = STy X = Sy X = Sy X
+ S XM+ ST XM
Substituting Eq. (18.14) for the tensor field S,
STk = Ty o — T G0y Y i

+ T T4 g AT T ...
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and . . .
X' =X — T3, X% ete.

gives

(Lx8) Tk = STy X™ = STy X1, — SO0y T X™ 4 8™y DE X
+ 8y, X STy T, X — STy THX 4
= STy X = Sy X = ST X,
+ Sij"'ml___Xm;k + Sij"'km...Xm;l t...
8%y TH XM 4 S TXO

Eq. (18.31) follows for a torsion-free connection, T;k =0.

Problem 18.8 Prove the Ricci identities (18.28) and (18.29).
Solution: Since Xk;i are components of a tensor field of type (1,1),
X = Xhji = (X%) 5 + T X% — T XN,
- (Xk;j),i - FZiXa;j + F?iXk;a
= X%+ Tai j X + D5 X% + g (X% + T X") — T X5,

alh]
XA T X0 T X, - T (X0~ T + TR,
k k k k k
= (Pai; = Loz + Ty T — Tral'a3) X + (T — 1) X

= XRFoji + T{ X .
Similarly, for a 1-form w = w;dz?,
a a
Whiij = Whiji = (Whii) j — DgjWazi — Tijwisa
— (wk;j),i + inwa;j + F?Z-wk;a
b
= wiij — T jwa — Tijwaj — Tk (wai — Taiwy) — Tijwpsa
b
_ a a a m a m a a
= (Phji = Thij + Tpil8 = DTl wa + (0 — T wisa

a a
= weR kij T Tijwk;a-

Problem 18.9 For a torsion-free connection prove the generalized Ricci
identities

kl... kl... l... k ka... l
S mn...;ij S mn...;ji — S* mn... I aji + 55 mn... I aji +...

+ Sklman.,.Ramij + Sklmma...Ranij o
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How is this equation modified in the case of torsion?
Solution: Consider firstly a decomposable tensor of type (r,s), i.e. one of the form

S=XRY® - Quw®p®...,

having components
Skt = XYY wpry .

Using the generalized Leibnitz rule (Cov4),
Skl"'mn...;ij - Skl"'mn...;ji = (Xle WmTn - )sig — (Xkyl WmTn - - - )iji
= (X" Y wgrn ) (XY wr )
+ (Xle Wi -+ )ij + (Xle Wi )y
(X’f,]Yl Wy ) — (XEY L gy ) —
( e Wiy - ) — (X kyt . Wi T« )5 —

Contributions from products of first covariant derivatives of components of X and
Y cancel:

Xk;in;j e W Ty - -—|—Xk;le;i e Wy - -—Xk;le;i e W - '—Xk;in;j e Wy e =0
leaving, by Eqs. (18.28) and (18.29),

(Xk;ij - X ,]Z)Yl Wy Ty e+ Xk(Yl;ij - Yl;ji) Wyt e

+ Xkyt .. (’wm;i]’ — Wit s+ Xkyt .. wm(rn:ij —Tpgiccc e
=RF ;i XY w4+ R XEY O wrn A R XEY O gy
= RF i XY w4+ RO XPY gy A THXPY )i -

Since every tensor field S of type (r,s) is (locally) a sum of decomposable tensor
fields of this type, we have

kl... kl... l... k ka... l
S mn...;ij S mn...;ji — S* mn... I aji + 5 mn... R aji +...
Kl... k... kl...
+S an...Ramij +S ma...Ranij +-- T;ZS mn...;as

which reduces to the desired expression if the connection is torsion-free, T3 = 0.

Problem 18.10 For arbitrary vector fields Y, Z and W show that the
operator Yy zw : T(M) — T(M) defined by

Sy,zwX = Dw (py,zX) — pzvwX — py,z(Dw X)
has the cyclic symmetry

Yy zwX +YzwyX + Xwy,zX = 0.
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Express this equation in components with respect to a local coordinate
chart and show that it is equivalent to the (second) Bianchi identity

Ri]’kl;m + Riﬂm;k + Rijmk;l = Rijka;;l + RijplT]fm + Rijmeﬁc. (18.32)

Solution: FExpanding each term in the cyclic sum we have, on substituting Eq.
(18.22),

(Svizw +Zzwy +Swy,z) X =

= (Dwpyv,z + Dypzw + Dzpw,y
—py,zDw — pzwDy — pw,y Dz
— Pz W] — Pw,zy] — Py, w,2]) X

= (DwDyDz — DwDzDy — Dw Dy, z
+ Dy DzDw — Dy Dw Dy — Dy Dz w
+ DzDwDy — Dz Dy Dw — Dz Dy y
— DyDyDw + Dz Dy Dw + Dy.z1Dw
— DzDw Dy + DwDzDy + Dz w)Dy
— DwDyDgz + DyDwDz + Dy Dz
— DzDyw)+ Dyyw)Dz + Dz ywy
— DwDizy) + DizyiDw + D2,y
= Dy Dy, 21+ Dw, 21Dy + Diy w,zp) X

= (Dizyw)) + Dyw,zx) + Dyw.zp) X

on using the Jacobi identity. We have also used [Y, Z] = —[Z, Y] etc. for cancellation
of terms.

To express this identity in coordinates, set p;; = ps, o, where d; = J,:. Then using
Problem 18.6, and the fact that the commutators of coordinate vector fields vanish,
[ai, 8]] = () for all i,j,
pijX = (DiDj — D;D; — Dys, 5,1) X
= (D;D; — D;D;)X
= XPR",;;0).

In particular
pijOk = Rlij0p.
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Set X:aj, Y:ak, Z:al and W:Bm. Then

Sv,zwX = D (pr10;) — poy,o5,0,105 — Pri(Dm0;)
= D (R'1105) — pii (D%, 05)
= Ripim0i + Rl 0, — T Ry0;
= (RYjktm + BTy — T Ryet) 05
= (Rktm + Ty Rlpt + T Rljip) O

on using the appropriate expression for the covariant derivative Rijkl;m from Eq.
(18.14). Expanding the cyclical equation

Eyvzw +Zzwy + Zwy,z)X =0
for our choice of coordinate basis vectors results in
0 = R'jitym + R jimge + R jmkit + Dy Bt + T Rl
+ D3R jpm + T Rty + Ty Rk + T Ry

Using the anti-symmetry on the last pair of indices of Rijkp = —Rijpk we have

R jpiom + R jimsk + R jmig = (T, = T8 )R + (00 =T YRyt + (T = T ) R jpm
= —R'jp Ty, — R jp Ty, — R jpm T,

Problem 18.11 Let Y(t) be a vector that is parallel propagated
along a curve having coordinate representation 7/ = & + A’t. Show that
fort <1

0.

) 0. 0. t2 0.
YVi(t)=Y"'-T%Y A%+ 5(

i Ok Oi a bO' 3
kaljb — ja,b)A A”Y7 4+ O(t%)

0. . 0. .
where I = F;-k(:%“) and Y’ =Y"(0). From the point P, having coordinates

. 0.
:%’, parallel transport the tangent vector Y* around a coordinate rectangle
PQRSP whose sides are each of parameter length ¢t and are along the a-
and b-axes successively through these points. For example, the a-axis

through P is the curve z/ = 99 4 §7t. Show that to order t2, the final
vector at P has components
;0. 0. 0.
Y'=Y"+¢ lebaY]

0.
where R'j,, are the curvature tensor components at P.
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[NOTE: In the term in parentheses in the first displayed equation in text
one index ¢ in the first term should be replaced by b and the superscript
J in the second term replaced by i.]

Solution: Parallel propagating Y (t) along a curve with tangent vector 2/ = 9+ Ajt
(A7 = const.), we have

dy’ i .dx®
rey —=
a TheY g =0
1.e. )
dy”’ ——
W - —F;GY]AG.
Differentiating again gives
d?y’ - dyd d .,
— =T, — A" — T Y7A
de? T dt de ¢

] i vk zb ] byj
= I‘;achbY A? =T,y AY7 A%
. S04 .
A Taylor expansion at 2/ = z/ gives

Yie t(ddiiL:g + g(djtg%:g +O(t)

Y'(1)

0. 0. oj " 2 0
Y-l YT A + o

i Ok 0, a boj 3
kalh — ja,b)A A’Y7 + O(t’)

On the a-axis connecting P to @ we have A7 = &%, In the following we will treat
a and b as constants and suspend summation convention over these indices (but
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maintain it on indices 4, j, k). Parallel transporting Y from P to @ gives then, to
order #?

3 Oi Oi Oj 1,2 Oi Ok Oj Oj 3
YH(Q) =Y =% Y7 + 517 (T, T, — T, )Y + O(t?).

ja,a

Continuing by parallel transport from @ to R along the line z'(s) = 2%(Q) + s&% to
s =t we have

YI(R) =YQ) — tI'y(Q)Y(Q) + 3> (T, Ik, — Féa,b)Qlfj(Q) +0(t%)
0. 0. 0. 0. 0. 0. 0 0.
=Y — (%, Y7 + T4 Y7) 4+ L2(T, %, — 1%, ,
0. 0. 0 0. 0 0. 0 .
— 2%, o+ 203 T, + Ty — T ) Y7 + O(#)

: , 0. 0.
on substituting for Y*(Q) from the previous equation and I'},(Q) = I'}, + I, .

Continuing in the same way (parameter ¢ changed now to —t) from R to S gives

YH(8) = Y'(R) +tT(R)Y*(R) + 5t* (ThpT5, — D) Y5 (R) + O(F)

O % i 1,20 i 2 Li Dk
0. 0.0, 0.0 0. 5
+ 207, — 203,15 + T T3 Y7 + O ()
and finally from S back to P a parameter distance —t along the b-axis
Y(P) = Y'(8) + T3 (S)Y'(S) + 5t (T T — Tiap)
0. 0
? p—
ja,b

$Y;(S) +0(t?)
O | 12 0, 0, 0y i Dk o 3
=V +1%( T+ Thplia — Thal'5) Y7 + O(27)

Oi 20i 0. 3
=Y'+t ijaYJ—I-O(t )

Problem 18.12 (a) Show that in a pseudo-Riemannian space the action
principle
to
0 Ldt=0
t1

where L = gz-jw'iw'j gives rise to geodesic equations with affine parameter i.

(b) For the sphere of radius ¢ in polar coordinates,
ds? = a?(d#? + sin? 0d¢?),

use this variation principle to write out the equations of geodesics, and
read off from them the Christoffel symbols F;k

(c) Verify by direct substitution in the geodesic equations that L = 0% +

325



sin? 9¢22 is a constant along the geodesics and use this to show that the
general solution of the geodesic equations is given by

bcot @ = — cos(¢p — ¢p) where b, 9 = consts.

(d) Show that these curves are great circles on the sphere.

[NOTE: Although the greek indices used in the text are acceptable, it
is more consistent with the conventions of this book to adop roman in-
dices.]

Solution: (a) The Euler-Lagrange equations (16.25) read

0= d (GL) oL
~dt \ogt ox’
d iy iy
= 7;(29i5%7) — gjk it "
= 29;ji + 293 k3" %7 — gjp i’ i
Hence . .
96 + 3(9ijk + Gikj — Giri) 3" =0

and multiplying by ¢"™ results in

"4+ Tl b = 0,
the geodesic equation with affine parameter t. The F?}C are here the Christoffel
symbols, Eq. (18.40).
b) For ds? = a?(d#? + sin? #d$?), the Lagrangian is
( , grang

L = a?(6? + sin? 6¢?).
The 0 equation is

L\ 0L .
0= 4 (8 ) OL _ 4 19020) — 902 sinh.cos 042,

dt\gg/ 90  dt
which reads ) .
6 — sin @ cos 4> = 0. (1)
Similarly, the ¢ equation is
_d /0L oL od . 5
- dt(a(];) gp ~ 20 g i 09). @)
i.e. ) N
¢+ 2cot00p =0 (3)

Setting 2! = 0, 22 = ¢, the Christoffel symbols can now be read off from these
equations:
Il = —sinfcosf, T2, =T% =coth
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and all other F;k =0.
(c) From L = a?(#? + sin® 0¢?) and Egs. (1) and (3) we have

%L = (260 + 2sin® 0 + 2 sin O cos 00H?)
= 2a%(0sin 0 cos 0> — 2sin® O cot B0¢? + sin O cos 00¢?)

= 2a%(2sinf cos § — 2sin @ cos 0)0h>

From the ¢ equation in the form given in Eq. (2) we instantly have
¢ = Asin™20
for some constant A. From the constancy of L,

L= aQ((j—z)Q + sin? 9%)2) = const.

we may change the affine parameter ¢ to v/Lt/a so that
62 + sin’ q§2 =1.

Then

. 2
0> =1- ‘AQ
sin” 6
and . )
40 _ g = Sme\/sinZH — A2
dp ¢ A

Integration gives

p / Adf +o
= 0
sinf+v/sin? § — A2
- / Ado o
sin?04/1 — A2/sin” 0 ’

—bd
 — + ¢o
V1 — b2
where
b =coth,  be D
’ V1— A%
Hence

¢ = —cos™ ! (b9) + o

or equivalently
bcot @ = — cos(d — ¢o).
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(d) Great circles are the intercepts of planes Ax + By + Cz = 0 with the sphere
z? + y? + 22 = a?, which in spherical polar coordinates reads

Asinfcos ¢ + Bsinfsing + Ccosf = 0.
This equation may be rewritten as

sinf cos(¢ — ¢g) + bcosf =0

where
tan gy = B o
an — = —
T A VA? + B
in agreement with the above.
Problem 18.13 Show directly from the tensor transformation laws of

g;; and ¢" that the Christoffel symbols

7

ik = 59" (9ajk + Gak,j — Gjk.a)
transform as components of an affine connection.

Solution: Let
[a, jk] = $(9aj e + Gak,j — Gik,a)

so that
]k) =3 [a jk].
Under a coordinate transformation z/ — yJ "(z',...,z") we have
Girgr = gjkaiiaik,, g7 = gt 00 0" ;
Oyd" Oyk Oz Ozk
whence
[0 5"k = 59 g + Garker jo = Tirnrar)
1 oz 02zl 0%z 02J oxF 0z Ozl
_ §(ga]kay 9 k'ayﬂ +ga]ka 7oy 8yJ +ga]kayk/ oy 8yJ
oz 0%k Pz Oz oz’ 0z Ok
IR oy oy T T oy oy I By by oy
oxl  9%aF Pzl Oxk ox® 0zl Ok
— Gjk, aay] 8ya/ ay’f’ gjk,aWW + gjk,awww>
_ [, jk] oz 630'3 Ox* i B?xk Bx“.
oy gyl oy T 9T oy oy’
Hence

Fl?’k’ _ g/i’a’ [a',j’k']
20yt Oy . 0z% 0x) Ok 0*zk Oz°
7 b {[a ] a’ ] k' + gak ] k' a’ }
ox* Oz oy® Oyl Oy oyl y* Oy
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and using the identities

Oy 9z° : :
b g =0 9w = 0%
there results . , :
e _ i oy 0zl oxF Oyt 0%a’
j/kl - y

Ik §at gyi’ dyk’ " Ot Oyd OyF’
as in Eq. (18.11).

Problem 18.14 Equation (18.46) has strictly only been proved for a
vector field A. Show that it holds equally for a vector field whose com-
ponents A‘(t,)\) are only defined on the one-parameter family of curves
v.

Solution: If A® = A(t,)) is only defined on the 2-surface swept out by the curves
v then we cannot use the Ricci identities since the covariant derivative Ai;j can not
in general be defined. However

DA"  9A! O 0AT ik
ox = ox Tl gy = gn T
DA QAT oyt _0A i
ot~ o T = gt X
Hence
D D 0 10A A7 ,
- - — i ATk J Iy m k
9t O 8<8>\ +F’fAY>+F <8>\ + LAY )X
D D 0 (0A! OAI ,
- —_ —- i AT vk J lym k
oY) a(at FD5ATXH) <8t ry,4'x™)y
and using
9 i 0 1 i
atF]k r lel 8)\ =T le
we have
DD DD Lok i gk
A T oA = Dl X ATYR T8 YIAT X
DAI oYk Al oXF
jZ- _
+F(8t A X A
3A ki alvmyk . OA e i mek
+ Gy X Tl AVt - Sy T, AX v*)
= ( Zk,j—rfzj,k+rijrak— szaj)AaXJYk
= Ry A°X7YF,

by Eq. (18.25). It is worth noting that this result is independent of the torsion-free
condition (assumed in Eq. (18.44)) and holds even if 77, # 0.
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Problem 18.15 Let e; = 0,; be a coordinate basis.

(a) Show that the first Bianchi identity reads

Rk = Ty
and reduces to the cyclic identity (18.26) in the case of a torsion-free
connection.

(b) Show that the second Bianchi identity becomes

— T4, Ty

Ja

RYym) = Rija[kT#Ll}a
which is identical with Eq. (18.32) of Problem 18.10.
Solution: (a) Assuming ¥ = dz* the first Bianchi identity (18.70) reads
drt = pb Ada® — wi AT
From Egs. (18.69) and (18.66), we have
dr’ = d(T}daz’ A dz*)
= T;k’ldxl Ada? A dz®
= T[ijk,”dxj A dz® A da!
and
pik Adzk = pij A dz?
= Rjjdz® A dz! A da?
= R'ppda? A dz® A da!
since cyclic permutations ofthree indices are even, and from Eq.(18.68)
—wik ATF = —wia AT®

= —Idz! A T da? A da®

= —FZUT]@k]dxj Adz® A dat.
Hence the totally antisymmetrized coefficient of dz? A dz* A dz! in the first Bianchi
identity gives

T = Rlim — TanThig-

Now from the general covariant derivative formula (18.14)

% g i ma a i a i
Tjk;l - Tjk,l + Fa,l jk — Fleak - FleL’ja

so that, using Ték = —T,f;a,
Ty = Tk + Tap T + T — T Tjla
= Rijj + I“[L].lle}a - F‘[lle;]a
= Rl + T T,
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using Tj; = T'}), — I'};; and performing a cyclic permutation on the middle term in
the penultimate line. After another cyclic permutation we obtain the desired

k) — T )

Jar

Rlijw = Tj;

If T;k = 0 this reduces to the identity Ri[jkl] = 0, which on using skew symmetry in
the last pair of indices can be written in the cyclic form

2(R'jt + Riyj + Rijg) = 0.
(b) In the second Bianchi identity (18.71)
' j k ] k
dp’s = Py Awlj — Wl A S
we have _ _ _
dp’j = Rijpimda® Ada! A dz™ = Ry pda® Ada! A da™
and
Pl N — Wl A
= RzklmI‘?adxl Adz™ A dz® — ;kaﬂmdwa A dz! A dz™
= (RialmI‘?k — aﬂmI‘zk)dxk Adz! A dz™
after some interchanges of dummy summation indices. Hence
Rjtm) = BapmI iy = Bmapy

where a pair of vertical lines sorrounding an index or group of indices indicates
that those indices are not to be included in the antisymmetrization bracket [...].
Expanding the covariant derivative of R'j;;, we have

Rijktzm) = Rjtitm] + Tapm Rk = T Rlaler
= Pl B o) + T B jia
= T4 R ajim) — CopBm) + Do B ki) — T Blalin
= Pl Bjol) + Tl R0
= Ll R0 — Dl Rjika
= Rija[l(_l—‘;cm] + ank})

= sza[lTI?m]

Problem 18.16 In a Riemannian manifold (M,g) show that the sec-
tional curvature K(X,Y) at a point p, defined in Example 18.4, is inde-
pendent of the choice of basis of the 2-space; i.e., K(X'|Y') = K(X,Y) if
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X' =aX +0bY,Y' =cX +dY where ad — bc # 0.

The space is said to be isotropic at p € M if K(X,Y) is independent of the
choice of tangent vectors X and Y at p. If the space is isotropic at each
point p show that

Rijri = f(9irgji — 9igik)
where f is a scalar field on M. If the dimension of the manifold is greater
than 2, show Schur’s theorem: a Riemannian manifold that is everywhere

isotropic is a space of constant curvature, f = const. [Hint: Use the
contracted Bianchi identity (18.59).]

Solution: If X' =aX 4+ bY, Y’ = cX 4 dY then, using the symmetries
R(Xa Ya Wv Z) = _R(YaXamZ) = _R(X’Ya Za W)
we have
R(X',Y',X",Y") = R(aX +bY,cX +dY,aX +bY,cX +dY)
= R(aX,dY,aX,dY) + R(aX,dY,bY,cX) + R(bY,cX,aX,dY ) + R(bY, cX,bY, cX)
= ad(ad — bc)R(X,Y, Z, W) — be(ad — be)R(X,Y, Z, W)
= (ad — be)’R(X,Y, Z,W)
We can set A(X,Y) = —G(X,Y, X,Y) where the tensor G defined by
G(Xa Y, Z, W) = g(Xa Z)g(Ya W) - g(Xa W)g(Ya Z)
= G(Y,X,Z,W) = —G(X,Y,W, Z)
then, by the same argument to that above

AX',Y") = (ad — be)?A(X,Y).

Hence
li ! ! li _ 2
K(XI,YI):R(X7Y7X7Y) — (a’d bC) R(X7Y7Z7W)
A(X')Y) (ad — be)?A(X,Y)
_ R(X,Y,Z,W) _ K(X.Y).
A(X,Y)

If K(X,Y) is independent of X,Y at p then there exists a constant f at p such that
R(X,Y,X,Y) = —fA(X,Y) = fG(X,Y, X,Y).

Set S to the tensor of type (0,4), S = R — fG, having the following symmetries
(true of both R and G separately):

S(X, YW, Z)=-S(Y, X, W,Z)=-8(X,Y, Z,W)=S(W,Z,X,Y)
and the cyclic symmetry

S(X,Y,W,Z)+ S(X,W,Z,Y)+ S(X,Z,Y,W) = 0.

332



Then, assuming S(X,Y, X,Y) = 0 for all tangent vectors X,Y at p (automatically
true if X « Y'), then

0=S(X+W,Y+Z, X +W,Y + 2)
= S(X,Y,X,Y)+ S(X,Y, X, Z) + S(X,Y,W,Y) + S(X,Y, W, Z)
+8(X,Z,X,Y)+S(X,Z,X,Z) + S(X, ZW,Y) + 8(X, Z,W, Z)

+SW,Y,X,Y)+SW,Y,X,Z) + S(W,Y,W,Y) + S(W,Y, W, Z)
+S(W,Z,X,Y)+ S(W,Z,X,Z) + S(W, Z,W,Y) + S(W, Z,W, Z)
=2(S(X,Y, X, Z) + S(X,Y,W,Y) + 8(X, Z,W, Z) + S(W,Y, W, Z)

+S(X,Y,W,Z)+ S(X, Z,W, Z))

Setting Z = 0 gives S(X,Y, W,Y) = 0, and similarly setting X = 0 gives S(W,Y, W, Z) =
0 etc. Hence
S(X,Y,W, Z) + S(X,Z,W,Y) = 0.

Using this identity together with the cyclic and other symmetries we have
S(X,YaVVaZ) = —S(X,WZ,Y) - S(X7 Z7Y7 W)
=S(X,W,Z,)Y)+ S(X,W,Y, Z)
=-SX,)Y\W,Z)+ S(X,W,Y, Z).

Hence
S(X,Y,W,Z) = 58(X,W,Y, Z)

and repeating this identity gives

S(X,W,Y,Z) = 38(X,Y,W, Z)

so that
S(X,Y,W,Z) = ;8(X,Y,W, Z)

ie. S(X,Y,W,Z) =0. This shows that R = fG where f is a scalar field on M, i.e.

in components
Rijri = f(gikgjt — 9u9jk)-
The Ricel tensor is
Rij = ¢ Raivj = F9°°(9abgij — 9ajgin = (n — 1) f gap

and Ricci scalar is -
R=g¢"R;j=n(n—-1)f.

From the contracted Bianchi identities (18.59),
Rl = 3R,
we have

(n=1)(f8); = (n = 1)f; = gn(n - 1) f;
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i.e.
(n—=2)f;=0.

Hence if the dimension n > 2 then f = const., the space if a space of constant
curvature.

Problem 18.17 Show that a space with symmetric connection is locally
flat if and only if there exists a local basis of vector fields {¢;} that are
absolutely parallel, De; = 0.

[NOTE: must assume space has symmetric connection]

Solution: If there exists a basis {e; } such that De; = 0 then Dxe; = 0 for all vector
fields X. Hence

px,yei = (DxDy — DyDx — Dixy))e; =0
and the curvature 2-forms pij = 0, since for any pair of vector fields X,Y
Pi(X,Y) = (¢, pxyer) = 0.

By Theorem 18.1 it follows that the space is locally flat.
Conversely, if the space is locally flat then there exists local coordinates such that
I'jk =0, i.e.
D;0,; = F?iamk =0.
Setting e; = J,; we have Dj;e; = 0, i.e. for all vector fields X = Xte;

DXej = XiDiej =0.

In other words, De; = 0.

Problem 18.18 Let (M,y) be a surface of revolution defined as a
submanifold of E? of the form

x=g(u)cosO, y=g(u)sinh, z=h(u).
Show that the induced metric (see Example 18.1) is
ds? = (¢'(u)? + K/ (u)?)du® + ¢ (u)d>.

Picking the parameter u such that ¢’(u)?+h/(u)? = 1 (interpret this choice!),
and setting the basis 1-forms to be ¢' = du, £? = gd#, calculate the con-
nection 1-forms wij, the curvature 1-forms p"j, and the curvature tensor
component R1212.
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Solution: The induced metric g = ¢*(dz ® dz + dy ® dy + dz ® dz) is found from

dz = b (u)

so that
ds? = (¢’ (u)? + K/ (u)?)du® + ¢ (u)do>.
If we choose the parameter u such that ¢'(u)? + A'(u)? = 1 then
ds? = du? + ¢*(u)d6?,
and u is the “radial distance prameter”along lines # = const. Let e; be the orthonor-
mal basis

1
€1 = 8ua 62_89
g

with dual basis
el = du, e2 =gdo

Setting w;r = —wk; = Aikjsj, the first Cartan structural formulae give
det = —wik N ek = —Aikj{;‘j AeF = Aijkﬁj A Ek,
where A;p; = —A;j. In particular A;;; = Age; = 0. Hence

del =0 = A12162 ANel=0 = A121 = A2 = 0.

and
gl " 9 gl
d62 = g'(u)du ANd =T Ae — A212 = —A122 = —.
g g
Thus wio = —wo1 = —%52 and
1 2 g 2
Wy = —w5 = —=¢&“.
2 1 g

The second Cartan structural formulae give
pij = Q(dwi]‘ + wip A w';)

so that
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and using
k [ 1 2 2 1 1 2
P12 = R12kl5 Ne = R12125 Ne® + R1221E Ne = 2R1212E Ne

we have
_ d"(w) | (¢'(w)?
Ri212 = o) + PO

Problem 18.19 For the ellipsoid

2 2 2
T Y z°
atpta=!

show that the sectional curvature is given by

K — (bec y2ac n zQab>2‘

a3 b3 3

Solution: There seems no easy way of doing this problem, and any reader who
can come up with a simpler calculation will be gratefully acknowledged in the next
update of this file.

Parametrically, we can define the ellipsoid by

z = asinf cos ¢, y = bsinfsin ¢, z=ccosf

which results in a metric
ds? = dz? + dy? + dz?
= (a? cos? O cos® ¢ + b? cos? O sin® ¢ + ¢? sin? §)d6?
+ 2(b? — a?) cos O sin @ cos ¢ sin pdOd¢
= sin® §(a? sin® ¢ + b% cos? ¢)d¢°.
Set, for example
el = Ade, e2 = BdA + Cdg,
then we have
g:€1®61+€2®62
if and only if
C? = sin? 0(a® sin® ¢ + b cos® §)
B =C'(bv? — a*) cos#sinf cos ¢sin ¢

A? = a% cos? 0 cos® ¢ + b? cos? Osin? ¢ + ¢? sin?  — B2,
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Then in this basis g;; = consts. and w;; = —wj;. In the first Cartan structural
formulae

de' = —wi2 A 62, de? = —wao1 A el = w12 A el
we have
0A 1 0A
de! = Z=dpAdl = —————¢l A g2
e = gl Caaps "E
OB oC 1 /0C OB
de? = ——dp AdO+ —dOAdp = — [ — — =— ' A g2
&= g lo N0+ Fpdonds C’A(BH a¢>5 ne
whence

W2 =N = Ga et T oA

From the second Cartan structural formula

1 0A | 1 (2_5_%_3)62.

P = 2dw12 — Wik A wkg == 2dw12

since both terms in the k-sum vanish as wi; = w?s = woy = 0. A massive calculation
should result in
p12 = K el Ae2

where

1
((bc/a) sin? § cos? ¢ + (ac/b) sin? §sin? ¢ + (ab/c) cos? 0)2

bc 5 ac 5 ab 5\ 2
= (G v 5)

K=

An easier case which definitely comes out correctly is the symmetric or spheroidal
case, ¢ = b, in which the metric is diagonal in these coordinates and

B =0, C? = a%sin?0, A% = a%cos? 0 + ¢ sin? .

Then
cot 6 9

€
(a2 cos? 0 + ¢2 sin? 0) 1/2

w12 = —

and after a relatively straightforward calculation

q el A g?
P12 = dwig =
(a2 cos? 0 + ¢2 sin? 9)2
so that ) )
C C 2 2 a 2 -2

(a2 cos? 0 + ¢ sin? 0)
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Problem 18.20 A linearized plane gravitational wave is a solution of
the linearized Einstein equations [0h,, = 0 of the form h,, = h,,(u) where
u = 2° —2* = 2z — ct. Show that the harmonic gauge condition (18.89)

implies that, up to undefined constants,
hi4 + h13 = hog + hoz = hy1 + hoy =0, has = —%(ha3 + has).

Use the remaining gauge freedom ¢, = {,(u) to show that it is possible to
transform h,, to the form

N H O N h11 h12
(huv] = <O O) where H= <h12 —h11> .

Setting h;; = a(u) and hijs = [(u), show that the equation of geodesic
deviation has the form

T = 502 ("1 + ") flo = 502 (B"m — "n2)

and 73 = 0. Make a sketch of the distribution of neighbouring accelera-
tions of freely falling particles about a geodesic observer in the two cases
B =0 and « = 0. These results are central to the observational search for
gravity waves.

Solution: If hyy = hyy(u) where u = 2° — 2* = z — ¢t the harmonic condition

h = %h,u, reads / , . o,

h3u + h4ﬂ == ih 63” - ih 64“
where’ = d/du and h = hy1+hoe+h33—has. Hence, setting p = 1,2, 3,4 successively
results in the following equations:

51+ hy =0 (1)
52+ hip =0 (2)
53+ hig = 3h' (3)
Wy + by = —1H'. (4)

Up to arbitrary constants the first two equations imply
hia = —has, has = —has.

Adding (3) and (4) gives
hss = —3(hsg + had),

while subtracting (4) from (3) provides
hss — hag = h = h11 + hog + hag — haa

1.e.
hi1 + hoo = 0.
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Still available are gauge transformations
hpw = hyw + &y + Eop
provided (0§, = 0. In particular we may set { = £(u), having the effect

has — hag — 26}
hz3 — hag + 2&/),
his — hig — 28]
has — hog — 2&5.

The £, may be chosen such that
has = h3z = hig = hgy =0

and using the above identities we also have hgy = hi3 = hes = 0. Hence the only

non-zero components of hy, are h11 = —hge and hiz = hoy:
hir hiz2 0 0
i his —hi1 0 O
[P = 0 0 0 0
0 0 00

The components of curvature tensor are
€
Ruvpo = §(hlw,up + hwp o = hvoyup = hupwo)

and the equation of geodesic equation is (summation convention over cartesian com-
ponents i,j = 1,2,3)
Mli = —Riajan;.
The components of the form R;4,4 are
Ria34 = R34 = 0,
€ €
R1414 = —R2424 = —Ehllll = ——Oé”

2
Riq04 = R2414 = _g "= _gﬁu

and the equations of geodesic equation read
3 =0
. €
it = = (Rigram + Rispamp) = 502 (a'm + B"n2)

flg = = (Raa14m + Roagana) = 202 (8"m — o"n2)
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7

Problem 18.21 Show that every two-dimensional space-time metric
(signature 0) can be expressed locally in conformal coordinates

ds? = e*?(dz? — dt?)  where ¢ = ¢(x,1).

Calculate the Riemann curvature tensor component Ri912, and write out
the two-dimensional Einstein vacuum equations R;; = 0. What is their
general solution?

Solution: It is no straightforward matter to show this by seeking a direct coordi-
nate transformation, since it involves solving a coupled pair of simultaneous partial
differential equations, and it is non-trivial to see that a local solution always exists.
An alternative approach is to show that every two dimensional metric tensor g;;
(i,7 = 1,2) is conformal to a flat metric: there exists a scalar field ¢ such that the
metric g;; = e_2¢gij has vanishing Riemann tensor, Rijkl = 0. We calculate this
Riemann tensor by first computing the Christoffel symbols

[ = 33 (Gajik + akj — Gik,a)
= 59""(Gajk + Gak,j — Gjk,a — 290Dk — 29akP,j + 20jkP,0)

=T = 8¢k — 0%t + 9 9jkb.a) )

1
2
1
2

and

~ ~

Rijkr = Gia %1
= e 20g;o (1%, —T% , + T80 —T0,.1%
€ " Giall ik gkl gIt bk Jk* bl
=e *[Riju + gia(— 0%, — 6505 + 9" 950 )
— Gia(=0% ) — 5% + 9 gindp) i + -]
= e 2 [Rijii — 9.k + Gikdjt + 91P.ik — 9ikb.it + Fijri(Gabs Gabes boa)] -

Hence
Rigig =% [R1212 + 911022 + o201 — 2912012 + F (2%, ¢ 1, ¢,2)]

and the equation nglg = 0 is a single partial differential equation of second order for
¢ which always has a local solution. Since all this is the only independent component
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of Rijkl in two dimensions, the metric §;; is a flat metric and by Theorem 18.1 there
exist local coordinates such that

d§? = gjjda'ds’ = da? — dt?
where we have set z = ', t = 22. Hence ds? = e??(dz? — dt?), i.e.
g1 = —g22¢”, g1z =0.
Setting f‘;k =0 in Eq. (%), we have
Fh = F%Z = o F%Q = ¢,
F%l - F%Z =y F%Q = ¢

Hence
Riz1z = €*Rlyjy = &** (F%m - F%I,Z + Fgﬂ‘}n - F%1F¢112)
= e2¢ (¢,:v:v - ¢,tt + (¢,x)2 + (¢,t)2 - (¢,$)2 - (¢,y)2)
= 62¢ (¢,m:1: - ¢,tt)
and
Ri1 = RYyi = —e Roiz1 = —e *’Risiz = ¢t — dua-
Similarly

R22 = R11a1 = 6_2¢R1212 = ¢,mc - ¢tt

and Ri2 = R{,5 = 0. The equation R;; = 0 therefeore is equivalent to the two-
dimensional wave equation

¢,tt - ¢mm =0

which has general solution

d=flx—1t)+g(x+1t).

Problem 18.22 (a) For a perfect fluid in general relativity,
Ty = (pc* + P)ULU, + Py, (UtU, = -1)
show that the conservation identities 7/",, = 0 imply
P
puU" + (p+ )V =0,

(pc® + P)ULUY + P, (g" + U*U") = 0.
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(b) For a pressure-free fluid show that the streamlines of the fluid (i.e. the
curves z*(s) satisfying dz#/ds = U") are geodesics, and pU* is a covariant
4-current, (pU") , = 0.

(c) In the Newtonian approximation where
Vi 2 2y, .2 v
U= (2-1) 10, P=0@)t,  (8=2)
where || < 1 and g, = 1 + €hy, with € < 1, show that

2 2
—f, €hij ~ ——¢5ij, where V2¢p = 4nGp
c

6h44 ~ —
02

and hjs = O(fB)hss. Show in this approximation that the equations T"”,, =0
approximate to

dp B dv
5 TV (ev) =0, N

[NOTE: Corrections to the second, third and fifth displayed equations
in this problem. Also note that the second displayed equation after Eq.
(18.89) in the text should read

= —VP - pV¢.

167G
L ]

ey = =261, = —
c

Solution: (a) The equation T"”,, = 0 reads
(pc* + P) ,U*UY + (pc* + P)(U*, U + U*U",,) + P,g"" =0. (1)

Multiplying through by U,, (summation convention throughout), and using U, U",, =
%(UMU“),V =0, we have

—(pc* + P) ,U” — (pc* + P)U,, + P,U” =0,

i.e.
P
puU" + (p+ 3)U%5 =0. (2)

Substituting back into (1) gives

(pc® + P)ULUY + P, (g™ + U*U") = 0. (3)

(b) If P =0 then Eq. (3) reads

pULU” =0
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and setting U¥ = dz*/ds we have
0=U"U"
D /dz*
T ds (E)
d%zr dz¥ dz”
— + 1 _
ds? P ds ds

which means that the streamline curves curves z#(s) are geodesics. Eq. (2) can be
written in 4-current form

p,U” + pU?, = (pU"),, = 0.
(c) In the Newtonian approximation
_ (Y _ 2 _ 2y, 2 _v
Us=(Z,-1) +0(8),  P=0Fp,  (B=2)

and the tensor potential ¢, = hy, — %hnw satisfies ©“, , = 0, and

Do ~ eVip,, = —2kT), = —IGC—ZG [(pc2 + P)U,U, + P
ie.,
eVipgq = — 1667;GP
V3 = IGC—ZG;)W < eV
6V2<pz-j = —166—71G(pvivj + P5Z-j) < 6V2<p44.

Now we can solve for h,,

huv = O — 3PNy © = 9" = @i — pua.

Since

167G
P

c2

V20 = V2(pii — pas) = —VZipus ~
it follows that

eV2hyy = ——5 P
C
167G
€V2hi4 ~ 7; pPYU;
C
167G

GVZhi]‘ ~ —c—4p5i]‘.
From Eq. (18.85), €hyy = —2¢/c? where V2¢ = 4wGp, so that
2¢ 2¢

—0—2, Eh”%——(s

ehay = 2 Vis>»
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and hjg = O(B)haa.
For P < pc® T% . = 0 reduces

p U” + pUY, 20

and substituting the approximate components of U,

v; Vi V;
pi— +pa+ P(ﬂ + Ffp_l> = 0.
c c c
Now s
. &
F;’k ~ O(hij,k) = O( 62 )
and s
Tl = 39" haig = —Shaig < c—;
so that v
Ffp;l <K Um'.
Hence o
p,ivi + 8_5 + pv;; =0,
which can be written in standard 3-vector form
dp
— + V- =0.
5 TV (V)

On neglecting the term P compared with pc? and setting 4 = 4 in Eq. (3), we have
,002<%ﬂ + nyl) +P;=0.
c c

Substituting

44 = T€R44,4 = 0_2

results in 3
v
pvijvj + 8_752 =—Pi—pg,i

which, in 3-vector notation, is

dv

— =-VP-— .
P VP —pV¢

Problem 18.23 (a) Compute the components of the Ricci tensor R,
for a space-time that has a metric of the form

ds? = dz? + dy? — 2dudv + 2H dv? (H = H(z,y,u,v)).
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(b) Show that the space-time is a vacuum if and only if H = «a(z,y,v)+f(v)u
where f(v) is an arbitrary function and « satisfies the two-dimensional
Laplace equation
a0«
Ox? + Oy?
and show that it is possible to set f(v) = 0 by a coordinate transformation
u' = ug(v), v' = h(v).

(C) Show that Ri4j4 = _H,z'j for i,j = 1,2.

=0,

Solution: (a) There are two basic approaches to this problem. The Cartan method
is to write

g=e' el +2@+3 @t +et el
where ¢! = dz, €2 = dy, €% = dv, ¢* = —du + Hdv, and use Cartan’s structural
formulae, with g;; = consts.
We will, however, adopt the more direct method here of calculating Christoffel sym-

bols with coordinates set to be z' =z, 22 =y, 2> = u, 2* = v,

10 0 0 10 0 0
o1 0 o wi_ |01 0 0
gl =10 0 o -1 WI=lo 0 —2m
00 -1 2H 00 -1 0

Then
Ty = 591 + 9oy — Guwy) = Tiy = —H,

and all other I‘llu, = 0. Similarly the only non-vanishing I‘IQU, =0is

From
qu = %9304 (gau,u + Gav,p — guu,a)

we find
I'y=2HH3-H4, I$y=-H,, I3 =-Hy I3 =-Hgs,
and the only non-vanishing Christoffel symbol of the form I‘fw is
T, = Hj.
From these it is immediate that I/, = 0 and the Ricci tensor is

—TP _ TP QP _ap
Ry =T p = Do T T Top = Tplw

_TP _TQTP
RW—FW,p I‘upI‘aV.

Thus
Ri1 = Ryp = R33 = Ri2 = R13 = Ra3 =0
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and

Riy =T}, 3 —T{yy = —H 3
Ry = —H 23
R34 = —H 33
Ry =—H 11 — Hp +2HH 33.

(b) The ”two-dimensional vacuum equation” R, = 0 therefore gives

o0H

Riyy=Ryy=R3y=0 — H@E%

= f(z") = f(v).

Hence H = f(v)u + a(z,y,v). Substituting into the Ry4 equation, using Hsz =
0*’H/ou? =0,
o  a
Hiu+Hop=2212%_
11+ 1122 922 + 9

Try a coordinate transformation v’ = ug(v), v' = h(v), or equivalently,

the u,v terms in the metric transform as
dk dk ,dp\ dk
_ 2 _ 9 3.0 30! e
2dudv + 2Hdv 2pdv’du dv’ + 2(Hdv’ u T )dv (dv) .

Let us set dk d
p
=1 —

a pair of equations which may clearly be Solved in principle since it amounts to
solving the single second order d.e. for k:

2
e+ k) () =

followed by setting p = 1/(dk/dv’). We then have that the cofficient of dudwv is still
-2, while the linear term in v’ in H has been eliminated. Thus h — H = «a(z,y,v")
after this coordinate transformation.

(c) The Riemann tensor is

R*p =T _TH 4T TH _TOTH

vp,o vot ap vp- ao

so that

RlYy1a =Glyy —Th g +T3Th —THTh = —Hn
Rlypy = Gim - F4112,4 + T3 — T ey = —H 1o
R = —H
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and for 4,5 = 1,2
Rigjs = gixRFyju = —H 5.

Problem 18.24 Show that a coordinate transformation r = h(r') can
be found such that the Schwarzschild solution has the form

d82 — _eu(w)dtQ + eu(r')(dTIQ + TI2(d02 + sin2 0d¢2))

Evaluate the functions e* and e” explicitly.

Solution: Under a coordinate transformation r = h(r') the Schwarzschild solution
becomes

ds® = —(1 - 2—m>02dt2 +

r

1 dh\?2
Y e d12 h2 ! d92 '29d2 .
1—2m/h<dr’> r7 A R (d07 + sin” deT)
Fixing attention on the spatial parts of this metric the aim is to find a function h
such that

LS 1 (dh )2

- ar

© TR T T om/h

1.e.

1 1 dh

" Jhh — 2m) '’

Integrating, gives

/%:/%:/ﬁ

ie.
Inr’ +a = In(y/(h —m)? — m?)

and exponentiating,

ar' = h —m++/h(h —2m).

(ar’ +m)?
2ar!

Hence
h =

and if we require that A — r’ as r’ — oo then we must set a = 2, i.e.

(2r" +m)?

r=nh(r')= =

so that
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The function e is found from

h
2<1 8mr’ )
= —C —
(r' 4+ m)?
o1 m/2r')?
N (14 m/2r")?
Problem 18.25 Consider an oscillator at » = ry emitting a pulse of

light (null geodesic) at ¢t = t;. If this is received by an observer at r = r;

at t = t1, show that
" dr
t1 =ty + _ .
L= /,0 c(1 —2m/r)

By considering a signal emitted at ¢y + Aty, received at t; + At; (assuming
the radial positions ry and r; to be constant) show that Aty = A¢; and the
gravitational redshift found by comparing proper times at emission and
reception is given by

Show that for two clocks at different heights h on the Earth’s surface,

this reduces to
N GM h

z 2 R?
where M and R are the mass and radius of the Earth.

[NOTE: The text statement ¢y = ¢; in line 5 should be replaced by t,+ Atg,
and the final displayed formula is incorrectly given in the text.]

Solution: For a radial null geodesic (light signal),

we have o dt\2 2m 1 dry2
(1) (“T)‘Wm/r(&) =0
Hence dt )

dr c(l —2m/r)

which integrates to give
1 dr
t=t —_—.
0+/r0 c(1 —2m/r)
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t t
t1 + Aty
t=1
to + At
t=1
r=ry r=r

For a second signal emitted at ty + Atp, the time of reception is

1 dr
t1+At1:t0+At0+/ -

— =t + Aty
v (1= 2m/r)

since Aty = At;. The proper time between the emission events at r( is given by

(am)? = 5As = (1= (an)?,

To

while at reception the proper time difference A7 is given by

(am)? = (1= ) (an)? = (1 - ) (ano)”

™ 1

14+2z= ﬂ = 71_27”/71.
AT 1 —2m/ry

On the Earth’s surface, set 1o = R and r{ = R+ h where h < R. Noting that

Hence the redshift is

M
C
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we have

2
!
|

+
|

Q

Problem 18.26 In the Schwarzschild solution show the only possible
closed photon path is a circular orbit at » = 3m, and show that it is
unstable.

Solution: From Problem 18.12 affinely parametrized geodesics may be calculated
from the Lagrangian L = g,,#*%", the Euler-Lagrange equations reading

d /oL oL d » .
1 (55) ~ ar = @)~ Gona 3 =0

Since guy4 = guv,3 =0 (where z1 = r, 22 = 0, 2° = ¢) we have

zt AN dz? k
—— = const. —_——
94475 ds 1—2m/r
da? const.— da” h
—~  — const. - __
938745 ds  r2sinf’
and the 23-equation is
dg 2dédr dg\2
a0 2dvdr e 9(_> -0 1
ds? + rdsds ST, (1)
If the geodesic has initial conditions
T dé
9 = — —_— =
0 2’ ds ls=0

then § = 7/2 for all s is the unique solution of the differential equation (1) with
these initial conditions. By a rotation of axis every geodesic may be assumed to be
"equatorial”, 0 = 7/2.

Instead of the r-equation, we may consider the null tangent condition:

4
(@) (@) - (- e
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ie.
dry2 h? 2m
ar :kQ——(l——> _ .3
(ds) 72 r T
where f(r) is a cubic, which must be positive throughout the orbit since (dr/ds)? >
0. The cubic can have at most two positive roots r = 11 > 0, 7 = 19 > 11 as it
has at least one negative root, for f(0) = h?2m > 0 and f(—o0) = —oo. Hence all

K = (1 - 2m/r)

kz

r ro = 3m ) r

h2

orbits either reach a maximum value » = r; and head towards r = 0, or lie between
a minimum at r = ro and 7 = co. In both cases the orbits are clearly not closed.
The only closed orbit occurs when there is a double root, 1 = ro, which occurs if

_ d, _
r () = 3 (P f(r) = 0.
r
The second equation implies
2h?  6mh?
T 0

i.e. 7 = 3m, clearly a circular orbit. As all other orbits (i.e. any small variations in
parameters k and h) result in orbits which are not closed, this orbit is necessarily
unstable.

Problem 18.27 (a) A particle falls radially inwards from rest at infinity
in a Schwarzschild solution. Show that it will arrive at r = 2m in a
finite proper time after crossing some fixed reference position ry, but
that coordinate time ¢ — co as r — 2m.

(b) On an infalling extended body compute the tidal force in a radial
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direction, by parallel propagating a tetrad (only the radial spacelike unit
vector need be considered) and calculating Ry414.

(c) Estimate the total tidal force on a person of height 1.8 m, weighing
70 kg, falling headfirst into a solar mass black hole (M. = 2 x 10** kg.), as
he crosses r = 2m.

Solution: (a) As in Problem 18.26

dt_
ds 1-2m/r

and for a radial timelike geodesic (freely falling particle with 6 = ¢ = 0)

If the particle is at rest at 7 = co then £ =1 (so that dr/ds — 0 as r — 00),

dr _ . J2m
ds V r
The proper time along the path is given by
L 2m /2
1 / [2m
¢ Jr r
2

= (7"8/2 - (2m)3/2) < 0.

3cv2m

(b) The tangent vector to the infalling geodesic is

[2m 1
[ _ _— [ g —]_ .
v ( r’ 0.0, 1- 2m/r>’ (Ul )

Let e be the unit radial spacelike vector orthogonal to U#,

s
T=-
c

1—2m/r

V2
el = (—1, 0,0, V2 ) (eac® = 1,e4U% = 0).

This vector is parallel propagated along the geodesic, for

P=1 = 2e,— =0
eue eu P ,
De# DU*
Ue' =1 = Uu—ezo since =0,
ds
so that
Del_De4_0
ds ds 7

352



Also ) )
De de 2
o =g Tlwe'U"=0

since I'?, =T'%, =%, =0, and similarly

D 3
¢ _o.
ds
Hence Dk deb
e e
— = — 4+ TH* ’UP = 0.
ds ds N7

The tidal forces are found from Eq. (18.81),
iy = Kijni where K;; = —CQRupweé‘e;UpU”
and "= d/dr. In the radial direction
Ky = —(e'U* = €'U")?Riars = = Riana

and from Eq, (18.97) and the field Ry = 0 we find from A = —In(1 — 2m/r)

N 2m
o= () -2

Hence K1 = 2m/r? and the tidal force per unit mass on an infalling body is

. 2mc?
’]” =

r3

(c) Asr — 2m
2y
a2 T aeem?
If p = m/l is the mass per unit lenght of the infalling person then the total tidal
force is

i

F:/lﬂ Lom

o 4G2M? 2 4G2M?

Setting m = 70 kg, | = 1.8 m, M = Mg = 2 x 10° kg, G = 6.7 x 107!, ¢ =
3 x 108m s~!, we have

F =6 x 10"1 Newtons = 6 x 10" tonnes.

Problem 18.28 Show that for a closed Friedmann model of total mass
M, the maximum radius is reached at t = 2GM/3c®> where its value is
Omax = 4GM /3mc?.
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Solution: For a closed universe we have

87TG,00 87TGp0
a = O[, t g
3c? 3c3
where
o = sin’7n, y =10 —sinncosn.

The maximum radius occurs at the maximum value of a, i.e. at at n = /2 where
a =1,y =mn/2. Hence

y 472G po 8tGpo
_ P
max 303 b max 362

By Eq. (18.104) and (18.109) we have
M(t) = V(t)p(t) = 27263 (t)poa > = 2n%py = const.

Hence substituting pg = M /27?2 into the above gives

_2GM _4AGM
max — W, Omax = 37TC3 .
Problem 18.29 Show that the radiation filled universe, P = %ch

has p x o * and the time evolution is for k¥ = 0 is given by a o t!/2.
Assuming the radiation is black body, pc? = asT*, where ag = 7.55 x
10~ Yerg cm3(°K)~*, show that the temperature of the universe evolves
with time as

2\ 1/4 1.52 x 1010
T = ( 5 ) 12 = 1.52x 107 °K (t in seconds).

327Gag Vit

[NOTE: P = {pc?. In text the factor ¢ was omitted. Similarly the factor
¢’ was omitted in pc? = agT*. A factor 10'0 was omitted on the RHS in

the final equation.]
Solution: If P = %ch then by Eq. (18.108)

a
p+—-p=0
a

which has solution p = pga—* for some constant py. Wetting k = 0 in Eq. (18.106)
gives
a2 8rG
a2~ 3 M
whence
- 1 da? _[87Gpg

W= T 3
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so that, setting a =0 at ¢t =0,

a2 = ISWGPOt
3

i.e.
81G 1/4
a(t) = (M) /2.
3
Since
T4 = p_CQ = —,0002(]’_4
as as
_ 3c?
-~ 32nGagt?
we have

"= ()

and setting, in c.g.s. units ¢ = 3 x 10'%, G = 6.67 x 1078, and ag = 7.55 x 10715

_152x10'0
Y

where ¢ is measured in seconds (i.e. after 1 second the temperature of the universe
is 1.52 x 10" ° K.

T K.

Problem 18.30 Consider two radial light signals (null geodesics) re-
ceived at the spatial origin of coordinates at times t; and t;+ Aty, emitted
from y = x; (or r = r1 in the case of the flat models) at time ¢ = t; < t.
By comparing proper times between reception and emission show that
the observer experiences a redshift in the case of an expanding universe
(a(t) increasing) given by

At[) a(t[))

1 = — = .
Tz Atl a(tl)

Solution: The Robertson-Walker line element is
ds? = —c2dt* + a*(t) (dx? + £2(x)(d6? + sin? 6d¢?))

where f(x) = x, siny, sinhy depending on whether is £ = 0,1, —1 respectively.
Along a null geodesic we have ds? = 0, i.e.

¢ (:j—;)Q =a’(t).

355



to + Aty

to

null

geodesics
ty + Aty

t

Integrating gives

/Xl | /to edt
X1 = X =
0 t1 a’(t)

As this is independent of the emission and arrival times,
/to cdt /t0+At0 cdt
t1 a’(t) t1+Aty a(t)
B /to cdt +/t0+At0 cdt /t1+At1 cdt
noalt)  Jiy a(t) Ji, a(t)

/t0+At0 cdt /t1+At1 cdt
to a(t) B t1 a(t)

and in the limit Aty, Aty — 0,

Hence

Thus, as Aty and A; represent proper time differences at the respective events,

At t
14+2z= =0 - o 0).
Atl a(tl)
Problem 18.31 By considering light signals as in the previous problem,

show that an observer at r =0, in the Einstein-de Sitter universe can at
time ¢ = ¢y see no events having radial distance a(ty)r > Ry = 3cty. Show
that the mass contained within this radius, called the particle horizon, is
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given by My = 6c%ty/G.
[NOTE: The factor a(tyg) in the definition of horizon distance Ry .]

Solution: In the Einstein-deSitter universe,
a(t) = At*3 where A = (67Gpo)'/?

and the density is given by
S P
p=pod = GrGee
By Problem 18.30, if ¢y is the time of reception of a light signal emitted at r; at

time tl
- _/t‘)&dt_/to cdt
L= t a(t) - t1 At2/3
_ Lrqu1/37t0
_A[3t ]t1
3¢, 1/3 173
:Z(o/ _tl/)

Since t; > 0, it follows that 1 < 30t[1)/ 3 /A and no signal can be received from events
having coordinates

S ?)ct(l)/3
r> — .
A
i.e. having distance
1/3 1/3
3ct 3ct
a(to)r > Ry = a(ty) %o 3Act(1)/3c—0 = 3cto.

A

The mass within this horizon distance is

A

TH
My (to) = / p(to)a(to)dmrdr where rp = Ry /a(to)
0

_dr
3
4
= —p(to)(Rn)’*
_ 4m 2733
- 3 6nGHt3
663t0
o

p(to)a’ (to) (rzr)’

Problem 18.32 If a Lagrangian depends on second and higher order
derivatives of the fields, L = L(®4, ®4y, Papyw,...) derive the generalized
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Euler-Lagrange equations

0L\/=g _dLy/=g 9 (6L\/—g> N 0? (6L\/—g> 0
b4 =~ 0Dy oxh 3@',4,“ oxHoxY (9(1),4,“1, '

Solution: If D is any region in a coordinate domain U,

5/ L(®A, D4 ®aps... )0
D

0L\/—g 0L\/—g 0L\/—g 4
=4 004 + 04, + 0CAyy +...d°z
DNU 3@,4 A 8@14,“ A’” 6‘1),4,”,, A’”
Now
OL+/—g 0 (0L+/—g 0 (0L+/—g
Dy, =— Dy)— — o
8(1),47# 0 A 8]:”( 8(1)147# 0 A) 8]:”( 8@14’# )6 A
and by the Gauss-Stokes theorem
/ i(aLV_ggq)A>d4x:/ L V_g(s(I'AdUNZO
pru Oz# \ 0P, opnu 0Pap
where 6® 4 = 0 on the boundary of D and
do, = %eu,,pgdw” Adz? Adzx°.
Similarly
OL\/—g 0 (0L/—g 0 (0L\/—g
Dy, = o - )
0% A Paw = 5 ( 0 A ’ A’”) Oz” ( 0% A )5 Aot
0 (0L\/—g 0? 0L./—g
= o - )
ox? ( 0P 4 0 A’”) oxhoxY ( 0P 4 0 A)
0? oL./—g
D 4.
+ 8:16”8:5”(8(1)A,W )o%a

By Stokes’ theorem the first two terms have vanishing integrals over D, and similar
arguments hold for higher derivatives, leaving

5/ LQ:/ 5LV_95<1>AQ
D p 0®a

where

0Ly/=g _OLy=g 0 <8Lw/—g> N 0? <8L\/—g> B
0D 4 0 4 o+ 3@14’# orHoxv 3(1)144“,

Since §® 4 is arbitrary over D we deduce that

0L\/—g _0
by
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Problem 18.33 For a skew symmetric tensor F'*¥ show that

1
PR, = Ve (V=gF"™) .

Solution: Using the formula for general covariant derivative Eq. (18.14), and the
fact that the connection is symmetric '), = I',

FMV;V = Fuy;” + F&VFCU/ + FZVFua
= FM, 4+ TY, Fho

1 .
=F", + \/T_g(\/—g) oF" using Eq. (18.119)
1 —
- \/__g( _gFlw),u'
Problem 18.34 Compute the Euler-Lagrange equations and energy-

stress tensor for a scalar field Lagrangian in general relativity given by

Ls = _@b,u'l/},uguy - m2¢2-
Verify T",, = 0.

Solution: We can work from the Euler-Lagrange equations (18.113) with &4 = ¢
or directly from the total action principle:

5 /D (4 upg™ —m?)Q

- /L>mU(_2¢,u5¢,u9“” — 2m*Ppoy)y/~g
B [wyuw,l’(sgwj + (¢,a¢,a + m27/12)5\/—_g] d4x.

The terms involving §7) can be written

[ @), 2 as V), - mP el

The first term vanishes by Stokes’ theorem and §i) = 0 on 9D, leaving, since 1 is
arbitrary in D:

(,48"V=5) , — m*hs/=g = 0.

Using 1
Oy = ik, = \/T—g (\/?gguy¢’y),u
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this equation can be written
Oy — m?¢p =0,
known as the covariant Klein-Gordon equation.
Using Eq. (18.117)
V=g = —@gwég‘“’,

we have the coefficent of —%Tu,,ég”” in the above expansion of § [ L,

T,uu = 2¢,#¢,V — Guv (T/J,a'ﬁb,a + m2¢2)-
Thus

TW/;V = 21/);”;1/7/);1/ + 2¢;u¢;y;u - guy (2@&;&;1/7/);(1 + szq/ﬂ/),u)
=29 ('@b;y;l/ - m2¢)
since
¢;a;u = gaﬁ'l/};ﬁl/ = gaﬂqwb;l/ﬁ = 'I/J;u;a-

Hence, using the covariant Klein-Gordon equation 7#,, = 0.

Problem 18.35 Prove the implication given in Eq. (18.127). Show that
this equation and Eq. (18.126) imply 7", = 0 for the electromagnetic
energy-stress tensor given in Eq. (18.125).

Solution: If
Fyvp + Fopp + Fppy =0

then, using I}, =T'J,, we have

Fuvip + Fopyp + Fppw =
Fuvp — I‘Z‘pFaV — I‘l‘i‘pFMa
+Fpu— Fg‘qua
+ Fouu — Fg‘yFa# — I‘Z‘VFpa
= —ng(Fa,, +F,,) — Fﬁp(FW + Fopu) — Fﬁﬂ(Fap + Fpa)
=0

Eq. (18.125) should read

1 1
T,uu (FuaFya - Z a,BFaﬁg,uu)a

" 4r
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and using g"”,, = 0 we have

1
Ty = (FloF" = jFapF0g)

sV

1
y (F”a;,,F”a + FFr FY™, — %Faﬁ;ypaﬂgw/)
1 1
= 59" (Foas P = 3 Fag F)

after a relabelling of summation index in first term and using Eq. (18.126),
1
- EguyFﬁa(%Fva;ﬁ - %FVﬂ;oc + %Faﬁw)
1
L B By + Fpa + Fa)
=0.
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Chapter 19

Problem 19.1 Let Eij be the matrix whose (j,7)th component is 1 and
all other components vanish. Show that these matrices form a basis of
GL(n,R), and have the commutator relations

[E;, Ef] = 64E" — 6" E".

Write out the structure constants with respect to this algebra in this
basis.
[NOTE: (j,7)th component is 1 , not (7,j)th as in text.]

Solution: From Example 19.4 we find GL(n,R) =2 M, (R), where commutators are
matrix product commutators,

[A,B]'; = (AB — BA)]; = A", B* — B} A"
Let Eij be the matrices whose (a,b)th component is
(E5)', = 0495,
i.e. the (j,7)th component is 1 (¢ = j,b = i), and all others are 0. These are
obviously linearly independent and n? in number. They therefore form a basis of
M, (R), as every matrix A can be written uniquely as A = AJiElj for
A% (BY), = A8305 = A5,
We have commutators
[E, Ef)G = (E5(EY), — (E9E),
= (E)%(ED), — (ED)(EY)',
= §90%.056% — 0%87056%,
= §%070% — 01 6%0%
= 5i(E5)', = 55(EL)',
Hence we can write

] k
B, Ell = > OBy
p.q

where
ok b i
C’f’j'fkl = 5@51,5? - 5j5’p5'§.

Problem 19.2 Let Eij be the matrix defined as in the previous problem,
and F"j = z'Eij where i = v/—1. Show that these matrices form a basis of
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GL(n,C), and write all the commutator relations between these generators
of GL(n,C).

Solution: The Lie group GL(n,C) can be regarded as a real Lie group on an open
submanifold of R?", since the with coordinates real and imaginary parts of the com-
ponents of the non-singular complex matrices. As in Example 19.4 all left invariant
vector fields can be written

15, where 2% =2 + iy
J

and [X,Y] — [A,B], so the Lie algebra is the complex Lie algebra GL(n,C) =
M,,(C), with matrix commutators. This may be considered to be a real Lie algebra
GL(n,C)® using the technique in Example 6.13 by regarded A and iA as linearly
independent matrices and only allowing multiplication by real scalars. Setting A =
A1 + 1Ay where A; and Ag are real matrices, the bracket product is taken to be

The elements of GL(n,C) are spanned by Eij and Fij — iEij for
A= (Alij + iAQij)EjZ. = AlijEji + AQiijz'

and the matrices Eij and Fij clearly form an l.i. set. They are therefore a basis of
GL(n,C). Commutators are

[Ei?'a Ef] = 5izE'§' — o~ E .
[F';, Fil = —6%ES + 0%,
€. - i a7,

Problem 19.3 Define the T,(G)-valued 1-form 6 on a Lie group G, by
setting

04(Xg) = Lyg-1,X,
for any vector field X on G (not necessarily left-invariant). Show that 6
is left-invariant, L;0, = 6,-1, for all a,g € G.

With respect to a basis F; of left-invariant vector fields and its dual basis

¢’, show that
n

0= (5)

=1
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Solution: For any vector field X

Oa_lg(Xa_lg) = Lg—la*Xa—lg
= (Lg10Lg)uXq
= Ly 1,LoxXq 1,
= 0y (Lo X4 1,)
= Lan0y(Xo-1,)

lg

Since X is an arbitrary vector field 0,1, = L;0,, i.e. 0 is left-invariant.
If E; is a basis of left-invariant vector fields with dual basis *, then setting X, =
X' = (E;), we have X' = (¢%, X),. Hence (adopting summation convention)
0,(Xy) = Ly-1.X,
= X'Ly-1.(E;),
=X l( i)e
= (e", X)g(Ei)e
= (Ei)ee' (X,)

i

Since X is an arbitrary vector field, 6 = (Ez-)es .

Problem 19.4 A function f: G — R is said to be an analytic function
on G if it can be expanded as a Taylor series at any point g € G. Show
that if X is a left-invariant vector field and f is an analytic function on
G then

f(gexptX) = (¢ 1) (g)
where, for any vector field Y, we define
oY 2 3 yr
f=f+Yf+5 Yf+ Yf+ Z—

n!
=0

The operator Y" is defined inductively by Y"f =Y (Y™~ f).

Solution: Set
F(t) = f(gexptX) = f(gy(t))

where y(t) = exptX is the one-parameter group generated by X. Since the compo-
nents of y(¢) are analytic functions at ¢ = 0 we have F(¢) is an analytic function of
t

F(t) = F(0) + tF(0) + $t*F(0) + ...
The left invariant vector field X = L, X is tangent to the curve gy(t) through g,
since by Eq. (19.8)

d
Xf(exptX) = Ef(exth)
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so that for any differentiable function f at ¢

Xf(gexptX)=XfoLgy(exptX)= ifoLg(exth) = %f(g'y(t))

dt
Hence
F(t) = SF(0) = (XD ),
. 2
(1) = S0 = SXN00) = X2 (D),
)y = L n
FOO 1) = SR () = X" f(gr(0).

~
In a neighbourhood of ¢ then
" d"
F(t) = —F
®) gﬂ n! di”
= f(9) +tXf(g) + 3t°X*f(g9) +

o0

> [“ .

1=

t=0

1.e.

flgexptX) = ("X f)(g).

Problem 19.5 Show that exptX exptY =expt(X +Y) + O(t?)

Solution: From Problem 19.4, for an arbitrary analytic function f,

flgexptXexptY) = et f(gexptX)
tXetYf( )
= (1+tX +O0(t*))(A +tY +0(t*) f(9)
= (L+tX +O0(t))(f(9) + Y [ (9) + O(t?))
= f9) +HX +Y)f(9) + O(t?)
:et(X+Y ( ) (t2)
= f(gexpt(X +Y)) + O(t?).
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It is possible to go further and find the O(¢?) term as follows:

f(gexptX exptY)
= (L+tX + 32 X° + O(t%))(f(9) + tY f(g9) + 5t*Y* f(9) + O(t?))
= flg) +t(X +Y)[(g) + 51*(X* +2XY +Y?)f(g9) + O(t’)
= fl9) +t (X +Y)f(9) + 5t°(X +Y)* + [X,Y]) f(9) + O(")
_ et(X+Y)+%t2[X,Y]f(g) + o)
= f(gexp(t(X +Y) + 3#’[X, Y] + O(t*))

Hence
exptX exptY =exp(t(X +Y) + 3#°[X, Y] + O(t*)).

Problem 19.6 For any n x n matrix A, show that

d
— det etA‘ = trA.
dt t=0

Solution: From Eq. (19.11)

— g ttrA

d
_ _etrtA e

=trA
t=0

d
— det tA‘ ‘
at % im0 T At = T At

or more directly, by expansion of determinant at ¢t = 0:

d tA _d L2p2
~dete L:O_ —(det(1 + tA+ 2A% + )],
d
:&(l—i—ttrA—i—O(tQ))‘t:O
= trA.

Problem 19.7 Prove Eq. (19.11). One method is to find a matrix S
that transforms A to upper-triangular Jordan form by a similarity trans-
formation as in Section 4.2, and use the fact that both determinant and
trace are invariant under such transformations.

Solution: Under a similarity transformation A’ = SAS™ 1,
tr A’ = tr SAS ! = tr ST1SA == trA.

and
det A’ = det Sdet A(det S)™! = det A.
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All powers of A and A’ are related by the same similarity transformation,
"2 = SAST'SAST! = sA?ST!
etc. Inductively we find that
M = SASTISA"TIST! = SAnS T

Hence
A =1+ A+ IA? 4. =SefsT

In Section 4.2 it was shown that we can find S (possibly a complex matrix) such
that A’ is an upper triangular matrix,

ayy
0 0 0o ... d

nn

Then A'™ is upper triangular for all n and (A’ ”)” = (a};)"™. Hence

(eA’)ii — eli,

Thus
det e = det (SeAS*I)
= det ™
= ea’lll ea”22 . ea’,nn
= %1 +a,22+"'+a'lnn
_ e‘urA'
— etrA.
Problem 19.8 Show that GL(n,C) and SL(n,C) are connected Lie

groups. Is U(n) a connected group?

Solution: By the Jordan canonical form (see Section 4.2), for every A € GL(n,C)
there exists S € GL(n, C) such that B = SAS™! only has non-zero components in the
diagonal and superdiagonal. In fact, since det Bdet A # 0 we may assume B = [b;;]
where

bi; # 0 (l 1,.. ) bii+1 =0o0r1 (i:1,...,n—1).
Let 71 : [0,1] = GL(n,C) be the curve 71 (t) = G(t) = [gi;(t)] where
(
(

g5 (t) = b ifj#i+1
Gii+1 t) ( )b”+1 forizl,...,n—l.
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The result is that G(1) is the diagonal matrix formed by setting all off-diagonal
terms in B to zero. Now consider the curve v, : [0,1] — GL(n,C) defined by
¥2(t) = H(t) = [hi;(t)] where

hi;j(t) =0 if j #1
u(t) =1+ (1 —t)bii (’L = 1,...,n).

This curve continuously connects G(1) at t =0tolat ¢t = 1. Let v : [0,2] - GL(n,C)
be the continuous curve connecting B to |, by

(1) = 71 (t) 0<t<1
YW= et=1) 1<i<2

Clearly we have v(0) = B and 7(2) = |. The continuous curve 4/ = S~!4S then
connects 7'(0) = A and +/(2) = I. Suppose now A is not in Gy, the connected
component of the identity. The set C' = +/(]0,2]) is the image in GL(n,C) under
a continuous map of the connected interval [0,2] in R. By Theorem 10.17 it is a
connected set, and by Theorem 10.16 the union Gy U C' is also connected. This is
a contradiction since Gy is a maximal connected set and A € Go U C' D G. Hence
Gy = GL(n,C), and the group GL(n,C) is connected.

While a similar argument may be used to show that SL(n,C) is connected, an
alternative argument is now to define the map f : GL(n,C) — SL(n,C) by

F(A) = (det A)~1/mA.

Since det is a continuous map the image SL(n,C) under f of the connected set
GL(n,C) must be connected (see Theorem 10.17).

The group U (n) is connected. This is essentially dealt with in the concluding remarks
of Example 10.22.

Problem 19.9 Show that the groups SL(n,R) and SO(n) are closed
subgroups of GL(N,R), and that U(n) and SU(n) are closed subgroups
of GL(n,C). Show furthermore that SO(n) and U(n) are compact Lie
subgroups.

Solution: Let ¢ : GL(n,R) — R be the continuous map defined by ¢(A) = det A.
Then SL(n,R) = ¢~1({1}) is a closed set since it is the inverse image of under a
continuous map of the closed singleton set {1} C R.

A matrix A is orthogonal iff AAT = I. Let 9 : GL(n,R) — M,(R) = R" be the
map defined by 9(A) = AAT. The function 4 is continuous since the components
are quadratic functions of the component of A. Hence O(n) = ¢ 1({I}) is a closed
set. The group SO(n) = O(n) N SL(n,R) is the intersection of two closed sets and
is therefore closed.
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The treatment for U(n) is similar. Set p : GL(nC) — M,(C) = R2"* to be the
continuous map defined by p(A) = AAT. The group U(n) = p~'({I}) is therefore
closed, as is SU(n) = U(n) N SL(n,C) since the group SL(n,C) = det™'({1}) is a
closed as for the real case above.

If A € SO(n) then
AAT = — Zaijakj = 6zk — Zaijaij =n
J i,

ie.
tr AAT = Z(aij)Z =n.
1]
Thus SO(n) is a closed subset of the sphere of radius \/n in M, (R) = R™. By the

Heine-Borel theorem (Theorem 10.8) and Theorem 10.13 this is a compact set.
The treatment of U(n) is similar. If A is a unitary matrix, AAT = |, then

Z Qijak; = 511.3 — Z‘aijf =N

J i,j

and using ) ) )
|aij|” = (Re ai;)” + (Im aij)

the unitary group is a closed subgroup of the sphere of radius y/n in R2" and is
therefore compact.

Problem 19.10 As in Example 2.13 let the symplectic group Sp(n)
consist of 2n x 2n matrices S such that

_— (0 1
STJS = J, J_(_I o>’

where O is the n x n zero matrix and | is the n x » unit matrix. Show that
the Lie algebra Sp(n) consists of matrices A satisfying

AT)+JA=0.

Verify that these matrices form a Lie algebra and generate the symplectic
group. What is the dimension of the symplectic group? Is it a closed
subgroup of GL(2n,R)? Is it compact?

Solution: Consider a one-parameter subgroup S(t) = exp tA = e!A. The symplectic

condition is written
T T
(etA) JotA — otAT JotA _ |

and differentiating with respect to ¢ gives

AT AT JotA | oA JotAN — AT J 4 JA = O.
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Matrices satisfying this relation form a Lie algebra, for if
ATJ+JA=BTJ+JB=0
then the relation is clearly satisfied by linear combinations A + AB and the commu-
tator satisfies
[A,B]"J + J[A,B] = ((AB)" — (BA)")J + JA, B]
=BTATJ - ATBTJ + J[A, B]
= —BTJA+ATJB + J[A, B]
= JBA — JAB + J(AB — BA)
=0.
If ATJ+ JA = O then
(AT)2) = —ATJA = JA?
etc. and in general
(ATY") = (=1)™JA
so that
T
N )= (1+ AT +12(AT)2 4.0
=JI-A+32A%+..))
= Je A
Hence e® € Sp(n) for
A Jet =)

and this Lie algebra generates Sp(n).
Let
A (Al A2> AT — ((AI)T (A3)T>
- ’ - T T
As A4 (A2)" (A4)

ATJ+IA=0 = AT =A3, (AT =A, A =—-(A)T.

then

Thus the number of independent components associated with each of the submatrices
Ay and As is n(n + 1)/2, and A; has n? independent components. A4 is completely
defined once A; is known, so the total number of degrees of freedom is

n(n +1) +n? = 2n% +n.

This is the dimension of the Lie algebra Sp(n) and the associated Lie group Sp(n).

The group is a closed subgroup of SL(2n,R) since Sp(n) = ¢ 1({J}) where ¢ :
Sp(n) — Ma,(R) is the map (see Problem 19.9 for more details)

©(S) = STJs.
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It is not compact in general. For example Sp(2) = SL(2,R) is a non-compact group
since it contains all diagonal matrices of the form

a 0
(0 a1> 0<a< oo,

clearly an unbounded subset of Ms(R).

Problem 19.11 Show that a group G acts effectively on G/H if and
only if H contains no non-trivial normal subgroup of G. [Hint: The set
of elements leaving all points of G/H fixed is (. aHa ']

[**NOTE: The words non-trivial must be inserted before “normal sub-
group”.

The definition of effective action given on p.572 in text is inaccurate. It
should read: The action of G on M is said to be effective if ¢ is the only
element that leaves every point z € M fixed,... The displayed equation
which follows is correct.]

Solution: G acts effectively on G/H = {aH |a € G} iff g(aH) = gaH = aH iff for
all h € H there exists h' € H such that gah = ah’. Thus g must have have the form

g=ah'h ot € aHa™ .
As this is required to hold for all ¢ € G we have

g(aH) =aH VYa€G it geK= ﬂaHa_l
acCG

Thus the action is effective iff K = {e}. If H has a normal subgroup H' # {e} then
aH'a ' = H' for all a € G. Hence K D H', i.e. K # {e}, which implies that the
action is not effective. Conversely if the action is effective then K = {e} and H has
no normal subgroup other than {e}.

Problem 19.12 Show that the special othogonal group SO(n), the
pseudo-orthogonal groups O(p,q) and the symplectic group Sp(n) are all
closed subgroups of GL(n,R).

(a) Show that the complex groups SL(n,C), O(n,C), U(n), SU(n) are closed
subgroups of GL(n,C).
(b) Show that the unitary groups U(n) and SU(n) are compact groups.

Solution: This problem is, accidentally, almost a repeat of Problem 19.9. The only
extra item is to show O(p,q) is closed. Consider the map v : GL(n,R) — M, (R),
where n = p + ¢, defined by

Y(A) = ATGA
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where G = [g;;] is the matrix

gij:méij where 7]1:...:771):1, 77p+1:"':77n:_1'

Then O(p, q) = 9~1({I}). The rest of the argument follows as in Problem 19.9. The
symplectic group Sp(n) is actually a closed subgroup of GL(2n,C). The proof is
given in Problem 19.10.

Problem 19.13 Show that the centre Z of a Lie group G, consisting of
all elements which commute with every element g € GG, is a closed normal
subgroup of G.

Show that the general complex linear group GL(n + 1,C) acts transitively
but not effectively on complex projective n-space CP" defined in Problem
15.4. Show that the centre of GL(n + 1,C) is isomorphic to GL(1,C) and
GL(n +1,C)/GL(1,C) is a Lie group that acts effectively and transitively
on CP".

Solution: The centre Z is defined as Z = {a € G|ag = ga Vg € G}. This is a
subgroup, as shown in Example 2.20: (i) if ag = ga and bg = gb then abg = agb =
gab, (ii) eg = ge, (iii) multiply ag = ga on left and right by a~! gives ga=! = a7 !yg.
It is a normal subgroup since hZ = Zh for all h € G since ha = ah for all g € Z.
To show it is a closed subgroup, define for each g € G the map ¢, : G — G by

bg(a) = aga L.

Then Z, = gb;l({g}) = {a € G|ag = ga}, known as the centralizer of g is a closed
set. The centre is
Z=()2%

gelG

is closed since it is an intersection of closed sets.

From Example 10.15 and Problem 15.4 each point of CP"™ is an equivalence classe

[z = {\z| A e C}
where z # 0 is a non-vanishing column vector:
20 0
2! 0
a= | | #
zZ" 0

Any matrix of A € GL(n+1,C) acts on CP" in a natural way by setting A[z] = [Az].
This result of this action is well-defined since Az # 0 since A is non-singular, and it
is independent of the choice of representative z for

A[rz] = [A(Az)] = [MAz] = [Az] = A[z].
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The action is transitive for if u and v are any pair of complex (n + 1)-vectors then
there exists a non-singular matrix A such that Au = v. To show this, let eo,..., e,
be the natural basis of C"*!, having components (e;)/ = &%. By the basis extension
theorem, Theorem 3.7, there exists a basis f, ..., f, such that f; = u. Let A be the
non-singular operator defined by B : e; — f; = B%e;. Then for any vector z = Ze;,
we have '
B: ziei = Zifi = B]iziej

which can be written in matrix notation z — Bz, where B is the non-singular matrix
[BZ]. In this notation Bey = fp = u. Similarly, there exists a linear operator C' with
associated non-singular matrix C such that Cey = v. The matrix A = CB~! has the
effect that Au = v. Thus the action of A on CP™*! is transitive. The action is not
effective, however, for ul acts as the identity transformation for any p € C:

pllz] = [pz] = [z] = I[z].
The centre of GL(n + 1,C) consists of those non-singular matrices A that commute

with all B € GL(n + 1,C), AB = BA. Taking B =1+ Eij (see Problem 19.1 for the
definition of Eij ), easily seen to be non-singular, we have

G = 6% + %5,

and . .

Setting b = 7 and @ = j we have Ajj = A% | while for a # j, A% = 0. Since these
relations hold for arbitrary i, j, a it is clear that A = Al. Hence Z = {Al} = GL(1,C).
Elements of GL(n+1,C)/GL(1,C) may be written as cosets AA which act on CP"

in the obvious way
MA[z] = A[Az] = Alz].

The action is transitive by the same argument as above. The action is effective for
AA acts as an identity on C'P™ iff for every vector z, AA[z] = [z]. This is equivalent
to requiring that every vector z is an eigenvector, Az = az — clearly possible if and
only if A = pul.

Problem 19.14 Show that SU(n + 1) acts transitively on CP" and the
isotropy group of a typical point, taken for convenience to be the point
whose equivalence class contains (1,0,...,0,0), is U(n). Hence show that
the factor space SU(n+1)/U(n) is homeomorphic to CP". Show similarly,
that

(a) SO(n+1)/0O(n) is homeomorphic to real projective space P".

(b) U(n+1)/U(n) 2 SU(n+1)/SU(n) is homeomorphic to S?"+!.
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Solution: Let C""! have an inner product defined such that (e; | ej) = 05, l.e.
(z|w) = Z;’:ngi, Define the action of SU(n + 1) on CP™ as in Problem 19.13
(i.e. treated as a subgroup of GL(n+1,C)). In each equivalence class [u] = {Au |\ €
C} there exists a representative u such that |[ul|> = (u|u) = 1. By Schmidt
orthonormalization there exists an o.n. basis f,...f, such that f; = u. The linear
map A : e; — f; = A’e; is has a unitary matrix A = [A4’] since

b = (£ |f;) = AAZ (ex|€)) = ZA’“A

ie. ATA = 1. The matrix A € U(n + 1) and Aey = u. We may multiply A by an
arbitrary factor e* without any effect on the the action on C'P", so there is no loss
of generality in assumed det A = 1, i.e. A € SU(n + 1). By an argument similar
to that in Problem 19.14, it follows that for any points [u], [v] € C'P" there exists
a A € SU(n + 1) such that A[u] = [v]. Thus the action of SU(n + 1) on CP" is
transitive.

The isotropy group of [eo] is the set of matrices A € SU(n+ 1) such that Aeg = Aeg.
Since A is a unitary matrix the eigenvalue X has unit modulus, A = e*®. Furthermore
Aey = deg => A’y = X and A% =0 for i = 1,...n. The unitary condition may also
be written AAT =1, i.e. > ko AJ,c =, and setting ¢ = 7 = 0 we have

I_ZAUAO = |49 |2+Z\A — zn:‘AOk‘Zz
k=0 k=1

Hence Aok =0 for kK = 1,...,n, and the matrices of the isotropy group are of the
form ,
e 0 ... 0
0
A= . € SU(n+1).
: A’
0

The submatrix A’ clearly belongs to U(n) and has determinant e **. As in Exam-
ple 19.10 the correspondence AU(n) — Aey is one-to-one, continuous and has a
continuous inverse. Hence

SU(n+1)/U(n) = CP".

The arguments for (a) and (b) are similar. We outline the arguments.

(a) Consider the action of SO(n + 1) on P", real projective space formed from R"**
with a standard real inner product e; - e; = ¢;;. Again the action is transitive and
the isotropy group of ey consists of matrices having the form

1 0 ... 0

A= . € SO(n+1), A' € O(n).
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As above this implies that SO(n 4+ 1)/O(n) = P™.

(b) Consider the action of U(n + 1) on C*"*! with standard inner product. The
isotropy group of [eg] consists of matrices

10 ... 0

A=|. N eU(n+1), AleU(n).
0
The correspondence AU (n) — Aey is a homeomorphism, and setting
Aeg = aley + ale + - + e,
we have
1= [|Aeol? = |®” + | [P + - + o,
Setting o = a® + b, this condition is equivalent to
(@)’ + (a")? 4+ @)+ O+ )+ + (V") =1
so that
U(n+1)/U(n) = §2 1L,
The discussion for SU(n + 1)/SU(n) = §?"+! is essentially identical.

Problem 19.15 As in Problem 9.2 every Lorentz transformation L =
[L;] has detL = +1 and either L} > 1 or L} < —1. Hence show that the
Lorentz group G = O(3,1) has four connected components,
Go=G™: detL=1, L} > 1 Gt :detL=1, L} < -1
G t:detl=—1, LY >1 G :detlL=-1, L < —1.
Show that the group of components G/G is isomorphic with the discrete
abelian group 7> x Zs.

Solution: To show that the proper Lorentz group Gy is connected, let SO(n —1,1)
be the special orthogonal group of dimension n, consisting of matrices L such that

Trr (1 0
L"GL=G where G_<0T 1

and detL = 1 and L, > 1. A similar argument to that in Example 19.10 can be
used to show that
SO(n+1,1)/SO(n,1) = H"

where H™ C R™*! is the upper sheet of the hyperboloid

(xl)Z 4t ((L,n)Z _ (xn+1)2 — _1, xn-l—l > 0.
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This surface is homeomorphic to R by the continuous correspondence

X
7
x=|:|+— :
* n
™ r
xn+1

where

" =14x2 =1+ (z)2+--- + (z")2.

Hence H™ is connected and by the argument used in Example 10.22 using Theorem
10.22 it follows inductively that SO(n, 1) is a connected topological space for all n
(the case n = 0 is trivial).

Let

) | 0 -1 0 -1 0
Ll:':<oT 1)’ LZ:(OT —1)’ L3:(0T 1)’ L4:<0T —1)'

Every element of Gt~ is of the form LoL where L € G, i.e. Gt~ = L,Gy, and
similarly G—+ = L3Gy, G~ = L4Gy. Hence each of these sets are connected, since
they are homeomorphic to Gy. Furthermore Gy is the intersection of the inverse
images of the positive real line Rt = {z > 0|z € R} under the continuous maps
det : O(3,1) — R and L% : O(3,1) — R. Hence Gy is an open set, as are G,
G tand G . Thus Gy = G — (GT- UG T UG ~ is also a closed set. As Gy is
connected it is thus the connected component of the identity.

The multiplication table of the cosets G/Gy is

GGy |Li Ly Ly Ly |
L1 Li Lo L3 L4
L, L, L Ly Ls
Ls Ls Ly L1 Lo
L, Ly Ly Ly Ly

Setting Zy = {1, —1}, the product group Zs x Zy = {(£1,£1)} has the same multi-
plication table if we make the correspondence

Ll — (171)7 L2 — (__171)7 L3 — (17__1)7 L4 — 0_17__1)'

Hence the group of components G/Gy is isomorphic with Zy x Zj.

Problem 19.16 Show that the component of the identity G of a locally
connected group G is generated by any connected neighbourhood of the
identity e: that is, every element of Gy can be written as a product of
elements from such a neighbourhood.
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Hence show that every discrete normal subgroup N of a connected group
G is contained in the centre Z of G.

Find an example of a discrete normal subgroup of the disconnected group
O(3) that is not in the centre of O(3).

Solution: The first statement has been shown in Theorem 10.21.
If N is discrete then every ¢ € N has an open neighbourhood U C G such that
UNN ={a}. Let ¢ : G — G be the map defined by

o(g) = gag™".

1

Since p(e) = eae * =a € U and ¢ is a continuous map, the set

V=9 !U)={glgag ' €U}

is an open neighbourhood of e. As N is a normal subgroup gag ! € N for all g € G.
Hence gag—' = a for all ¢ € V. In other words, V C Z, where Z, is the centralizer
of a, defined in Problem 19.13 as the set of elements which commute with a,

Zo={glga=ag} ={g € Glgag " = a}.

As this is a subgroup of G containing a neighbourhood of the identity, and G is
connected, it follows by Theorem 10.21 that Z, = G. In other words, ga = ag for
allg € G, ie. a € Z.

In O(3) let N be the subset consisting of the two elements {l,J} where

-1 0 0
J=10 10
0 01

The reflection J does in commute with all rotations, for

cos@ sinf 0 -1 0 O —cosf sinf 0
—sinf cosf O 0 1 0])= sinf@ cosf 0
0 0 1 0 01 0 0 1
and
-1 0 0 cosf@ sinf O —cosf —sinf 0
0O 1 0 —sin@ cosf® 0| = | —sinf cosf O
0 01 0 0 1 0 0 1

Problem 19.17 Let A be a Lie algebra, and for each element X of A
define the linear operator adx : A -+ A by adx(Y) =[X,Y] .

(a) Show that the map X — adx is a Lie algebra homomorphism of A into
GL(A) (called the adjoint representation).
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(b) For any Lie group G show that each inner automorphism C,: G — G
defined by C,(a) = gag™' (see Section 2.4) is a Lie group automorphism,
and the map Ad : G — GL(G) defined by Ad(g) = C, is a Lie group
homomorphism.

(c) Show that Ad, = ad.
[NOTE: Rewording of first part of question].

Solution: The map ady is linear, for
adx (aY +bZ) = [X,aY + bZ]
=alX,Y]+b[X, Z]
=aadx(Y)+badx(Z).

(a) The map ¢ : A — L(A) defined by ¢(X) = ady is a Lie algebra homomorphism,
for on using the Jacobi identity,

ad[X,Y](Z) = [[X,Y], Z]
=-[[Y, 2], X] - [[Z,X],Y]
= [X,[Y, Z]] - [V, [X, Z]|
= (adx ady —ady adx)Z.

That is,

p([X,Y]) = [p(X), (V)]
where the bracket on the right is the operator bracket as defined in the Lie algebra
GL(A).
(b) As seen in Chapter 2, for each g € G the map Cy : G — G is a homomorphism,
since

Cy(ab) = gabg™' = gag 'gbg ™! = Cy(a)Cy(b),

and it is one-to-one, for
Cyla) =b=0a= g lbg = Cy-1(b),

ie. g is invertible with (Cy) ' — Cy-1. Clearly it is a Lie group automorphism since
it is differentiable with differentiable inverse. Further, since Cy, = CyC},, as

Cyn(a) = gha(gh)~" = ghah™'g~" = C,Cy(a),
it follows tht
Ad(gh) = Cgps = (CyCh)s = Cys 0 Chy = Ad(g) Ad(h).

It remains to show that Cy, maps left invariant vector field to left invariant vector
fields so that Cy. : G — G. As C, = LgRg—l = Rg,ng we can write

Cye = LgeRy1, = Ryo1, Ly,
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so that if X is a left invariant vector field, L, X = X, we have
CyX = Ryg1, Ly X = Ry-1, X,

Hence
LnoCyuX = LpuRy 1, X
= Ry-1,Lp X
= R,1,X
= Cg: X.
To show that the map g — Cj, is differentiable is slightly technical (see Warner

p.113 for details). Essentially it requires showing that for any fixed X, € T.(G) 2 G
the map o : G — T,(G) defined by a : g = Cp X, is C™.

(c) Since Ad : G — GL(G) is a Lie group homomorphism, the induced tangent map
Ad, : G — GL(G) is a Lie algebra homomorphism. Hence for any Y € G, settin
¢ = Ad in Eq. (19.10) and using Example 19.5 we have

Ad(exptX)Y = exp(Ad. tX)Y
Ad. tXY

= (1 +tAd.(X) + O(?))Y.

Taking d/dt at ¢ = 0 gives

d
AdL(X)Y = — Ad(exp tX)Y‘

d

Tt
d
= &Rexp(ftX)*Lexp txxY ‘t:O

d
= ERexp(—tX)*Y

t=0

Cexp tX*Y ‘
t=0

‘t:o'
Now by Eq. (19.14) we have

d d
[X, Y]y = Lg[X, Y] = _ELQ* (Rexth*Y) —o &(Rexp(—tX)*Y)

e g‘tzo'

Hence
Ad, (X)Y =[X,Y] =adx(Y)

as required.

Problem 19.18 (a) Show that the group of all Lie algebra automor-
phisms of a Lie algebra A form a Lie subgroup of Aut(A) C GL(A).

(b) A linear operator D : A — A is called a derivation on A if D[X,Y] =
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[DX,Y] + [X,DY]. Prove that the set of all derivations of A form a Lie
algebra, 0(A), which is the Lie algebra of Aut(.A).

Solution: (a) A Lie algebra homomorphism is a map « : A — A such that o €
GL(A) and
a[X,Y] = [aX,aY] for all X,Y € A.

If B[X,Y] = [BX, BY] is another Lie algebra homomorphism then so is the product
af, for
af[X,Y] = a[fX,8Y] = [afX, apY].

If « is one-to-one and onto it is an automorphism , in which case its inverse is also
a homorphism, for every X € A may be written X = aX' for some X' € A, and
X, Y] =a aX oY = a o[ X, Y] = [X,Y] = [ ' X,a" Y.

To show that the group of all Lie algebra automorphisms, Aut(A) is a matrix Lie
group (Lie subgroup of GL(A) ) is beyond the scope of this book. A more complete
discussion of this rather technical question can be found in Helgason p.105.

(b) If Dy D5 are derivations then
[D1, Do]([X,Y]) = (D1D2 — D2 Dh)[X, Y]

= Di([D2X,Y] + [X,D2Y]) — Do([D1X,Y] + [X, D1 Y])
= [DlDQX, Y] + [DQX, D1Y] + [DlX, DQY] + [X, DIDQY]
— [D2D1 X, Y] — [D1X,DsY] — [D2X,D1Y] — [X, DD, Y]
= [(D1Dy = D2D1) X, Y] + [X, (D1 Dy — Dy D1)Y]

It is therefore a Lie algebra 0(A).

The Lie algebra of Aut(.A) contains all elements D € L(.A) such that e'P € Aut(A),

i.e.
P [X,Y] = [P X, etPY.

Hence
[X,Y]+tD[X,Y]+ O(t*) = [X +tDX + O(t?),Y + tDY + O(t?)]
= [X,Y]+t([DX,Y] +[X,DY]) + O(t?)

and from the coefficient of ¢ it follows that D is a derivation ,
DIX,Y]=[DX,Y]+ [X,DY],
i.e. D € 9(A). Conversely, if D € 9(A) then
D*(X,Y] = [D*X,Y] +2[DX,DY| + [X, D*Y]

and continuing inductively we find

k

DFx, Y] =" <Ij> [DX, Dy

1=0
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whence a straightforward computation shows that
el [X,Y] = [P X, e!PY).

Thus e'” € Aut(A), which proves the result.

Problem 19.19 Show that the non-translational Killing vectors of
pseudo-Euclidean space with metric tensor g;; = n;; are of the form

X = Ajkxj(?xk where Akl = Akj’l’]jl = _Alk-

Hence show that the Lie algebra of SO(p,q) is generated by matrices ;;

with i < j, having matrix elements (Iij)ab = nm5jb — 5Z-b77ja. Show that the

commutators of these generators can be written (setting l;; = —1;; if i > j)

ijs V) = Vamje + Vigni — Vienje — Vi

Solution: The Killing equations (19.18) with g;; = n;; = consts. are
Cisj + i = &ij + & = 0.

Hence, setting ¢ = 7 and with summation convention suspended for repeated indices
on the same level,

&g =0
Thus

&iji = —&ij = —&jji = 0,

i.e.

9%¢;

O(7)?

=0,.
so that & is linear in all 27,
& = Apiz”® + Bi.

Ignoring the translational part (see Example 19.3) amounts to setting B; = 0, so we
assume & = Ay;z". Substituting back into the Killing equations above,

§Z-,jAk,»5’§ =A; = A;+A4;=0
Let (lij)a” = 10 — 0, 1ja, then

A=[AN =3 Al (1)
i<j
for, if @ < b then

Z Aij(lij)ab = Z Aijniaéjb = Aibnia = Aa{)
i<j 1<j
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and if @ > b then
S A1) = - 3 988y = A= = A2
i<j (]
For a = b both sides of the Eq. (1) vanish. It also follows immediately that
D AUl =0= AY =0 for all i < j
1<j

showing that the |;; are linearly independent and are a basis for the Lie algebra of
SO(p, q), The commutators are

lijs ) = (i) £ Qo) = (k) £(1i)

= (a0 — 6 Mja) (e, — 6 mic)
— (Mha0)” = 5Mma) (Micd) — 6 mjc)

= 0iankj8 — Nianlidy — niknjad,’ + manjady
— MkailS] + Mkanglo; + nrinlad) — nejnlad

= (M8 — 6"nla)nje + (njady — 0{mka)ni
— (niaSf — 6/ mka)nj — (njad’ — 5/ nla)mix

= (l)nje + () dmi — (i) dnje = (1) i

giving the desired result.
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